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Preface

CiE 2006: Logical Approaches to Computational Barriers
Swansea, Wales, June 30 - July 5, 2006

Computability in Furope (CiE) is an informal network of European scientists
working on computability theory, including its foundations, technical develop-
ment, and applications. Among the aims of the network is to advance our the-
oretical understanding of what can and cannot be computed, by any means
of computation. Its scientific vision is broad: computations may be performed
with discrete or continuous data by all kinds of algorithms, programs, and ma-
chines. Computations may be made by experimenting with any sort of physical
system obeying the laws of a physical theory such as Newtonian mechanics,
quantum theory or relativity. Computations may be very general, depending
upon the foundations of set theory; or very specific, using the combinatorics of
finite structures. CiE also works on subjects intimately related to computation,
especially theories of data and information, and methods for formal reasoning
about computations. The sources of new ideas and methods include practical
developments in areas such as neural networks, quantum computation, natural
computation, molecular computation, and computational learning. Applications
are everywhere, especially, in algebra, analysis and geometry, or data types and
programming.

This volume, Logical Approaches to Computational Barriers, is the proceed-
ings of the second in a series of conferences of CiE that was held at the Depart-
ment of Computer Science, Swansea University, 30 June - 5 July, 2006.

The first meeting of CiE was at the University of Amsterdam, June 8-12,
2005, and its proceedings, edited by S. Barry Cooper, Benedikt Lowe and Leen
Torenvliet, was published as Springer Lecture Notes in Computer Science, Vol-
ume 3526. We are sure that all of the 200+ mathematicians and computer scien-
tists attending that conference had their view of computability theory enlarged
and transformed: they discovered that its foundations were deeper and more
mysterious, its technical development more vigorous, its applications wider and
more challenging than they had known. We believe the same is certainly true of
the Swansea meeting.



VI Preface

CiE 2005 and CiE 2006 are at the start of a new conference series Com-
putability in Europe. The series is coordinated by the CiE Steering Committee:

S. Barry Cooper (Leeds)

Benedikt Lowe (Amsterdam, Chair)
Elvira Mayordomo (Zaragoza)

Dag Normann (Oslo)

Andrea Sorbi (Siena)

Peter van Emde Boas (Amsterdam).

We will reconvene 2007 in Siena, 2008 in Athens, 2009 in Heidelberg, and 2010
in Lisbon.

Structure and Programme of the Conference

The conference was based on invited tutorials and lectures, and a set of special
sessions on a range of subjects; there were also many contributed papers and
informal presentations. This volume contains 30 of the invited lectures and 39.7%
of the submitted contributed papers, all of which have been refereed. There
will be a number of post-proceedings publications, including special issues of
Theoretical Computer Science, Theory of Computing Systems, and Journal of
Logic and Computation.

Tutorials

Samuel R. Buss (San Diego, CA), Proof Complezity and Computational Hardness
Julia Kempe (Paris), Quantum Algorithms

Invited Plenary Talks

Jan Bergstra (Amsterdam), Elementary Algebraic Specifications of the Rational
Function Field

Luca Cardelli (Cambridge), Biological Systems as Reactive Systems

Martin Davis (New York), The Church-Turing Thesis: Consensus and Opposi-
tion

John W. Dawson (York, PA), Gddel and the Origins of Computer Science

Jan Krajicek (Prague), Forcing with Random Variables and Proof Complexity
Elvira Mayordomo (Zaragoza), Two Open Problems on Effective Dimension
Istvan Németi (Budapest), Can General Relativistic Computers Break the Turing
Barrier?

Helmut Schwichtenberg (Munich), Inverting Monotone Continuous Functions in
Constructive Analysis

Andreas Weiermann (Utrecht), Phase Transition Thresholds for Some Natural
Subclasses of the Computable Functions



Preface VII

Special Sessions

Proofs and Computation, organized by Alessandra Carbone and Thomas
Strahm

Kai Brinnler (Bern), Deep Inference and Its Normal Form of Derivations

Roy Dyckhoff (St. Andrews), LJQ: A Strongly Focused Calculus for Intuitionistic
Logic

Thomas Ehrhard (Marseille), Bohm Trees, Krivine’s Machine and the Taylor
Ezpansion of Lambda-Terms

Georges Gonthier (Cambridge), Using Reflection to Prove the Four-Colour The-
orem

Computable Analysis, organized by Peter Hertling and Dirk Pattinson

Margarita Korovina (Aarhus), Upper and Lower Bounds on Sizes of Finite
Bisimulations of Pfaffian Hybrid Systems

Paulo Oliva (London), Understanding and Using Spector’s Bar Recursive Inter-
pretation of Classical Analysis

Matthias Schroder (Edinburgh), Admissible Representations in Computable
Analysis

Xizhong Zheng (Cottbus), A Computability Theory of Real Numbers

Challenges in Complexity, organized by Klaus Meer and Jacobo Toran

Johannes Kobler (Berlin), Complexity of Graph Isomorphism for Restricted
Graph Classes

Sophie Laplante (Paris), Lower Bounds Using Kolmogorov Complezity

Johann A. Makowsky (Haifa), From a Zoo to a Zoology: Descriptive Complexity
for Graph Polynomials

Mihai Prunescu (Freiburg), Fast Quantifier Elimination Means P = NP

Foundations of Programming, organized by Inge Bethke and Martin Escardé

Erika Abrahdm (Freiburg), Heap-Abstraction for an Object-Oriented Calculus
with Thread Classes

Roland Backhouse (Nottingham), Datatype-Generic Reasoning

James Leifer (Le Chesnay), Transactional Atomicity in Programming Languages
Alban Ponse (Amsterdam), An Introduction to Program and Thread Algebra

Mathematical Models of Computers and Hypercomputers, organized
by Joel D. Hamkins and Martin Ziegler

Jean-Charles Delvenne (Louvain-la-Neuve), Turing Universality in Dynamical
Systems

Benedikt Lowe (Amsterdam), Space Bounds for Infinitary Computation

Klaus Meer (Odense), Optimization and Approximation Problems Related to
Polynomial System Solving

Philip Welch (Bristol), Non-Deterministic Halting Times for Hamkins-Kidder
Turing Machines



VIII Preface

Godel Centenary: Godel’s Legacy for Computability, organized by Matt-
hias Baaz and John W. Dawson

Arnon Avron (Tel Aviv), From Constructibility and Absoluteness to Computabil-
ity and Domain Independence

Torkel Franzén t (Lulea), What Does the Incompleteness Theorem Add to the
Unsolvability of the Halting Problem?

Wilfried Sieg (Pittsburgh, PA), Gédel’s Conflicting Approaches to Effective Cal-
culability

Richard Zach (Calgary, AB), Kurt Gdodel and Computability Theory

Organization and Acknowledgements

The CiE 2006 conference was organized by the logicians and theoretical com-
puter scientists at Swansea: Arnold Beckmann, Ulrich Berger, Phil Grant, Oliver
Kullmann, Faron Moller, Monika Seisenberger, Anton Setzer, John V. Tucker;
and with the help of S. Barry Cooper (Leeds) and Benedikt Lowe (Amsterdam).

The Programme Committee was chaired by Arnold Beckmann and John V.
Tucker and consisted of:

Samson Abramsky (Oxford) Benedikt Lowe (Amsterdam)

Klaus Ambos-Spies (Heidelberg) Yuri Matiyasevich (St.Petersburg)
Arnold Beckmann (Swansea, Co-chair) Dag Normann (Oslo)

Ulrich Berger (Swansea) Giovanni Sambin (Padova)

Olivier Bournez (Nancy) Uwe Schoning (Ulm)
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Costas Dimitracopoulos (Athens) Leen Torenvliet (Amsterdam)
Abbas Edalat (London) John V. Tucker (Swansea, Co-chair)
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Giuseppe Longo (Paris)
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X Preface

After completing this volume, we heard the sad news that our invited Special
Session speaker, Torkel Franzén, died on April 19, 2006. Torkel Franzén’s work on
the philosophy of logic and mathematics had gained more and more international
recognition in recent years. His death is a huge loss for the scientific community
and he will be very much missed at CiE 2006. Torkel Franzén did send us an
abstract of his planned contribution to this conference which we have included
in this volume.

The Editors



Table of Contents

Heap-Abstraction for an Object-Oriented Calculus
with Thread Classes
Erika Abrahdam, Andreas Griiner, Martin Steffen............. ... ...

From Constructibility and Absoluteness to Computability and Domain
Independence
ATnon AUTom . ..o

Datatype-Generic Reasoning
Roland Backhouse . ..... ... ... e

The Logical Strength of the Uniform Continuity Theorem
Josef Berger . ... ...

Elementary Algebraic Specifications of the Rational Function Field
Jan A. BeTgstra ........oo i

Random Closed Sets
Paul Brodhead, Douglas Cenzer, Seyyed Dashti ....................

Deep Inference and Its Normal Form of Derivations
Kai Bramnler . ... ..

Logspace Complexity of Functions and Structures
Douglas Cenzer, Zia Uddin. ............ ...

Prefix-Like Complexities and Computability in the Limit
Alezey Chernov, Jirgen Schmidhuber .. ... ... ... ... ... ... ......

Partial Continuous Functions and Admissible Domain Representations
Fredrik Dahlgren ... ...

An Invariant Cost Model for the Lambda Calculus
Ugo Dal Lago, Stmone Marting . ............ouuiiennnenn...

On the Complexity of the Sperner Lemma
Stefan Dantchev ...... ..

The Church-Turing Thesis: Consensus and Opposition
Martin Davis . ... oo



XII Table of Contents

Godel and the Origins of Computer Science
John W. Dawson Jr. .. ... 133

The Role of Algebraic Models and Type-2 Theory of Effectivity in
Special Purpose Processor Design
Gregorio de Miguel Casado, Juan Manuel Garcia Chamizo .......... 137

Turing Universality in Dynamical Systems
Jean-Charles Delvenne ...... ... .. . . . . . . . . .. 147

Every Sequence Is Decompressible from a Random One
David Doty ... 153

Reversible Conservative Rational Abstract Geometrical Computation
Is Turing-Universal
Jérome Durand-Lose .. .. ... ... . 163

LJQ: A Strongly Focused Calculus for Intuitionistic Logic
Roy Dyckhoff, Stéphane Lengrand ........ ... ... ... .. .. ....... 173

Bohm Trees, Krivine’s Machine and the Taylor Expansion of
Lambda-Terms
Thomas Ehrhard, Laurent Regnier ..............c.ooiiiineenenon.. 186

What Does the Incompleteness Theorem Add to the Unsolvability of
the Halting Problem? (Abstract)
Torkel Franzén ... ... ... 198

An Analysis of the Lemmas of Urysohn and Urysohn-Tietze According
to Effective Borel Measurability
Guido Gherardi .. ... ... . 199

Enumeration Reducibility with Polynomial Time Bounds
Charles M. HATTIS ... oot et e e e 209

Coinductive Proofs for Basic Real Computation
Tie HOU . oo oot e e e e 221

A Measure of Space for Computing over the Reals
Paulin Jacobé de Naurots . ...... ... 231

On Graph Isomorphism for Restricted Graph Classes
Johannes Kobler .. .. ... 241

Infinite Time Register Machines
Peter Koepke ... ..o 257



Table of Contents XIIT

Upper and Lower Bounds on Sizes of Finite Bisimulations of Pfaffian
Hybrid Systems
Margarita Korovina, Nicolai Vorobjov ........... ... .. .. ... ... 267

Forcing with Random Variables and Proof Complexity
Jan Kragicek . ... .. 277

Complexity-Theoretic Hierarchies
Lars KristianSen . ... ..o 279

Undecidability in the Homomorphic Quasiorder of Finite
Labeled Forests
Oleg V. Kudinov, Victor L. Selivanov .......... ... .. .. ... .... 289

Lower Bounds Using Kolmogorov Complexity
Sophie Laplante ...... ... .. 297

The Jump Classes of Minimal Covers
Andrew E.M. LeWis . .... ..o e 307

Space Bounds for Infinitary Computation
Benedikt LOWE . . ... oo 319

From a Zoo to a Zoology: Descriptive Complexity for
Graph Polynomials
Johann A. Makowsky . .. ... 330

Towards a Trichotomy for Quantified H-Coloring
Barnaby Martin, Florent Madelaine . ......... .. ... .. . .. ... ... 342

Two Open Problems on Effective Dimension
Elvira Mayordomo .. ...... .. ... 353

Optimization and Approximation Problems Related to Polynomial
System Solving
Klaus Meer ... ... 360

Uncomputability Below the Real Halting Problem
Klaus Meer, Martin Ziegler ........ ... i, 368

Constraints on Hypercomputation
Greg Michaelson, Paul Cockshott ............ .. ... i, 378

Martingale Families and Dimension in P
Philippe MoOSEr ... ..o 388



XIV Table of Contents

Can General Relativistic Computers Break the Turing Barrier?
Istvdn Németi, Hajnal Andréka . ........ .. ..

Degrees of Weakly Computable Reals
Keng Meng Ng, Frank Stephan, Guohua Wu ................... ...

Understanding and Using Spector’s Bar Recursive Interpretation of
Classical Analysis
Paulo Oliva . ...... .. . . . e

A Subrecursive Refinement of the Fundamental Theorem of Algebra
Peter Peshev, Dimiter Skordev .......... .. .. .. .. .. ..

An Introduction to Program and Thread Algebra
Alban Ponse, Mark B. van der Zwaag . ............ccuoiieiieiii..

Fast Quantifier Elimination Means P = NP
Mihai Prunescih ... ..o e

Admissible Representations in Computable Analysis
Matthias Schroder ..... ... ... . e

Do Noetherian Modules Have Noetherian Basis Functions?
Peter Schuster, Julia Zappe . ....... ... i

Inverting Monotone Continuous Functions in Constructive Analysis
Helmut Schwichtenberg .. ... ... .. . . ..

Partial Recursive Functions in Martin-Lof Type Theory
ANton SEtzer . ..o

Partially Ordered Connectives and X} on Finite Models
Merlign Sevenster, Tero Tulenheimo ....... .. .. ... .. .. ... ...

Upper and Lower Bounds for the Computational Power of P Systems
with Mobile Membranes
Shankara Narayanan Krishna ........ ... . . .. ...

Godel’s Conflicting Approaches to Effective Calculability
Wilfried Sieq ... ...

Co-total Enumeration Degrees
Boris Solon .. ...

Relativized Degree Spectra
Alexzandra A. Soskova . .... ... ... . . ..



Table of Contents

Phase Transition Thresholds for Some Natural Subclasses of the
Computable Functions
Andreas Weiermanmn ... ... ...

Non-deterministic Halting Times for Hamkins-Kidder Turing Machines
Philip D. Welch .. ...

Kurt Godel and Computability Theory
Richard Zach ... ... ...

A Computability Theory of Real Numbers
Xizhong Zheng ... ...

Primitive Recursive Selection Functions over Abstract Algebras
Jeffery I Zucker ... ...

Author Index . ... ..

XV



Heap-Abstraction for an Object-Oriented
Calculus with Thread Classes™

Erika Abrahdm!, Andreas Griiner?, and Martin Steffen2

L Albert-Ludwigs-University Freiburg, Germany
eab@informatik.uni-freiburg.de

2 Christian-Albrechts-University Kiel, Germany
{ang, ms}@informatik.uni-kiel.de

Abstract. This paper formalizes an open semantics for a calculus fea-
turing thread classes, where the environment, consisting in particular of
an overapproximation of the heap topology, is abstractly represented.

We extend our prior work not only by adding thread classes, but also in
that thread names may be communicated, which means that the seman-
tics needs to account explicitly for the possible acquaintance of objects
with threads. We show soundness of the abstraction.

Keywords: class-based oo languages, thread-based concurrency, open
systems, formal semantics, heap abstraction, observable behavior.

1 Introduction

An open system is a program fragment or component interacting with its envi-
ronment. The behavior of the component can be understood to consist of message
traces at the interface, i.e., of sequences of component-environment interaction.
Even if the environment is absent, it must be assured that the component to-
gether with the (abstracted) environment gives a well-formed program adhering
to the syntactical and the context-sensitive restrictions of the language at hand.
Technically, for an exact representation of the interface behavior, the semantics
of the open program needs to be formulated under assumptions about the en-
vironment, capturing those restrictions. The resulting assumption-commitment
framework gives insight to the semantical nature of the language. Furthermore, a
characterization of the interface behavior with environment and component ab-
stracted can be seen as a trace logic under the most general assumptions, namely
conformance to the inherent restrictions of the language and its semantics.
With these goals in mind, we deal with languages supporting:

— types and classes: the languages are statically typed, and only well-typed
programs are considered. For class-based languages, complications arise as
classes play the role of types and additionally act as generators of objects.

— concurrency: the languages feature concurrency based on threads and thread
classes (as opposed to processes or active objects ).

* Part of this work has been financially supported by the NWO/DFG project Mobi-J
(RO 1122/9-4) and by the DFG project AVACS (SFB/TR-14-AVACS).

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 1I0] 2006.
© Springer-Verlag Berlin Heidelberg 2006



2 E. Abrahém, A. Griiner, and M. Steffen

— references: each object carries a unique identity. New objects are dynamically
allocated on the heap as instances of classes.

The interface behavior is phrased in an assumption-commitment framework and
is based on three orthogonal abstractions:

— a static abstraction, i.e., the type system;

— an abstraction of the stacks of recursive method invocations, representing the
recursive and reentrant nature of method calls in a multi-threaded setting;

— an abstraction of the heap topology, approximating potential connectivity of
objects and threads. The heap topology is dynamic due to object creation
and tree-structured in that previously separate object groups may merge.

In [12] we showed that the need to represent the heap topology is a direct
consequence of considering classes as a language concept. Their foremost role in
object-oriented languages is to act as “generators of state”. With thread classes,
there is also a mechanism for “generating new activity”. This extension makes
cross-border activity generation a possible component-environment interaction,
i.e., the component may create threads in the environment and vice versa.

Thus, the technical contribution of this paper is threefold. We extend the
class-based calculus [I2] with thread classes and allow to communicate thread
names. This requires to consider cross-border activity generation and to incorpo-
rate the connectivity of objects and threads. Secondly, we characterize the poten-
tial traces of any component in an assumption-commitment framework in a novel
derivation system: The branching nature of the heap abstraction—connected ob-
ject groups may merge by communication—is reflected in the branching structure
of the derivation system. Finally, we show soundness of the abstractions.

Overview. The paper is organized as follows. Section Bl defines syntax and se-
mantics of the calculus. Section [ characterizes the observable behavior of an
open system and presents the soundness results. Related and future work is dis-
cussed in Section [l See [3] for a full description of semantics and type system.

2 A Multi-threaded Calculus with Thread Classes

2.1 Syntax

The abstract syntax is given in Table[ll. For names, we will generally use o and
its syntactic variants for objects, ¢ for classes (in particular ¢; for thread classes),
and n when being unspecific. A class ¢[O]] with name ¢ defines its methods and
fields. A method <(self:c).t, provides the method body abstracted over the ¢-
bound “self” and the formal parameters. An object o[c, F] of type ¢ stores the
current field values. We use [ for fields, [ = f for field declaration, field access is
written as v.l, and field update as v.l :=v'. Thread classes ¢;((t,)) with name ¢;
carry their abstract code in t,. A thread n(t) with name n is basically either a
value or a sequence of expressions, notably method calls v.[(?), object creation
new ¢, and thread instantiation spawn c¢(U).
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Table 1. Abstract syntax

C:=0|C| C|v(nT).C|n[O)]|nn,F]|n(t) | n{t.)) program

O:=FM object
M:=l=m,....l=m method suite
Fuo=l=f...)l=f fields
m = ¢(n:T).ta method
foa=c(n:T).A)v | s(n:T).A().Le field
ta n= NaT,...,x:T).t parameter abstraction
t = | stop | letx:T =eint thread
e ==t |ifv=vtheneelsee | if undef (v.l) theneelsee expression
| vl(v,...,v) |vl:=v
| currentthread | new n | spawn n(v,...,v)
vi=zx|n values

As types we have thread for threads, class names ¢ as object types, 71 X ... X
Ty, — T as the type of methods and thread classes (in last case T equals thread),
[11:Uy, ..., 1;:Ug] for unnamed objects, and [(11:Uy, ..., ;:Uy) for classes.

2.2 Operational Semantics

For lack of space we concentrate on the interface behavior and omit the defini-
tions of the component-internal steps like internal method calls [3].

The external steps define the interaction between component and environ-
ment in an assumption-commitment context. The static part of the context cor-
responds to the static type system [3] and takes care that, e.g., only well-typed
values are received from the environment. The context, however, needs to con-
tain also a dynamic part dealing with the potential connectivity of objects and
thread names, corresponding to an abstraction of the heap topology.

The component-environment interaction is represented by labels a:

ol i (call 0.1(0)) | n{return(v)) | (spawnn of ¢(?)) | v(n:T).y

For call and return, n is the active thread. For spawning, n is the new thread.
There are no labels for object creation: Externally instantiated objects are cre-
ated only when they are accessed for the first time (“lazy instantiation”). For
labels a = v(®).4? or a = v(P).4! with @ a sequence of v(n:T) bindings and ~
does not contain any binders, |a] = v is the core of the label a.

2.2.1 Connectivity Contexts

In the presence of cross-border instantiation, the semantics must contain a
representation of the connectivity, which is formalized by a relation on names
and which can be seen as an abstraction of the program’s heap; see Eq. (2)
and (B) below for the exact definition. The external semantics is formalized as
labeled transitions between judgments of the form
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A EAFC:0,XEg (1)

where A, X; E5 are the assumptions about the environment of C' and ©,Y; Eg
the commitments. The assumptions consist of a part A, Y concerning the ex-
istence (plus static typing information) of named entities in the environment.
By convention, the contexts X' (and their alphabetic variants) contain exactly
all bindings for thread names. The semantics maintains as invariant that for all
judgments A, X Ea FC:0,X; Eg that A, X/, and © are pairwise disjoint.
The semantics must book-keep which objects of the environment have been
told which identities: It must take into account the relation of objects from the
assumption context A amongst each other, and the knowledge of objects from A
about thread names and names exported by the component, i.e., those from O.
In analogy to the name contexts A and ©, the connectivity context F o expresses
assumptions about the environment, and Eg commitments of the component:

EACAX(A+X+6) and EoCOx (0+X+A4). 2)

Since thread names may be communicated, we must include pairs from A x X
(resp. © x X)) into the connectivity. We write 0o < n (“o may know n”) for
pairs from Fa and Eg. Without full information about the complete system,
the component must make worst-case assumptions concerning the proliferation
of knowledge, which are represented as the reflexive, transitive, and symmetric
closure of the —-pairs of objects from A. We write = for this closure:

=2 (=laU«|a) CAxA, (3)

where < | A is the projection of < to A. We also need the union = U =; < C
Ax (A+ X+ 0), where the semicolon denotes relational composition. We write
=< for that union. As judgment, we use A, Y;FEa F 01 = 09 : O, resp.
A Y, EabFo=—n:0,X For O, Eg, and A, Y, the definitions are dual.

The relation = partitions the objects from A (resp. ©) into equivalence
classes. We call a set of object names from A (or dually from ©) such that for
all objects 01 and oy from that set, A, X; Ea F o1 = 0o : ©, X, a clique, and if
we speak of the clique of an object we mean the equivalence class.

If a thread is instantiated without connection to any object, like the initial
thread, we need a syntactical representation ®,, for the clique the thread n starts
in. If the single initial thread starts within the component, the contexts of the
initial configuration Ag - C' : O assert Oy - ©. Otherwise, Ag F ©.

As for the relationship of communicated values, incoming and outgoing com-
munication play dual roles: Eg over-approximates the actual connectivity of the
component and is updated in incoming communications, while the assumption
context E is consulted to exclude impossible incoming values, and is updated
in outgoing communications. Incoming new names update both Fg and EA.



Heap-Abstraction for an Object-Oriented Calculus with Thread Classes 5

2.2.2 Augmentation

We extend the syntax by two auxiliary expressions o1 blocks for o, and oo
returns to o1 v, denoting a method body in o waiting for a return from oo, and
dually for the return of v from o5 to 0;. We augment the method definitions
accordingly, such that each method call and spawn action is annotated by the
caller. L.e., we write

(self:e) N@T).(.... self x.1(7) . . . self spawn cy(Z)...) .

instead of ¢(self:c) AN(#T).(...2.1(7) ... spawn ci(Z) . ..). Thread classes are aug-
mented by ® instead of self. If a thread n is instantiated, ® is replaced by ®,.
For a thread class of the form ¢, (A(Z:T).t)), let ¢;(7) denote t[®y,7/®,]. The
initial thread ng, which is not instantiated but is given directly (in case it starts
in the component), has ®,, as augmentation. We omit the adaptation of the
internal semantics and the typing rules for the augmentation.

2.2.3 Use and Change of Contexts

Notation 1. We abbreviate the triple of name contexts A, X, 0O as P, the context
A, X 0O, Ea, Eg combining assumptions and commitments as =, and write =
C for A, X;EA - C:0,X;Eg. We use syntactical variants analogously.

The operational semantics is formulated as transitions between typed judgments
E+C % EZFC. The assumption context A, X; Ea is an abstraction of the
environment, as it represents the potential behavior of all possible environments.
The check whether the current assumptions are met in an incoming communi-
cation step is given in Definition [l Note that in case of an incoming call label,
fn(a), the free names in a, includes the receiver o, and the thread name.

Definition 1 (Connectivity check). An incoming core label a with sender o
and receiver o, is well-connected wrt. = (written ZFos 3o, :0k ) if

A X En b oy =— fu(a): 6, 5.

Besides checking whether the connectivity assumptions are met before a transi-
tion, the contexts are updated by a step, reflecting the change of knowledge.

Definition 2 (Name context update: @ + a). The update & = & + a of
an assumption-commitment context ¢ wrt. an incoming label a = v(P')|al? is
defined as follows.

1. © =6+ 6O For spawning, © = O + (@', ®,) with n the spawned thread.
2. A= A4 (Ox, A"). For spawning of thread n, ® s\ , is used instead of Ox.
3 N=5+5".

The notation Ox abbreviates ®, for all thread identities from X’. The update
for outgoing communication is defined dually (®,, of a spawn label is added to
A instead of ©, and the © s resp. Ox\ , are added to O, instead of A).
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Definition 3 (Connectivity context update). The update (Ea, Eo) = (Ea,
Eo) + os 2 0, of an assumption-commitment context (Ea, Eg) wrt. an incom-
ing label a = v(P')|a]? with sender os and receiver o, is defined as follows.

1. Bo = Eo + 0, = fn(la)).
2. BEaA = Ea+os — 9,05 For spawning of n, s\ p, is used instead of Ox.

Combining Definitions B and B, we write = =EZ+4o0, % 0, when updating the
name and the connectivity at the same time.

Besides the connectivity check of Definition [, we must also check the static
assumptions, i.e., whether the transmitted values are of the correct types. In
slight abuse of notation, we write @ - o, — o, : T for that check, where T is
type of the expression in the program that gives rise to the label (see [3] for
the definition). We combine the connectivity check of Definition [l and the type
check into a single judgment = + o, % o, : T.

2.2.4 Operational Rules

Three CALLI-rules for incoming calls deal with three different situations:
A call reentrant on the level of the component, a call of a thread whose name
is already known by the component, and a call of a thread new to the component.
For all three cases, the contexts are wupdated to Z to include the information
concerning new objects, threads, and connectivity transmitted in that step.
Furthermore, it is checked whether the label statically type-checks and that the
stepis possible according to the (updated)connectivity assumptions = Remember
that the update from = to Z includes guessing of connectivity.

To deal with component entities (threads and objects) that are being created
during the call, C(6', X’) stands for C(@’) | C(X"), where C(@') are the lazily
instantiated objects mentioned in @’. Furthermore, for each thread name n’ in
XY’ a new component n’(stop) is included, written as C(X").

For reentrant method calls in rule CALLI;, the thread is blocked, i.e., it has
left the component previously via an outgoing call. The object os that had been
the target of the call is remembered as part of the augmented block syntax, and
is used now to represent the sender’s clique for the current incoming call.

In CALLIs, the thread is not in the component, but the thread’s name is
already known. If A + ®,, and n(stop) is part of the component code, it is
assured that the thread either has never actively entered the component before
(and does so right now) or has left the component to the environment by some
last outgoing return. In either case, the incoming call is possible now, and in
both cases we can use ©,, as representative of the caller’s identity.

In CALLI3 a new thread n enters the component for the first time, as assured
by X'+ n : thread. The new thread must be an instance of an environment thread
class created by an environment clique, otherwise the cross-border instantiation
would have been observed and the thread name would not be fresh. Since any
existing environment clique is a candidate, the update to = non-deterministically
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Table 2. External steps

E—E40,%0. EtosHo.:T
a=v(P). n{call 0,.1(D))? tpiocked = let " T" = o blocks for os int
CALLI
ZFv(®1).(C || nltoiocked)) —

EFu(1).(C || CO, ) || n{letx:T = 0,..1() in o, returns to 0s T; thiocked))

1

a=v(®). n{call 0,.1(7))? Ak Op E=E4+0n %0, ZFOn LeJ op: T
CALLIo

EFC || nistop) L ZFC | C@,%) | nlletx:T = 0,.1(7) in o, returns to O x; stop)

a=v(®). nlcall 0,.1(7))? Ato X'+n E=E4+020, ZF 0O, La) op: T
CaLLI3

ErC L ErRC|C@, \n) | n{leta:T = 0,.1(7) in o, returns to ©,, ; stop)

a=v(®). nicall 0,.1(7))! & =fn(la))NP1 1 =d\® Atlo, E=E+40s>o0,
CaLrLO
EF v(1).(C || nlet :T = os 0,..1(7) int)) <
ZF u($1).(C || nllet &:T = o, blocks for oy int))

é:E+oSi®n E’I—oswgnzthmad
a=v(®').(spawnn of c;(7)? OF O, AbFo, Otec X bn
. SPAWNI
EFC S ERC|CO, 2\ )| nlc(D))

guesses to which environment clique the thread’s origin ®,, belongs to. Note that
@y contains ®,, since X’ - n, which means A ®,, after the call.

For incoming thread creation in SPAWNI the situation is similar to CALLI3,
in that the spawner needs to be guessed. The last rule deals with outgoing call
and is simpler, as the “check-part” is omitted: With the code of the program
present, the checks are guaranteed to be satisfied. In Table [ we omitted the
rules for outgoing spawning, for returns, and for the initial steps [3].

3 Legal Traces

Next we present an independent characterization of the possible interface be-
havior. “Half” of the work has been already done by the abstractly represented
environment. For the legal traces, we analogously abstract away from the com-
ponent, making the system completely symmetric.

3.1 A Branching Derivation System Characterizing Legal Traces

Instead of connectivity contexts, now the tree structure of the derivation repre-
sents the connectivity and its change. There are two variants of the derivation
system, one from the perspective of the component, and one for the environ-
ment. Each derivation corresponds to a forest, with each tree representing a
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component resp. environment clique. In judgments A, X Fg r > s : trace ©, X,
r represents the history, and s the future interaction. We write g to indicate
that legality is checked from the perspective of the component. From that per-
spective, we maintain as invariant that on the commitment side, the context @
represents one single clique. Thus the connectivity among objects of @ needs no
longer be remembered. What needs to be remembered still are the thread names
known by © and the cross-border object connectivity, i.e., the acquaintance of
the clique represented by @ with objects of the environment. This is kept in
A resp. Y. Note that this corresponds to the environmental objects mentioned
in Eg C O x (0+ A+ Y), projected onto the component clique under con-
sideration, in the linear system. The connectivity of the environment is ignored
which implies that the system of Table Bl cannot assure that the environment
behaves according to a possible connectivity. On the other hand, dualizing the
rules checks whether the environment adheres to possible connectivity.

Table 3. Legal traces, branching on © (incoming call and skip)

D= ®; Prr>o, o, b=do,d+a o, o, 0k

Vj.aj=ale; NO; la] a=uv(®"). n{call 0,.1(D))? rT#€e drFra>s: trace CaLL
Py Fr>ay s:trace ... P bEr>ap s:trace

a=~7 SETr> oy > o O lal,op PrFrar> s:trace r#e
L-Skipl
D Er>s:trace

In L-CALLI of Table [, the incoming call is possible only when the thread
is input call enabled after the current history. This is checked by the premise
&+ r> o0, = o, which also determines caller and callee. As from the perspective
of the component, the connectivity of the environment is no longer represented
as assumption, there are no premises checking connectivity! Interesting is the
treatment of the commitment context: Incoming communication may update the
component connectivity, in that new cliques may be created or existing cliques
may merge. The merging of component cliques is now represented by a branching
of the proof system. Leaves of the resulting tree (respectively forest) correspond
to freshly created cliques. In L-CALLI, the context @ in the premise corresponds
to the merged clique, the ©; below the line to the still split cliques before the
merge. The ©;’s form a partitioning of the component objects before commu-
nication, @ is the disjoint combination of the ©;’s plus the lazily instantiated
objects from @’. For the cross-border connectivity, i.e., the environmental ob-
jects known by the component cliques, the different component cliques ©; may of
course share acquaintance; thus, the parts A; and X; are not merged disjointly,
but by ordinary “set” union. These restrictions are covered by @ =;.
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The skip-rules stipulate that an action a which does not belong to the com-
ponent clique under consideration, is omitted from the component’s “future”
(interpreting the rule from bottom to top). We omit the remaining rules (see [3]).

Definition 4 (Legal traces, tree system). We write A Fg t : trace O, if
there exists a derivation forest using the rules of Table [d with roots A;, X; +
t > €: trace ©;,X; and a leaf justified by one of the initial rules L-CALLLy or
L-CALLOq. Using the dual rules, we write - instead of Fo. We write A+ ano
t : trace O, if there exits a pair of derivations in the - and the Fg- system
with a consistent pair of root judgments.

To accommodate for the simpler context structures, we adapt the notational
conventions (cf. Notation [l) appropriately. The way a communication step up-
dates the name context can be defined as simplification of the treatment in the
operational semantics (cf. Definition ). As before we write @+ a for the update.

3.2 Soundness of the Abstractions

With Ex and Fg as part of the judgment, we must still clarify what it “means”,
i.e., when does A, X; Ex F C : 0,%; Eg hold? The relation Fg asserts about
the component C' that the connectivity of the objects from the component is
not larger than the connectivity entailed by Fg. Given a component C' and two
names o from © and n from O + A+ X, we write C - 0 — n, if C = v().(C" ||
of...,f =mn,...]) where o and n are not bound by @, i.e., o contains in one of
its fields a reference to n. We can thus define:

Definition 5. The judgment A, X; Ex + C : ©,X; Eg holds, if A, X + C:
6,X, and if C+ny < ng, then ©,X; Eg Fny =<—ng : A, Y.
We simply write A, X Ea FC : ©,%; Eg to assert that the judgment is satis-
fied. Note that references mentioned in threads do not “count” as acquaintance.
Lemma 1 (Subject reduction). Assume =+ C == =+ C. Then

1. A,ZI—C : 8,2 A fortiori: If A, X, O Fn:T, then A,E,@ Fn:T.

2. ZFC.

Definition 6 (Conservative extension). Given 2 pairs (¢, Ex) and (9, E)
of name context and connectivity context, i.e., En C & x P (and analogously for
(P, EA)), we write (P, Ea) b (P, EA) if the following two conditions holds:

1. d+ & and

2. dF ny1 = ng implies ® F ny = no, for all ny,ny with ® = nq,no.

Lemma 2 (No surprise). Let A, X;Ex F C : 0, Ee /i>/A,Z';EA HC
0, Eg for some incoming label a. Then A, X; Ex F A3 Ea. For outgoing
steps, the situation is dual.

Lemma 3 (Soundness of legal trace system). If Ag;F C : Op; and Ag;
C: 6Oy; :t>, then Ag bt : trace Og.
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4 Conclusion

Related work [J] presents a fully abstract model for Object-Z, an object-oriented
extension of the Z specification language. It is based on a refinement of the sim-
ple trace semantics called the complete-readiness model, which is related to the
readiness model of Olderog and Hoare. In [9], full abstraction in an object calcu-
lus with subtyping is investigated. The setting is slightly different from the one
here, as the paper does not compare a contextual semantics with a denotational
one, but a semantics by translation with a direct one. The paper considers nei-
ther concurrency nor aliasing. Recently, Jeffrey and Rathke [ extended their
work [ on trace-based semantics from an object-based setting to a core of Java,
called JavaJr, including classes and subtyping. However, their semantics avoids
object connectivity by using a notion of package. [5] tackles full abstraction and
observable component behavior and connectivity in a UML-setting.

Future work. We plan to extend the language with further features to make
it more resembling Java or C#. Besides monitor synchronization using object
locks and wait and signal methods, as provided by Java, another interesting
direction concerns subtyping and inheritance. This is challenging especially if
the component may inherit from environment classes and vice versa. Another
direction is to extend the semantics to a compositional one. Finally, we work on
adapting the full abstraction proof of [1] to deal with thread classes. The results
of Section [ are covering the soundness-part of the full-abstraction result.
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Abstract. Gdédel’s main contribution to set theory is his proof that
GCH is consistent with ZFC (assuming that ZF is consistent). For this
proof he has introduced the important ideas of constructibility of sets,
and of absoluteness of formulas. In this paper we show how these two
ideas of Goédel naturally lead to a simple unified framework for dealing
with computability of functions and relations, domain independence of
queries in relational databases, and predicative set theory.

1 Introduction: Absoluteness and Constructibility

Godel classical work [6] on the constructible universe L is best known for its ap-
plications in pure set theory, especially consistency and independence proofs. Its
relevance to computability theory was mostly ignored. Still, in this work Godel
introduced at least two ideas which are quite important from a computational
point of view:

Computations with Sets. The notion of computation is usually connected
with discrete structures, like the natural numbers, or strings of symbols from
some alphabet. In this respect [6] is important, first of all, in being the first
comprehensive research on (essentially) computability within a completely
different framework (technically, the name Gédel used was “constructibility”
rather than “computability”, but the difference is not really significant). No
less important (as we shall see) is the particularly important data structure
for which computability issues were investigated in [6]: sets. Specifically, for
characterizing the “constructible sets” Godel identified operations on sets
(which we may call “computable”), that may be used for “effectively” con-
structing new sets from given ones (in the process of creating the universe of
“constructible” sets). Thus, binary union and intersection are “effective” in
this sense, while the powerset operation is not. Godel has even provided a fi-
nite list of basic set operations, from which all other “effective” constructions
can be obtained through compositions.

Absoluteness. A formula in the language of set theory is absolute if its truth
value in a transitive class M, for some assignment v of objects from M to its
free variables, depends only on v, but not on M (i.e. the truth value is the

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 11-20] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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same in all structures M, in which v is legal). Absoluteness is a property of
formulas which was crucial for Godel consistency proof. However, it is not
a decidable property. The following set Aq of absolute formulas is therefore
extensively used as a syntactically defined approximation:

— Every atomic formula is in Ay.

— If ¢ and 9 are in Ay, then so are =@, ¢ V 1, and ¢ A .

— If x and y are two different variables, and ¢ is in Ay, then so is 3z € yp.

Now there is an obvious analogy between the roles in set theory of absolute for-
mulas and of Ag formulas, and the roles in formal arithmetic and computability
theory of decidable formulas and of arithmetical Ag formulas (i.e. Smullyan’s
“bounded” formulas). This analogy was noticed and exploited in the research
on set theory. However, the reason for this analogy remains unclear, and beyond
this analogy the importance and relevance of these two ideas of Gdodel to other
areas have not been noticed. As a result, strongly related ideas and theory have
been redeveloped from scratch in relational database theory.

2 Domain Independence and Computability in Databases

From a logical point of view, a relational database DB of a scheme {Py,..., P,}
is just a tuple (P, ..., P,) of finite interpretations (called “tables”) of the pred-
icate symbols P, ..., P,. DB can be turned into a structure S for a first-order

language L with equality, the signature of which includes {Pi,..., P,} and con-
stants, by specifying a domain D, and an interpretation of the constants of L
in it (different interpretations for different constants). The domain D should be
at most countable (and usually it is finite), and should of course include the
union of the domains of the tables in DB. A query for DB is simply a formula
1 of L. If ¢ has free variables, then the answer to ¢ in S is the set of tuples
which satisfy it in S. If ¢ is closed, then the answer to the query is either “yes”
or “no”, depending on whether ¢ holds in S or not (The “yes” and “no” can
be interpreted as {0} and (), respectively). Now not every formula ¢ of a L can
serve as a query. Acceptable are only those the answer for which is a computable
function of (Py,...,P,) alone (and does not depend on the identity of the in-
tended domain D. This in particular entails that the answer should be finite).
Such queries are called domain independent ([811L]). The exact definition is:

Definition 1. [IZet o be a signature which includes P = {P1,...,P.}, and

optionally constants and other predicate symbols (but no function symbols). A
—

query (1. ..., xy,) in o is called P—d.i. ( P—domain-independent), if whenever

S1 and So are structures for o, S1 is a substructure of Se, and the interpretations

of {P1,..., Py} in Sy and Sy are identical, then for all a; € Sa,...,an € Sa:

So = plar,...,an) < a1 €S1A...ANa, € S1AS Eplal,...,an)

! This is a slight generalization of the definition in [I2], which in turn is a generalization
of the usual one ([8/[11]). The latter applies only to free Herbrand structures which
are generated by adding to o some new set of constants.
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Practical database query languages are designed so that only d.i. queries can
be formulated in them. Unfortunately, it is undecidable which formulas are d.i.
(or “safe” according to any other reasonable notion of safety of queries, like
“finite and computable”). Therefore all commercial query languages (like SQL)
allow to use as queries only formulas from some syntactically defined class of
d.i. formulas. Many explicit proposals of decidable, syntactically defined classes
of safe formulas have been made in the literature. The simplest among them
(and the closer to what has actually been implemented) is perhaps the following
class SS (1_3)) (“syntactically safe” formulas for a database scheme 1_5) from [I1]
(originally designed for languages with no function symbols) B:

1. Pi(t1,...,tn,) € SS(P) in case P; (of arity n;) is in P.
2. x =cand ¢ =z are in SS(J_D)) (where x is a variable and ¢ is a constant).
3. oV € SS(P) it p € SS(P), ¥ € SS(P), and Fu(p) = Fu() (where
Fv(p) denotes the set of free variables of ¢).
4. Jxp € SS(P) if p € SS(P).
5. If o = 1 Apa A ... A i, then ¢ € SS(]_D)) if the following conditions are
met:
(a) For each 1 <14 < k, either ¢; is atomic, or ¢; is in SS(I—D})7 or ; is a
negation of a formula of either type.
(b) Every free variable x of ¢ is limited in . This means that there exists
1 < i < k such that z is free in ¢;, and either ¢; € SS(I_D)), or there
exists y which is already limited in ¢, and ¢; € {x =y, y = z}.

It should be noted that there is one clause in this definition which is somewhat
strange: the last one, which treats conjunction. The reason why this clause does
not simply tell us (like in the case of disjunction) when a conjunction of two

formulas is in 55(1—5), is the desire to take into account the fact that once the
value of y (say) is known, the formula z = y becomes domain independent. In
the unified framework described in the next section this problematic clause is
replaced by a more concise one (which at the same time is more general).

A more important fact is that given {Py,..., P,}, the set of relations which

are answers to some query in S.S (f’)) is exactly the closure of { Py, ..., P,} under
a finite set of basic operations called “the relational algebra” ([IL[II]). This set
is quite similar to set of basic operations used by Gdédel in [6] for constructing
the constructible universe.

3 Partial Domain Independence and Absoluteness

There is an obvious similarity between the concepts of d.i. in databases, and
absoluteness in Set Theory. However, the two notions are not identical. Thus, the
formula x = z is not d.i., although it is clearly absolute. To exploit the similarity,

2 What we present below is both a generalization and a simplification of Ullman’s
original definition.
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the formula property of d.i. was turned in [2] into the following relation between
a formula ¢ and finite subsets of Fv(p):

Definition 2. Let o be like in Definition[dl. A formula o(x1, ..., Tn, Y1, -, Yk)

mo s f’)—d.i. with respect to {x1,...,2n}, if whenever Sy and Sz are structures
as in Definition[d, then for all ay € Sa,...,a, € Sy and by € S1,...,bx € Sy:

So bl o(@, ) © a1 €81 A...Aan€S1 AS1 = (T, b)

Note that ¢ is d.i. iff it is d.i. with respect to F'v(¢). On the other hand the
formula x = y is only partially d.i.: it is d.i. with respect to {z} and {y}, but
not with respect to {z,y}. Note also that a formula ¢ is d.i. with respect to 0 if
whenever S; and Ss are structures as in Definition [0l then for all by,...,bx € St
S2 E @(?) —~ Si1E 4,0(?) Under not very different conditions concerning Sy
and S, this is precisely Godel’s idea of absoluteness. We'll return to this below.

Another important observation is that given a domain S for the database, if
O(T1y ey Ty Y1y -5 Yk) 18 P —d.i. with respect to {x1, ..., 2, } then the function
M1, - YA (T1, - 0) | @) is a computable function from S* to the set of finite
subsets of S™, the values of which depend only on the values of the arguments
Y1, - - -, Yk, but not on the identity of S. In case n = 0 the possible values of this
function are {()} and @, which can be taken as “true” and “false”, respectively.
Hence in this particular case what we get is a computable k-ary predicate on S.
From this point of view k-ary predicates on a set S should be viewed as a special
type of functions from S* to the set of finite sets of S-tuples, rather than as a
special type of functions from S* to S, with arbitrary chosen two elements from
S serving as the two classical truth values (while like in set theory, functions
from S* to S should be viewed as a special type of (k + 1)-ary predicates on S).

Now it is easy to see that partial d.i. has the following properties (where
—
> X means that ¢ is P—d.i. with respect to X):

If p > X and Z C X, then ¢ > Z.

p = Fu(p) if ¢ is p(t1,...,tn) (WhEI‘EPEF)).
z#x>={z},t=a> {z},and z =t > {z} if z & Fo(t).
—p = 0 if o = 0.

VY= Xifes>= X andy - X.

AP =XUY ifp> X, ¢>=Y,and Y N Fu(p) = 0.
Jyp = X —{y} ify € X and ¢ > X.

STtk

These properties can be used for defining a syntactic approximation > p of the
semantic P-d.i. relation. It can easily be checked that the set {¢ | ¢ =p Fv(p)}
strictly extends S.S (}—3) (but note how the complicated last clause in the defi-
nition of SS (1_5) is replaced here by a concise clause concerning conjunction!).

Note: For convenience, we are taking here A,V,— and 3 as our primitives.
Moreover: we take =(¢ — 1) as an abbreviation for ¢ A =), and V1, ..., zrp as
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an abbreviation for =3z, ..., zr—p. This entails the following important prop-
erty of “bounded quantification”: If > is a relation satisfying the above prop-
erties, and @ > {x1,...,xn}, while ¥ = 0, then Jz1...x0(@ AY) = 0 and
V1 ... 2n(p — ¥) = 0 (recall that ¢ > ) is our counterpart of absoluteness).

4 Partial Domain Independence in Set Theory

We return now to set theory, to see how the idea of partial d.i. applies there.
In order to fully exploit it, we use a language with abstraction terms for sets.
However, we allow only terms which are known to be d.i. in a sense we now
explain. For simplicity of presentation, we assume the accumulative universe V'
of ZF, and formulate our definitions accordingly.

Definition 3. Let M be a transitive class. Define the relativization to M of
terms and formulas recursively as follows:

— tpm =t ift is a variable or a constant.
{z|otm={z |z e MApm}.
—(t=s)m=({tm=5m) (tE€s)m=(tm € sm).
= (e)m ="M (eVPIM=emVim. (@AYVIM=OMAYM.
— Fzo)pm = Fz(x € M A ppm).
Definition 4. Let T be a theory such that V |=T.

1. Let t be a term, and let Fu(t) = {y1,...,yn}. We say that t is T-d.i., if the
following is true (in V') for every transitive model M of T':

Vyi .. .Vypyn EMA ... ANy EM >ty =1t

2. Let ¢ be a formula, and let Fo(p) ={y1, ..., Yn,T1,...,2k}. We say that ¢
is T-d.i. for {z1,...,zk} if {{z1,...,2%) | @} is a set for all values of the
parameters yi,...,Yn, and the following is true (in V') for every transitive
model M of T':

Yyi .. . Vyny1 EMA . AYyp EM = p = (11 EMA...AxE E MAPp)]

Thus, a term is T-d.i. if it has the same interpretation in all transitive models
of T which contain the values of its parameters, while a formula is 7-d.i. for
{z1,...,z} if it has the same extension (which should be a set) in all transitive
models of T which contain the values of its other parameters. In particular: ¢
is T-d.i. for @ iff it is absolute relative to T in the original sense of set theory,
while ¢ is T-d.i. for Fu(yp) iff it is domain-independent in the sense of database
theory (see Definition [l) for transitive models of T'.

The set-theoretical notion of d.i., we have just introduced, is again a semantic
notion that one cannot characterize in a constructive manner, and so a syntactic
approximation of it should be used in practice. The key observation for this
is that the transitive classes are the structures for which the atomic formula
x € y (where y is different from z) is d.i. with respect to {z}. Accordingly, an
appropriate approximation is most naturally obtained by adapting the definition
of »=p above to the present language, taking into account this key observation:
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Definition 5. The relation = prgsr is inductively defined as follows:

@ =rst 0 if @ is atomic.

o =psr{z}ifeef{e#z,z=tt=a02€ct}, and x & Fu(t).

~¢ =rst 0 if ¢ =rst 0.

oV =rsr X if ¢ =rsT X and ¢ =psr X.

WAy >=psT XUY if o =psr X, ¥ =psr Y, andYﬂFv(go) = 0.

. 3y =rsr X —{y} ify € X and ¢ -psr X.

Note: It can easily be proved by induction on the complexity of formulas that

the clause 0 in the definition of > p is also satisfied by =pgrgr: if ¢ =rsr X and
Z C X, then ¢ >=grsr Z.

S s fo te

A first (and perhaps the most important) use of >=pggr is for defining the set
of legal terms of the corresponding system RST (Rudimentary Set Theory).
Unlike the languages for databases (in which the only terms were variables and
constants), the language of RST used here has a very extensive set of terms. It
is inductively defined as follows:

— Every variable is a term.
— If = is a variable, and ¢ is a formula such that ¢ >grgr {z}, then {z | ¢} is
a term (and Fo({z | ¢}) = Fu(p) — {x}).

(Actually, the relation > pggsy, the set of terms of RST, and the set of formulas
of RST are defined together by a simultaneous induction).

A second use of > pggr is that the set {¢ | ¢ =grsr 0} is a natural extension
of the set Ag of bounded formulas. Moreover, we have:

Theorem 1. Let RST be the theory consisting of the following axioms:
Extensionality: Vy(y = {z | z € y})

Comprehension: Vz(z € {z | ¢} < ¢)

Then given an extension T of RST, any valid term t of RST is T-d.i., and if
@ =prsT X, then @ is T-d.i. for X.

The following theorem connects > rgsr with the class of rudimentary set func-
tions (introduced independently by Gandy ([B]) and Jensen ([7]). See also [4])
— a refined version of Gddel basic set functions:

Theorem 2

1. If F is an n-ary rudimentary function, then there exists a formula ¢ s. t.:
(CL) FU(‘)D) = {yvxla cee 7In}
(b) v =rst {y}

(C) E(xlv"'7xn) = {ZJ | 90}'
2. If ¢ is a formula such that:

(a) FU(SO) = {yla"'uykuxla'naxn}
(b) ¢ =rst {y1,---, Y}

then there exists a rudimentary function F such that:
F(xla-~'7xn) = {<y1a7yk> | 90}
Corollary 1. If Fu(p) = {z1,...,z,}, and ¢ =gst 0, then ¢ defines a rudi-
mentary predicate P. Conversely, if P is a rudimentary predicate, then there is
a formula ¢ such that ¢ =grst 0, and ¢ defines P.
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4.1 On Predicative Set Theory

In his writings Godel expressed the view that his hierarchy of constructible sets
codified the predicatively acceptable means of set construction, and that the only
impredicative aspect of the constructible universe L is its being based on the full
class On of ordinals. This seems to us to be only partially true. We think that
indeed the predicatively acceptable instances of the comprehension schema are
those which determine the collections they define in an absolute way, indepen-
dently of any “surrounding universe”. Therefore a formula 1 is predicative (with
respect to x) if the collection {z | ¥(z,y1,...,yn)} is completely and uniquely
determined by the identity of the parameters yi,...,y,, and the identity of
other objects referred to in the formula (all of which should be well-determined
before). In other words: 1 is predicative (with respect to z) iff it is d.i. (with
respect to x). It follows that all the operations used by Gédel are indeed predica-
tively acceptable, and even capture what is intuitively predicatively acceptable
in the language of RST. However, we believe that one should go beyond first-
order languages in order to capture all the predicatively acceptable means of set
construction. In [3] we suggest that an adequate language for this is obtained
by adding to the the language of RST an operation T'C' for transitive closure
of binary relations, and then replacing > gsr by the relation =pzp, which is
defined like > pgrgr, but with the following extra clause: (T'Cy ,¢)(z,y) =pzr X
if o =pzrp X, and {z,y} N X # (. See [3] for more details.

5 Domain Independence: A General Framework

In this section we introduce a general abstract framework for studying domain
independence and absoluteness (originally introduced in [2]).

Definition 6. A d.i-signature is a pair (o, F), where o is an ordinary first-
order signature, and F' is a function which assigns to every n-ary symbol s from
o (other than equality) a subset of P({1,...,n}).

Definition 7. Let (o, F') be a d.i.-signature. Let S1 and Sa be two structures for
o s.t. S1 C Sy. Sy is called a (o, F)—extension of Sy if the following conditions
are satisfied:

— If p € o is a predicate symbol of arity n, I € F(p), and ai,...,a, are
elements of So such that a; € Sy in case i & I, then So = p(ai,...,a,) iff
a; € 81 forall i, and S1 E play,...,an).

— If f € o is a function symbol of arity n, a1,...,a, € Si, and b is the
value of f(a1,...,ay) in Sa, then b € S1, and b is the value of f(as,...,an)
in S1. Moreover: if I € F(f), and aq,...,a, are elements of Sa such that
a; € S1 in case i € I, then So = b= f(a1,...,ay) iff a; € Sy for all i, and
SiEb=f(a1,...,an).

Definition 8. Let (0,F) be as in Definition [} A formula ¢ of o is called
(0, F)—di. wrt. X (p >?§’F) X ) if whenever Sy is a (0, F')—extension of Sy,
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and ©* results from ¢ by substituting values from Sy for the free variables of
@ that are not in X, then the sets of tuples which satisfy ¢* in Sy and in Sy
are identical. B A formula ¢ of o is called (o, F)—d.i. if ¢ >?§7F) Fu(p), and
(0, F')—absolute if ¢ = ) 0.

Note: We assume that we are talking only about first-order languages with
equality, and so we do not include the equality symbol in our first-order sig-
natures. Had it been included then we would have defined F(=) = {{1},{2}}
(meaning that z1 = x5 is d.i. w.r.t. both {1} and {x2}, but not w.r.t. {z1,z2}).

Examples

— Let o be a signature which includes P = {P,...,P,}, and optionally con-
stants and other predicate symbols (but no function symbols). Assume that
the arity of P; is n;, and define F(P;) = {{1,...,n;}}. Then ¢ is (o, F)—d.i.
w.rt. X iff it is P—di. wr.t. X in the sense of Definition

— Let ozrp = {€} and let Fzp(€) = {{1}}. In this case the universe V is a
(o0zF, Fzr)— extension of the transitive sets and classes. Therefore a formula
is ozp-absolute iff it is absolute in the usual sense of set theory.

Again the relation of (o, F')—d.i. is a semantic notion that in practice should be
replaced by a syntactic approximation. The following definition generalizes in a
very natural way the relations >p and > pgrgr:

Definition 9. The relation =, ) is inductively defined as follows:

0. If o =(o,r) X and Z C X, then ¢ =) Z.

la. If p is an n-ary predicate symbol of o; x1,...,x, are n distinct variables,
and {i1,... i} is in F'(p), then p(x1,...,%n) =(o,r) {Tiys -+ Tiy }-
1b. If f is an n-ary function symbol of o; y, x1, . .., T, are n+1 distinct variables,

and {i1,...,ix} € F(f), theny = f(x1,...,20) =0 5) {Tir, -5 Tiy }-
o=@ izt ifoe{r#z,x=tt==1}, andx ¢ Fu(t).

@ =7y 0 if © = (o,p) 0.

pV >(0,F) X ifp >(0,F) X and ¥ >(0,F) X.

CANY =(0m) XUY if @ (0,5 X, 0 =) Y, and Y N Fo(p) = 0.
e =or) X —{y} ifye X and ¢ =) X.

S ot WD

Again it is easy to see that if ¢ =, ) X, then ¢ >‘({;F) X. The converse fails, of
course. However, we suggest the following conjecture (that for reasons to become
clear in the next section, may be viewed as a generalized Church Thesis):

Conjecture. Given a d.i. signature (o, F'), a formula is upward (o, F')-absolute
iff it is logically equivalent to a formula of the Jyi,...,yn1p, where ¥ =, g 0
(¢p(z1,...,2,) is upward (o, F')-absolute if whenever S5 is a (o, F')—extension of
S1, and =g, @(a1,...,ay), then =g, p(ai,...,a,)).

3 ¢* is a formula only in a generalized sense, but the intention should be clear.
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6 Absoluteness and Computability in N

Finally, we turn to the connections between the above ideas and computability
in the Natural numbers.

Definition 10. The d.i. signature (onr, Fr) is defined as follows:

— on s the first-order signature which includes the constants 0 and 1, the
binary predicate <, and the ternary relations Py and Py .

- Fn(<) = {{1}}, Ex(Py) = Fx(Px) = {0}

Definition 11. The standard structure N for on has the set of natural numbers
as its domain, with the usual interpretations of 0, 1, and <, and the (graphs
of the) operations + and x on N (viewed as ternary relations on N) as the
interpretations of Py and Py, respectively.

It is easy now to see that A is a (o, Fiv)-extension of a structure S for o
iff the domain of S is an initial segment of A/ (where the interpretations of the
relation symbols are the corresponding reductions of the interpretations of those
symbols in N). Accordingly, if ¢ > (5. ) 0, then for any assignment in N it
gets the same truth value in all initial segments of N (including N itself) which
contain the values assigned to its free variables. Now the set of formulas ¢ such
that ¢ > (5, Fy) 0 is a straightforward extension of Smullyan’s set of bounded
formulas ([10]). This set is defined of course using the relation =n=>>(,. ry)-
From definitions [@ and [[0it easily follows that this relation can be characterized
as follows (compare with Definition [B]):

o =n 0 if ¢ is atomic.
p-nv{z}tiftpe{r#z,x=tt=xx<t}, and x & Fu(t).
= =y 0if o =n 0.

VY =y Xifp>=y X and ¢ =y X.
A=y XUY if =Ny X, 9 >=nY,and Y N Fo(p) = 0.
Jyo =y X —{ytifye X and p =x X.

oY

Now the crucial connection between Godel’s work on absoluteness in set the-
ory, and computability in the natural numbers, is given in the following Theorem:

Theorem 3. The following conditions are equivalent for a relation R on N:

1. R is semi-decidable.

2. R is definable by a formula of the form Jy1, ..., ynt0, where ¢ = 0.

3. R is definable by a formula of the form Jyi,...,yp, where the formula ¥
is (onr, En)-absolute.

Proof. 2. follows from 1. by the Thesis of Church and Smullyan’s characterization
in [I0] of the r.e. subsets of NV using his set of bounded formulas (recall that if
¥ is bounded, then ¢ >y (). That 3. follows from 2. is immediate from the
fact that if ¢ =y 0, then ¢ is (onr, Fir)-absolute. To show that 3. entails 1.,
assume that R is definable by a formula of the form Jy,...,y,%, where the
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formula (21, ..., 2k, Y1, - -, Yn) is (onr, Far)-absolute. Given numbers ny, ..., ng
we search whether R(nq,...,ng) by examining all the finite initial segments of
N that contain nq,...,ng, and return “true” if we find in one of them numbers
mi,...,my such that Y(nq,...,ng, m1,...,my,) is true in it. From the fact that
¥ is (onr, Fa)-absolute, it easily follows that this procedure halts with the correct
answer in case R(nq,...,ny), and never halt otherwise.

The last theorem shows a very close connection between (semi)-computability
and (upward) absoluteness. However, further research is needed in order to un-
derstand the full connection between these notions. A key problem that one has
to solve in order to provide a general computability theory based on d.i. relations
and absoluteness, is what is so special about the standard interpretations in A/
of P; and Py that makes the last theorem possible. We suspect that in order
to provide a satisfactory answer (and develop the desired theory), one should
go beyond first-order languages (most probably to first-order language with a
transitive closure operation). We leave that for future investigations.
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Abstract. Datatype-generic programs are programs that are parame-
terised by a datatype. Designing datatype-generic programs brings new
challenges and new opportunities. We review the allegorical foundations
of a methodology of designing datatype-generic programs. The effective-
ness of the methodology is demonstrated by an extraordinarily concise
proof of the well-foundedness of a datatype-generic occurs-in relation.
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1 Introduction

The central issue of computing science is the development of practical program-
ming methodologies. Characteristic of a programming methodology is that it
involves a discipline designed to maximise confidence in the reliability of the
end product. The discipline constrains the construction methods to those that
are demonstrably simple and easy to use, whilst still allowing sufficient flexibility
that the creative process of program construction is not impeded. For example,
an insight that played an important role in the development of a methodology
for sequential programs is that it is possible to restrict attention —without loss
of generality— to just the class of while programs. It is neither necessary nor
desirable to consider arbitrary goto programs.

The systematic use of induction on the structure of datatypes is another
such discipline; defining and exploiting application-specific datatypes is sound
practice, as is well-known, particularly among functional programmers. This
has led to the development of a new programming concept, called (datatype-
)generic programming [I2,[8L4]. Datatype-generic programs are programs that
are parameterised by a data structure. For example, the compression of data can
be much more effective if the specific structure of the data is known in advance
— the compression of eg computer programs can exploit the specific syntactic
structure of the programs to achieve a higher compression ratio [3].

The idea of making data structure a parameter opens up new challenges
and new opportunities. A major new insight is to consider the algebraic struc-
ture of data structures — how complex data structures are built from simpler
components. In this paper, we review the theoretical foundations of reasoning
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about datatype-generic programs. We review the notion of “F-reductivity”, in-
troduced by Doornbos [B,[6L[7], and show its application to establishing the well-
foundedness of the occurs-in relation in a dataype-generic unification algorithm
[3,09].

2 Relation Algebra

2.1 Basic Definitions

Although much recent work on datatype-generic programming has been con-
ducted within the paradigm of functional programming, there are far-reaching
arguments for adopting a relational framework. Two directly relevant to the cur-
rent paper are: specifications are typically nondeterministic (i.e. relations, not
functions) and termination arguments are almost always conducted within the
framework of well-founded relations. So, for us, a program is an input-output
relation. The convention we use when defining relations is that the input is on
the right and the output on the left (as in functional programming). Formally,
a (binary) relation is a triple consisting of a pair of types I and J, say, and a
subset of the cartesian product IxJ. We write R :: I—J (read “R has type I
from J”), the left-pointing arrow indicating that we view I as the set of possible
outputs and J as the set of possible inputs. I is called the target and J the
source of the relation R, and I+ J is called its type. We use a raised infix dot to
denote relational composition. Thus R-S denotes the composition of relations
R and S. The converse of relation R is denoted by R". Relations of the same
type are ordered by set inclusion denoted in the conventional way by the infix
C operator.

For each set I, there is an identity relation which we denote by id;. Thus
id; :: I—1I. Relations of type I+I contained in id; will be called corefiezives.
By convention, we use R, S, T to denote arbitrary relations and A, B and
C to denote coreflexives. Clearly, the coreflexives of type I« are in one-to-
one correspondence with the subsets of I; we exploit this correspondence by
identifying subsets of I with the coreflexives of type I+1I.

Functions are “single-valued” relations; a relation R is single-valued if
R-R"” Cid; where I is the target of R. We use an infix dot to denote function
application. Thus f.z denotes application of function f to argument x. Dual to
the notion of single-valued is the notion of injectivity. A relation R with source J
is injective if R”- R C idy. Which of the properties R-R” C id; or R”- R C id;
one calls “single-valued” and which “injective” is a matter of interpretation. The
choice here fits in with the convention that input is on the right and output on
the left. More importantly, it fits with the convention of writing f.x rather than
say =/ (that is the function to the left of its argument). A sensible consequence
is that type arrows point from right to left.

2.2 Domains and Division Operators

The left domain of a relation R is, informally, the set of output values that
are related by R to at least one input value. Formally, the right domain R> of
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a relation R of type I+.J is a coreflexive of type I+1I satisfying the property
that
(VA : ACidf : A-R=R=R<CA) . (1)

Given a coreflexive A, ACidy, the relation A- R can be viewed as the relation
R restricted to outputs in the set A. Thus, in words, the left domain of R is the
least coreflexive A that maintains R when R is restricted to outputs in the set
A. The right domain R> is defined symetrically by reversing the composition
R- A. The left/right domain should not be confused with the target/source of
the relation.

In general, for relations R of type I+J and T of type I+ K there is a relation
R\T of type J—K satisfying the Galois connection, for all relations S,

R-SCT = SCR\T .

The operator \ is called a division operator (because of the similarity of the above
rule to the rule of division in ordinary arithmetic). The relation R\T is called
a residual or a factor of the relation T'. Interpreting relations as specifications,
the above Galois connection defines R\T to be the “weakest” specification of
a program S such that executing R after S satisfies specification 7. With this
interpretation, R\T has been called a weakest prespecification [10].

The weakest liberal precondition operator will be denoted here by the symbol
“\”. Formally, if R is a relation of type I+—J and A is a coreflexive of type I+I
then R\ A is a coreflexive of type J«J characterised by the property that, for
all coreflexives B of type J«J,

(R-B)<CA = BCR\A . 2)

Again, we use a division-like notation, rather than “wlp”, to emphasise the
similarity with division in normal arithmetic.

3 Allegories and Relators

We assume that the reader is familiar with the most basic notions of category
theory, namely objects, arrows, functors, natural transformations and (initial)
algebras We use F'un to denote the category with sets as objects and functions
between sets as arrows. We use Rel to denote the category with sets as objects
and binary relations as arrows. We also assume familiarity with the relevance
of these concepts to functional programming: functors correspond to type con-
structors and natural transformations correspond to polymorphic functions.

The categorical notion of functor is too weak to describe type constructors
in the context of a relational theory of datatypes. The notion of an “allegory”
[11] extends the notion of a category in order to better capture the essential
properties of relations, and the notion of a “relator” [12[I3,14] extends the
notion of a functor in order to better capture the relational properties of datatype
constructors.
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Formally, an allegory is a category such that, for each pair of objects A and
B, the class of arrows of type A« B forms an ordered set. In addition there
is a converse operation on arrows and a meet (intersection) operation on pairs
of arrows of the same type. These are the minimum requirements. For practical
purposes, more is needed. A locally-complete, tabulated, unitary, division allegory
is an allegory such that, for each pair of objects A and B, the partial ordering
on the set of arrows of type A« B is complete (“locally-complete”), the division
operators introduced in section are well-defined (“division allegory”), the
allegory has a unit (which is a relational extension of the categorical notion of a
unit — “unitary”) and, finally, the allegory is “tabulated”. “Tabulated” captures
the fact that relations are subsets of the cartesian product of a pair of sets [15].
(Tabularity is vital because it provides the link between categorical properties
and their extensions to relations.)

A suitable extension to the notion of functor is the notion of a “relator” [12]. A
relator is a functor whose source and target are both allegories, and is monotonic
with respect to the subset ordering on relations of the same type, and commutes
with converse. Thus, a relator I is a function to the objects of an allegory C from
the objects of an allegory D together with a mapping to the arrows (relations)
of C from the arrows of D satisfying the following properties:

F.R has type F.I < ¢ F.J whenever R has type I < P (3)

FR-F.S=F(R-S) foreach R and S of composable type, (4)
F.idy =idr 4 for each object A, (5)

FRCFS <« RCS foreach Rand S of the same type, (6)
(F.R)” = F.(R”) for each R. (7)

For example, List is a unary relator, and product is a binary relator. If R is a
relation of type I« J then List.R relates a list of Is to a list of Js whenever
the two lists have the same length and corresponding elements are related by R.
The relation Rx S relates two pairs if the first components are related by R and
the second components are related by S. List is an example of an inductively-
defined datatype; in [16] it was observed that all inductively-defined datatypes
are relators.

A design requirement, that dictates the above definition of a relator, is that
a relator should extend the notion of a functor but in such a way that it co-
incides with the latter notion when restricted to functions. Formally, relation
R of type I+ J is total iff idy C R”- R. A function is a relation that is both
total and single-valued. It is easy to verify that total relations are closed under
composition, as are single-valued relations. Hence, functions are closed under
composition too. In other words, the functions form a sub-category. For an al-
legory A, we denote the sub-category of functions by Map(A). In particular,
Map(Rel) is the category Fun. Now, the desired property of relators is that
relator F of type A« B is a functor of type Map(A)«— Map(B). It is easily
shown that our definition of relator guarantees this property.
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(Bird and De Moor [15] omit (7)) and define a relator to be a monotonic
functor. However, their theorem 5.1, which purports to justify the omission, is
false.)

Polymorphic functions play a major role in functional programming. An in-
sight that has helped to increase the understanding of the relevance of category
theory to functional programming is that polymorphic functions, like the flatten
function on lists, are natural transformations [I7,18]. However, caution is needed
when extending the categorical notion of natural transformation to allegories.
In the latter context, the term lax natural transformation is sometimes used.
The collection of lax natural transformations to relator F' from G is denoted by
F «— G and defined by

ax:F—G = (FR-aj2a;-G.R foreachR: I+J) . (8)

A relationship between naturality in the allegorical sense and in the categorical
sense is the following [19]. Recall that relators respect functions, i.e. relators are
functors on the sub-category Map. Then, in the case that all elements of the
collection « are functions,

a:F—~G mA = a«a:F—G in Map(A)

where by “in X” we mean that all quantifications in the definition of the type of
natural transformation range over the objects and arrows of X. This means that
the notion of “lax” natural transformation is the more appropriate allegorical
extension of the categorical notion of natural transformation rather than being
a natural transformation in the underlying category. Thus we shall not use the
qualifier “lax”. For us, a natural transformation is as defined by (g).

4 A Programming Paradigm

4.1 Hylo Programs

Characteristic of a programming methodology is that it involves a discipline de-
signed to maximise confidence in the reliability of the end product. The discipline
constrains the construction methods to those that are demonstrably simple and
easy to use, whilst still allowing sufficient flexibility that the creative process of
program construction is not impeded.

In standard treatments of the discipline of sequential programming, the class
of programs considered is the class of while programs; it has long been accepted
that arbitrary goto programs are undesirable. But, whilst theoretically expres-
sive enough, while programs are inadequate to express many elegant and well-
known recursive programs, like quicksort. On the other hand, arbitrary recursion
is also undesirable. Restriction to a more limited class of recursive programs is
desirable for a sound discipline of datatype-generic programming.

The programs in the class on which our discipline is based are called hy-
lomorphisms. The fact that many recursively defined functional programs are
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hylomorphisms was identified by Fokkinga, Meijer and Paterson [20], the name
having been coined by Meijer [21]. Unlike [20], however, the current paper is not
restricted to functional programs.

Definition 1 (Hylos). Let R and S be relations and F a relator. An equa-
tion in X of the form X = R-F.X -S is said to be a hylo equation or hylo
program. O

Space does not allow us to give detailed examples of hylo programs here. Briefly,
the hylo recursion scheme offers substantial freedom in designing programs be-
cause the solution strategy is a parameter of the scheme. The solution strat-
egy is encapsulated in the relator, F. For instance relator (X :: [+X) encap-
sulates repetition, (X :: I+X xX) encapsulates a divide and conquer strategy,
and (X :: F.(IxX)) encapsulates primitive recursion. A first step in the design
of hylo programs is the choice of the relator [5]. Extending hylo programs to
allow relations as components is also a significant advance on the functional
paradigm. Relations on strings, like the prefix, suffix, subsequence and segment
relations are easy to express as hylo equations, as can quite complex problems
like context-free language recognition (even in the most general case) [22].

Crucial to developing a discipline of hylo programming is that the meaning
of a hylo equation is well-understood, both as a specification of a relation, and
operationally as a program that can be executed. The operational meaning de-
mands an understanding of how hylo equations are executed, including when
they are guaranteed to terminate. This is discussed in section 22l The specifica-
tional meaning can be understood in several ways. One is to extrapolate from the
now well-understood notion of a catamorphism on an initial F-algebra. This is
captured by theorem [ below. The definition of a “relational initial F-algebra”
is needed first.

Definition 2. Assume that F is an endorelator. Then (I ,in) is a relational
initial F-algebra iff in has type I+ F.I (and thus is an F-algebra), and there is
a mapping ( ) defined on all F-algebras such that

(R) = A—1I if Rhastype A—F.A , (9)

(in) =id; , and (10)

(R) - (S)" = (uX = R-FX -8 . (11)

That is, (R) - (S)” is the smallest solution of the equation in X,
R-FX -S°CX. O

Definition [2] makes use of the “banana brackets”, (], introduced by Malcolm
[23124] to denote a functional/relational catamorphism. In categorical terms,
catamorphisms are the unique arrows from the initial object in the category
of F-algebras; in programming terms, catamorphisms are programs defined by
structural induction on a datatype. The definition extends the categorical notion
of an initial F-algebra to allegories in a way that is made precise by the hylo
theorem below. Recall that Map(A) denotes the sub-category of functions in
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the allegory A. For clarity, we distinguish between the endorelator F' and the
corresponding endofunctor, F’, defined on Map(A).

Theorem 1 (Hylo Theorem [25]). Suppose F is an endorelator on a locally-
complete, tabular allegory A. Let F’ denote the endofunctor obtained by restrict-
ing F to the objects and arrows of Map(.A). Then, in is an initial F’-algebra
equivales it is a relational initial F-algebra. O

Note that the hylo theorem states an equivalence between two definitions. Con-
sidering first the implication (loosely speaking, an initial F-algebra is a relational
initial F-algebra), property () is the property that is most often understood as
the “hylo theorem”. Property (@) is a necessary prerequisite; essentially it states
that catamorphisms are well-defined on relations given that they are well-defined
on functions. Property (I0) is the key to proving Lambek’s lemma that an initial
F-algebra is an isomorphism between its source and its target. A consequence
of the opposite implication (a relational initial F-algebra is an initial F-algebra)
is that catamorphisms on functions are the unique solutions of their defining
equations.

4.2 Reductivity

A discipline of programming should always provide the programmer with
straightforward-to-use techniques for guaranteeing termination of programs. For
datatype-generic programs this is provided by the theory of so-called “reductiv-
ity” [5L[7] . The major innovatory aspect of this concept is that it is parame-
terised by a relator, making it possible to explore how properties of termination
are induced by properties of datatypes and (natural) transformations between
datatypes.

A hylo program, X = R- F.X - S, is executed by first unfolding the equation
and then computing the argument for the recursive call by executing S. This
procedure is repeated until a base case is reached and no further unfoldings are
necessary. Then the output is computed by executing R as often as the equation
was unfolded. Assuming R and S are both guaranteed to terminate, termination
of the recursion is thus dependent only on S, and not on R. Furthermore, if S
is nondeterministic, a demonic semantics demands termination irrespective of
which output from the unfoldings of S is chosen. This is the familiar execution
scheme applied by the implementations of imperative and functional languages.
Because of this execution scheme, the computed input-output relation is the
least solution of the hylo program.

Suppose that execution begins in a state described by the coreflexive A, and
suppose B describes the “safe set” of the hylo program: the maximal set of states
from which execution is guaranteed to terminate. Then, execution of S must
guarantee that recursive calls begin from a state in B. That is, (S-A)< C F.B,
or, equally, ACS\ F.B. Since, B is the maximal set of such states, A, and
since the semantics defines the input-ouput relation to be the least solution
of the hylo equation, the safe set of program X = R- F.X - S is the coreflexive
(A :: S\ F.A). Termination is guaranteed if this is the identity relation on the
domain of S. Hence, the definition of reductivity:
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Definition 3 (F-reductivity). Relation S of type F.I I is said to be F-
reductive if and only if (uA :: S\ F.A) =id;. O

Let us now check that the notion of F-reductivity is compatible with more
familiar accounts of program termination.

A programmer proves termination by using well-founded relations: they prove
that the argument of every recursive call is “smaller” than the original argument.
For program X = R-F.X - S this means that all values stored in an output F-
structure of S have to be smaller than the corresponding input of S. More
formally, with z(mem)y standing for “z is a member of F-structure y” (or, = is
a value stored in F-structure y”), we need for all x and z

(Vy = z{mem)y A y(S)z = z<2) ,

for some well-founded ordering <. That is, a relation S is F-reductive if and
only if there is a well-founded relation < such that whenever an F-structure is
related by S to some y, it is the case that every value stored in the F-structure
is related to y by <.

To make this statement precise we need to formalise the concept of “values
stored in an F-structure”. Hoogendijk and De Moor [26,[I9] have shown that
this is possible for so-called “container types”. For the relators from this class,
one can define a membership relation, say mem. For example, for the list relator
this relation holds between a point of the universe and a list precisely when the
point is in the list. For product, the relation holds between x and (z,y) and also
between y and (z,y).

A precise characterisation of the membership relation of a relator is the
following:

Definition 4 (Membership). Relation mem : I— F.I is a membership
relation of relator F if and only if F.A = mem\ A for all coreflexives A, ACI. O

Using this definition of membership we get a precise relationship between reduc-
tivity and well-foundedness. Indeed, for coalgebra S with carrier I and coreflexive
A below I, we have:
S\ F.A
= { definition @ }
S\ (mem\ A)
= { factors ) }
(mem-S)\ A .

Now, well-foundedness of relation R of type I+1I is the condition that the least
prefix point of the function (A :: R\ A) is I [27], whereas reductivity of S ::
F.I —1I is the condition that the least prefix point of the function (A :: S\ F.A)
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is I. So, for coalgebra S :: F.I«+ I, the statement that S is F-reductive is
equivalent to the statement that mem- S is well-founded. Formally,

S is F-reductive = mem-S is well-founded .

Conversely,
R is well-founded = mem\R is F-reductive .

Summarising, we have:

Theorem 2. Suppose mem is the membership relation for relator F'. Then the
functions (S::mem-S) and (R::mem\R) form a Galois connection between the
F-reductive relations, S, and the well-founded relations, R. a

Bird and De Moor [I5, chapter 6] avoid the introduction of the notion of reduc-
tivity by always requiring that mem- S is well-founded whenever F-reductivity
of S is required. The main advantage of defining termination in terms of re-
ductivity instead of well-foundedness and membership is that it is possible to
formulate theorems relating reductivity of one type to reductivity of another
type. The rules presented in section [bl are of this nature.

5 A Calculus of Reductive Relations

Theorem 3. The converse of an initial F-algebra is F-reductive.

Proof. Let in :: I« F.I be an initial F-algebra and A an arbitrary coreflexive
of type 1. We must show that

ICA <« in"\FACA.
We start with the antecedent and derive the consequent:
in"\ FFAC A
= { for function f and coreflexive B, f\ B = f“-B- f,
in” is a function and F.A is a coreflexive }
in-FA-in"CA
= { hylo theorem }
(in)-(in)” C A
= { identity rule: (), in :: I« F.[ is an initial F-algebra }
ICA . O

Theorem 4. Let Q be G-reductive and S be a natural transformation of type
F «—d, where Id denotes the identity relator. Then F.Q - S is (FoG)-reductive.

Proof. We prove the stronger:

(WA = Q\ G.A) C (uA: (F.Q-S)\ F.(G.A))
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First, we observe a general fact about natural transformations « of type F «— H,
namely, for all objects I and all coreflexives A such that AC I,

HAC aj\FA ) (12)
since
HAC o\ FA
= { factors: @) }
(aj-HA)<CFA
= { domains: (I) }
FA-aj-HA=a;-G.A
= { « has type F'«= H. Thus, F.A-a; 2 ay-H.A.
A is a coreflexive, so HA-HA=HA }
FA-ar-HA C ar-H.A
- {  FACidp; }
true .

The theorem follows, by monotonicity of the fixpoint operator u, from the fact
that, for all A,

(F.Q-S)\ F.(G.A)

= { factors: (@) }
S\ (F.Q\ F.(G.A))

) { factors: @) }
S\ F.(Q\ G.A)
> { S has type F «Id, (2 }
Q\G.A . H

6 Generic Unification

In this section, we apply the notion of F-reductivity to a key lemma in the proof
of correctness of a generic unification algorithm. Such an algorithm was first
formulated by Jeuring and Jansson [28] and is further elaborated in [9]. The
algorithm is “generic” in the sense that it is parameterised by a relator F' that
specifies the structure of expressions to be unified.

Here, we show that the “occurs-properly-in” relation on expressions is well-
founded. Particularly remarkable about our proof is that it is very simple. This
is a result of its not requiring the definition of a size function on expressions
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in any way, the key to the proof being instead the fact that the converse of an
initial F-algebra is F-reductive.

(The reader is invited to compare the proof presented here with the one given
in [9]. Although the one presented here was the first to be developed, it was
considered expedient at the time not to burden the reader of [9] with too many
new ideas, and to present a more conventional proof instead.)

In its generic form, unification is expressed as follows. A parameter is a relator
F. A second parameter is a type V', elements of which are called variables. Given
these two, we may define a relator £y, which maps relation X to F.X +idy . Then
we assume that in is an initial Fy-algebra with carrier F*V. That is,

in @ F*V « FF*V4+V .

The relator F* (together with appropriately defined unit and multiplier) is a
monad which, as the Kleene-star-like notation suggests, is obtained by repeated
application of the relator F. Elements of F*V are called expressions; the pa-
rameter F' limits the way that new expressions are built up out of subexpres-
sions. Substitution of an expression for a variable can now be defined in such a
way that the composition of substitutions is Kleisli composition in the monad.
The ordering “more general than” on substitutions is defined in the usual way.
Generic unification is then the problem of finding a substitution that unifies two
expressions and is more general than any other unifier.

A fundamental lemma in a proof of correctness of unification is to show that
if a variable occurs in an expression then the variable and expression are not
unifiable. The way to do this is to define an “occurs-properly-in” relation between
expressions, show that this relation is well-founded (and thus is irreflexive) and
finally show that it is preserved by substitution. Here we will just show the first
two of these steps as an illustration of the reductivity calculus.

Suppose mem is the membership relation of the relator F. Let inl4 p denote
the injection function of type A+B+«— A. (We will drop subscripts from now
on for simplicity.) Then we can define the relation occurs properly in of type
F*V — F*V by

occurs properly in = (mem - (in-inl)~)™

Informally, the relation (in-inl)” (which has type F.(F*V') « F*V') destructs an
element of F*V into an F-structure and then mem identifies the data stored
in that F-structure. Thus mem- (in-inl)® destructs an element of F*V into
a number of immediate subcomponents. Application of the transitive-closure
operation repeats this process thus breaking the structure down into all its sub-
components.

The occurs properly in relation has a very simple structure. We ought to be
able to see that it is well-founded almost directly just from that structure. Indeed
this is what the reductivity calculus allows us to do. The lemma and its proof
follow. The first step involves a well-known property of well-founded relations.
Otherwise, every non-trivial step uses the reductivity calculus.
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Theorem 5. The relation occurs properly in is well-founded.
Proof

occurs properly in is well-founded
= { definition of occurs properly in,
R is well-founded = R" is well-founded }
mem - (in-inl)" is well-founded
<= { mem - R is well-founded = R is F-reductive }
(in-inl)* is F-reductive
= { (in-inl)” = inl"-in", }
inl”-in" is F-reductive
<= { theorem [ }
in” is Fy-reductive A inl” @ F«+ Fy,
= { theorem [B] definition of «— }
true A (VR :: F.R -inl”; Dinl"; - Fy.R)
= { Fy.A = F.A+idy, converse and defn. of inl }

true . O

Note that the proof is entirely algebraic and does not involve any notion of the
“size” of expressions. Many well-foundedness arguments are based on defining
a variant function with range the natural numbers and exploiting their well-
foundedness. The above proof is based on the basic reductivity theorem that the
converse of an initial F-algebra is F-reductive, a consequence of which theorem
is that the natural numbers are well-founded. Introducing the natural numbers
into the proof would be introducing unnecessary detail.
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Abstract. We introduce a notion of complexity for sets of finite bi-
nary sequences such that the corresponding fan theorem is construc-
tively equivalent to the uniform continuity theorem. This settles an open
question.
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It is well known that the uniform continuity theorem implies the fan theorem for
detachable bars [5]. Furthermore, it is easy to see that the fan theorem for IT7—
bars implies the uniform continuity theorem[] Here we present a very natural
version of the fan theorem which exactly hits the logical strength of the uniform
continuity theorem in the sense of constructive reverse mathematics [6,[7].

We use the framework BISH of Bishop’s constructive mathematics [3]4,[5].
We regard BISH as simply mathematics with intuitionistic, rather than classi-
cal, logic, together with some suitable foundation such as CZF [T].

Since the most complex objects we deal with are integer-valued functions on
the Cantor space, our results can easily be carried over to intuitionistic finite-
type arithmetic HA“; see [91[T1] for an introduction to this system. We keep the
formalisation aspect in view; but for the sake of better readability, we do not
carry it out rigorously. Whenever we use a version of the axiom of choice, we
mention this explicitly.

Let N = {1,2,3,...} denote the set of all natural numbers m, n, N. Let {0, 1}
denote the set of all infinite binary sequences «, 3,~. Let an denote the restric-
tion of « to the first n components, where n € NU{0}. Thus a0 is the empty
sequence (). Under the compact metric

d(a, B) = inf {27" | an = n}
on {0, 1}, pointwise continuity of functions F : {0,1}" — N reads as
Vo InVp (an = Bn — F(a) = F(B))

1 'We do not give a proof of this fact since it follows from Proposition [II
2 A metric space is compact if it is complete and totally bounded.
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whereas uniform continuity reads as
InVa, 8 (an =fn — F(a) = F(ﬂ)) .
The uniform continuity theorem is the following principle:

UC Every pointwise continuous function F : {0,1} — N is uniformly
continuous.

Let {0,1}* denote the set of all finite binary sequences u, w. Concatenation
of u and v is denoted by u * w. For F : {0,1} — N and u we set

Flu)=F(usx0*x0x0%...).
This leads to a characterisation of uniform continuity:
Lemma 1. Let F : {0,1} — N be pointwise continuous. Then we have
Yo InVw (F(an) = F(anx w)) .
Furthermore, F is uniformly continuous if and only if
InVaVw (F(an) = F(an xw)). (1)
These results can be proved in BISH as well as in HA®.

Proof. We show only the most interesting part of the lemma. Suppose that F is
pointwise continuous and that (1) holds. We have to show that F' is uniformly
continuous. By () there is N such that

VaVw (F(aN) = F(aN xw)).

Fix a, 8 with aN = gN. We claim that F(a) = F(8). By the pointwise conti-
nuity of F' there is m > N such that

vy (am =ym — F(a) = F(v)).

and
Vy (Bm =ym — F(B) = F(v)) .
Putting the pieces together yields

F(a) = F(am) = F(aN) = F(8m) = F(B).
A subset Y of a set X is detachable from X if
VeeX(rxeYVaédY).

A subset C of {0,1}* is a c—set if there is a detachable subset D of {0,1}* such
that
Vu(u € C - VYw(uxw e D)).
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Thus a sequence u belongs to C' if every extension of u belongs to D. The letter
c in the expression c—set should indicate that this notion of complexity is related
to continuity. A subset B of {0,1}* is a bar if

VYa3n (an € B)

and a uniform bar if
INVa3dn < N (an € B).

Now we can introduce the fan theorem for c—sets:
c—FT every bar which is a c—set is uniform
Every c—set C is closed under extensions; that means
Vu,w(u e C —uxweC);
therefore a c—set C' is a uniform bar if and only if
ANVa (aN € C).
Proposition 1. ¢—FT implies UC over both BISH and HA* .

Proof. Assume c—FT and fix a pointwise continuous function F : {0, 1} — N.
We define

D={u|F(u)=Fux1)}, B={u|Vw(uxw € D)}.
Then D is detachable from {0,1}* and B is a c-set. From
Yo InVw (F(an) = F(an * w))

we obtain
Vo InVw (F(an *xw) = F(an xw x 1))

and thus
YaInVw (anxw € D).

Hence B is a bar and therefore, by assumption, a uniform bar. We thus can find
N such that
Va (aN € B),

which reads as
VaVw (F(aN xw) = F(aN xw * 1)).

We can deduce
VaVw (F(aN) = F(aN xw)),

which is just the uniform continuity of F'. We thus have shown UC.

The proof of the converse requires a version of unique choice.
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AC* Let X be a detachable subset of {0, 1} x N such that Ya3!'n (a,n) € X.
Then there exists a function F : {0, 1} — N such that Vo (a, F(a) € X.

A similar axiom is called ACy ¢! in [9]. Note that unique choice is admissible
in BISH but not in HA¥.

Proposition 2. UC implies c—FT over BISH. Furthermore, we have
HAY 4+ AC" + UC — c—FT.
Proof. Assume UC. Let D be a detachable subset of {0, 1}* such that
B={u|VYw(u*w e D)}
is a bar. For every « define
Dy={n|an¢ D}U{l1}.

Since B is a bar, D,, is bounded; by AC* there is a function F : {0,1} — N
such that

Vo (F(a) = max D,) .

Fix a. There is n such that an € B. Now, for g with an = fn, we have
D, = Dpg; this implies that F(a) = F(8). Thus F' is pointwise and therefore
uniformly continuous. By Corollary 4.3 in Chapter 4 of [4], F' is bounded, thus
we can find IV such that

Vo (F(a) < N).
We now can conclude that
VaVw (aN «w € D);
therefore B is a uniform bar and we have shown c—FT.
The fan theorem for detachable bars reads as:
A-FT every detachable bar is uniform
A subset B of {0,1}* is a II?—set if there is a detachable set
D C{0,1}* x {0,1}*

such that
Yu (u € B < Yw (u,w) € D).

The fan theorem for IT9-bars reads as:

IID-FT every bar which is a IT)-set is uniform
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It is easy to see that
I)-FT = cFT = A-FT.

It remains to investigate which of these implications are strict. To this end we
will have to place even more emphasis on formalisation. Some authors prove the
equivalence of UC and A—FT, with the help of additional assumptions. This is
continuous choice in the case of [5]. In [2L[8,12] the authors work with pointwise
continuous functions which possess a modulus of pointwise continuity, whereas
in [7,10] the authors work with so called neighborhood functions. We did not
make use of any such hypothesis.
We presume that further propositions in analysis are equivalent to c—FT.

Acknowledgments. The author benefits from many fruitful discussions about
uniform continuity. Special thanks go to Douglas Bridges, Hajime Ishihara, Ul-
rich Kohlenbach, Peter Schuster, Thomas Streicher, and Wim Veldman.
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Abstract. The elementary algebraic specifications form a small sub-
set of the range of techniques available for algebraic specifications and
are based on equational specifications with hidden functions and sorts
and initial algebra semantics. General methods exist to show that all
semicomputable and computable algebras can be characterised up to
isomorphism by such specifications. Here we consider these specification
methods for specific computable rational number arithmetics. In partic-
ular, we give an elementary equational specification of the 0-totalised
rational function field Qo(X) with its degree operator as an auxiliary
function.

1 Introduction

Between 1979 and 1995 in cooperation with J V Tucker we wrote a series of pa-
pers that classified the computable, semicomputable and cosemicomputable data
types using algebraic specifications (see Bergstra and Tucker [2,[3,41[5]). Work
has continued on this subject, refining notions such as finality (e.g., including
Meseguer and Goguen [13] and Moss, Meseguer and Goguen [26]), and on open
questions (e.g., by Marongiu and Tulipani [22] and by Khoussainov [20,21]).

Recently, we have returned to the foundations of the subject in [7§], tack-
ling the specification of basic data types such as the rational numbers, and we
continue here. We will use the elementary algebraic specifications, as proposed
in [8] which are close to the basic techniques of the ADJ Group of the 1970s.

The set Q of rational numbers is a number system designed to denote
measurements. Rationals are used to define the real and complex numbers via
approximation. The rationals are the numbers with which we make finite compu-
tations with full precision. Algebras made by equipping Q with some constants
and operations we call rational arithmetics. We usually calculate with the alge-
bra (Q|0,1,+,—,-,~1) which is called the field of rational numbers where the
operations satisfy certain standard axioms.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 40-[54] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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In addition to rational arithmetics, of particular interest are field extensions
of the rational number field. One important field extension is the field of rational
functions, based on the set

Q(X) = {p(X)/a(X)Ip, ¢ € Q[X]}.

This has special operations such as the degree operator d: Q(X) — N.

The algebras of rational numbers, such as the field and its extensions by real
and complex numbers, are among the truly fundamental data types. Despite the
fact they have been known and used for over two millennia, they are neglected in
the modern theory of data types. After over 30 years of data type theory, many
questions about the specification of rational arithmetics and their extensions are
open. There is an obvious technical obstacle: the axioms concerning division are
not equations and, indeed, it is known that the class of fields cannot be defined
by a set of equations.

Now the common rational arithmetics and field extensions are all computable
algebras. Indeed, in the theory of computable rings and fields there is a wealth
of constructions of computable algebras that start with the rationals and the fi-
nite fields: see the introduction and survey Stoltenberg-Hansen and Tucker [28§].
Therefore, according to the general theory of algebraic specifications of com-
putable data types they have various equational specifications under initial and
final algebra semantics. Computable algebras also have equational specifications
that are complete term rewriting systems ([5]). However, these general specifica-
tion theorems for computable data types involve (binary) hidden functions and
are based on equationally definable enumerations of the data type.

Recently Moss found in [25] that there exists an equational specification of
the ring of rationals (i.e., without division or inverse) with just one unary hidden
function. He used a remarkable enumeration theorem for the rationals in Calkin
and Wilf [9]. He also gave specifications of other rational arithmetics and asked
if hidden functions were necessary. In [7] we proved that there exists a finite
equational specification under initial algebra semantics, without further hidden
functions, but making use of an inverse operation, of the field of rational numbers.
Here we will continue this line of work and in particular we prove:

Theorem 1. There exists a finite equational specification under initial algebra
semantics, without hidden functions, of the algebra

QO(Xv d) = (Q(X)|07 ]-7 X7 +, =, '771 ) d)
of rational functions with field and degree operations that are all total.

The structure of the paper is this. In Section [, we discuss the basics of specifi-
cation theory and define the elementary algebraic specifications. In Section Bl we
describe the algebras and the axioms we will use to specify them. In Section [ we
prove the main theorem. Finally, in Section [0l we discuss some open problems.
We thank J V Tucker for many valuable discussions on the results of this

paper.
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2 Elementary Algebraic Specifications (EAS)

2.1 What Are the Elementary Algebraic Specifications?

Algebraic specification starts with the idea of modelling - e.g., data, processes,
syntax, hardware, etc. - using sets and functions. Wherever there are sets and
functions there are algebras! For example, the sets X,Y and function f: X — Y
are combined to form the many sorted algebra (X,Y|f). A particular algebra
A is a mathematical model of a specific concrete representation of the system
equipped with concrete operations. The need to understand the system, its rep-
resentations and the extent to which they are unique leads to the concepts of (i)
axiomatic theories for the chosen operators, and (ii) homomorphisms and iso-
morphisms for the comparison of algebras. The simplest axioms are equations.
The simplest deductions are are those of equational logic based on the rewriting
of terms.

The line of thought that focussed on the role of initial algebras in semantic
modelling and specification was expounded in [16]. Joseph Goguen, Jim Thatcher
and Eric Wagner, writing as the ADJ Group, provided a mathematical basis for
modelling and specifying abstract data types, starting in [I7]. The ADJ Group
established most of the basic concepts by combining the technical ideas of many
sorted algebras, equations, conditional equations, hidden functions and sorts,
term rewriting and initial algebras. In Kamin [19], a rapidly growing literature
was organised and problems identified and clearly stated, such as when were
hidden functions and sorts necessary? Goguen and Wagner have reflected on the
ADJ Group in [II] and [30], respectively.

The theory of computable data types demonstrates that any computable sys-
tem can be modelled in this way. Therefore, we define the basic elements of EAS
as follows.

Definition 1. An algebraic specification (X', E') of a X algebra A is elementary
if it involves only

1. A many sorted signature X' that is non-void. A signature is non-void if there
is a closed term of every sort.

2. A set E' of equations or conditional equations.

3. An initial algebra semantics such that I(X', E')|x = A.

In particular, the elementary specifications require total functions, allow hidden
functions and sorts, and may or may not be complete term rewriting systems.
Clearly, there are plenty of restrictions in force: see subsection below.

Definition 2. The specification problem is this: Given a X algebra A, can one
find an algebraic specification (X', E') such that I(X',E')|s =2 A.

An EAS is “better” if it is finite rather than infinite, contains equations rather
than conditional equations, or features nice term rewriting properties such as
confluency and termination. A standard way of validating an elementary speci-
fication is to check these properties:
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Definition 3. An algebraic specification (X', E') of a X algebra A satisfies
Goguen’s conditions if it the following are true:

No Junk or Minimality. The algebra A is X-minimal.
No Confusion or Completeness. For all closed X terms t,t', we have

AEt=1tif, and only if, E' -t =1
In particular, the Goguen conditions imply that
I(X, E)|s = A

What makes these features elementary? The purpose of developing a specifica-
tion is to model, analyse and understand. In simple terms, these algebraic tools
are fundamental for any modelling using sets and functions: they are used to
abstract and analyse the properties models of an idea, component, or system.
One chooses a set of operators and postulates a set of laws they satisfy; the laws
are expressed as equations or conditional equations. The terms express all possi-
ble operations that can be derived by combining operations, and the equational
identities express the consequent facts about the model. The term rewriting is a
completely basic mechanism for both abstract reasoning and computation. This
view suggests the elementary character of the equations and that we cannot
make do with less. There is also an argument that they need extension in special
circumstances.

Now, the whole modelling and specification process for elementary specifica-
tions is mathematically robust in the sense that the syntax and semantics have
virtually no special conditions, neither subtle nor obvious.

In modelling using an elementary algebraic specification one simply starts
playing with operators, the equations and rewrites. There are no side conditions,
side effects, and semantic errors to beware. The elementary algebraic specifi-
cations work simply in all cases. The only mistakes possible are mistakes in
understanding what one is trying to model.

Technically, all computable algebras can be specified with hidden functions,
and all semicomputable algebras can be specified with hidden sorts and func-
tions. In general this is the best possible. For computable algebras specifications
may take the from of complete term rewriting systems following [5]. One such
result is in [2]:

Theorem 2. A X' algebra A with n sorts is computable if, and only if, it pos-
sesses an elementary equational specification (X', E’) containing just 2(n + 1)
equations and 3(n + 1) hidden functions that defines A under both initial and
final algebra semantics.

This result can be adapted by means of a very tedious proof to yield algebraic
specifications involving exclusively unary hidden functions for each computable
data type (though with less efficient bounds on their numbers). Providing an
attractive proof of that fact which merits publication is still an open issue. In-
terestingly in the specification theory for fields we find that a single unary hidden
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function does the job in various cases. Moss used a unary hidden function in [25].
We gave a simplified EAS for the rational number field using the modulus func-
tion as a unary auxiliary operator in [7]. We used the complex conjugate operator
as an auxiliary one for giving an EAS for the 0-totalised complex rational num-
bers in [§], and below we will make use of the degree operator as an auxiliary
operator in the context of the rational function field.

2.2 What Are the Non-elementary Algebraic Specifications?

Since the first examples of algebraic specifications of data types in the 1970s,
there has been a steady growth in the features that one may add to the basic
techniques to be found the early ADJ papers such as [I7]. The new techniques
have been introduced for a number of obvious reasons: they have been found to
be natural, or useful, or necessary to solve problems, or they have been used to
extend or explore simpler techniques. The development of languages and tools
(such as OBJ, ASF-SDF, Maude, CASL, etc.) for algebraic specification has
increased the number and complexity of features in use.

What features have we excluded from the Definition [l and hence have “de-
clared” to be not elementary, and why?

We have excluded final algebra semantics because final algebras of equational
specifications do not always exist and there are different interpretations possible
(see Moss, Meseguer and Goguen [26]).

We have excluded loose semantics because we are focussed on specifying al-
gebras up to isomorphism rather than classes of possible models.

The multi-equations studied by Adamek et. al. [I] are a convincing gener-
alization of equations, but non-elementary by being less well-known. Further
Priority rewriting and innermost rewriting are considered non-elementary due
to their semantic subtleties.

Partial functions Partiality is an essential aspect of computation, but logics
of partial functions are quite sophisticated and by no means elementary.

Subsorts occur naturally and help with modelling subtyping, errors, etc. How-
ever, there are different theories none of which are as obvious as EAS: see, for
example, the survey [15].

In addition EAS excludes features such as: empty sorts (see Goguen and
Meseguer [14]) because of logical difficulties; errors and exceptions; modularity;
and parameterization. Each of these invite a proliferation of semantical founda-
tions vastly exceeding the basics of EAS.

2.3 Totalisation of Algebras

Informally totalised algebras emerge by making algebras total which are usually
considered to contain partial operators. Unavoidably totalisation introduces an
element of arbitrariness which may be considered artificial because values are
added which do not belong to the primary intuitions at hand. If a data type
starts its life as a partial algebra an EAS treatment of it will involve totalisation
at some stage.
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Totalisation is not without problems when specifying a stack, as we have seen
in our [6]. Totalisation is a matter of costs and benefits and in some cases the
theory of a totalised data type, even when specified by means of a convincing
EAS, may be harder to swallow than some of its non-elementary expositions, even
including the required meta-theory for those non-elementary features. Stacks
are a candidate of such a data type. But in the case of fields we have found
totalisation a convincing technique. For that we have four arguments:

(1) Totalisation of fields leads to a specification which itself has a larger model
class consisting of the so-called meadows having remarkably natural properties
in particular in the finite case,

(2) The EAS specification theory of totalised fields is attractive.

(3) EAS provides a fundamental decoupling of syntax and semantics. All sim-
ple answers on the question why 07! fails to exist depend on the observation
that this piece of syntax should not have been written down in the first place
because it carries no intended meaning. The partial inverse operator cannot be
syntactically decoupled from its meaning. Exactly this interplay between syntax
and semantics is completely removed in the setting of EAS and totalised fields.

(4) The costs of totalisation, due to the introduction of a ‘fake’ value for 01
and its impact on the theory of numbers are already compensated by the gains
mentioned in (2) and (3) above.

2.4 Technical Preliminaries on Algebraic Specifications

We assume the reader is familiar with using equations and conditional equations
and initial algebra semantics to specify data types. Some accounts of this are:
ADJ [I7], Meseguer and Goguen [24], or Wirsing [32]. The theory of algebraic
specifications is based on theories of universal algebras (e.g., Wechler [31], Meinke
and Tucker [23]), computable and semicomputable algebras (Stoltenberg-Hansen
and Tucker [27]), and term rewriting (Terese [29]).

We use standard notations: typically, we let 2’ be a many sorted signature
and A a total X' algebra. The class of all total X' algebras is Alg(X) and the
class of all total X-algebras satisfying all the axioms in a theory T is Alg(X,T).
The word ‘algebra’ will mean total algebra.

3 Specifications for Rational Arithmetics

We will build our specifications in stages. The primary signature X' is simply
that of the field of rational numbers:

signature X
sorts field

operations
0: — field,
1: — field;

+: field x field — field;
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—: field — field;

-1 field x field — field,
—1: field — field

end

3.1 Commutative Rings

The first set of axioms is that of a commutative ring with 1, which estab-
lishes the standard properties of +, —, and -. We will refer to these axioms
by CR1,...,CRS etc.

equations C'R

(x+y)+z=x+(y+2) (1)
r+ty=y+z (2)
r+0==x (3)
x4+ (—x)=0 (4)
(@-y)-z=a-(y-2) (5)
Ty=y-x (6)
r-l=x (7)
z-(y+z)=z-y+z-2 (8)
end
These axioms generate a wealth of properties of 4, —, - which we will assume

the reader is familar.

3.2 Totalised Fields

In working with the rational numbers the usual axiom for division ~' is that
found among the axioms of fields. The axioms of a field simply add to CR the
following the general inverse law (Gil) for division:

r#0 = z-271 =1
and the aziom of separation (Sep) for the constants:
0#1.

Neither axioms are equations. In field theory the value of 07! is either left
undefined, or left unspecified. However, in working with elementary specifications
operations are total.

Let (X, Tfic1q) be the axiomatic specification of fields, where

Ttieta = CR+ Gil + Sep.

The class Alg(X, Ttie1a) is the class of total algebras satisfying the axioms in
T'tie1a- For emphasis, we refer to these algebras as totalised fields.
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Now, for all totalised fields A € Alg(X, Tyie1q) and all x € A, the inverse
2”1 is defined. In particular, 0;11 is defined. The actual value O;ll = a can be
anything but it is convenient to set 07! = 0 (see [7], and compare, e.g., Hodges
[18], p. 695). Later we will use a specification which forces 07 = 0 (Lemma [I]).
A field with 0~ = 0 is called O-totalised.

The main X'-algebras we are interested in are these: first,

QO = (Q|Oa 17 +7 ) '7_1 )
where the inverse is total

vl =1/z if z # 0;
=0 ifx=0

This total algebra satisfies the axioms of a field T'y;e1q and is a totalised field of
rationals. Next, we are interested in the totalised field extension

QO(X) = (Q|X7 Oa 17 +, -, '7_1 )
and its expansion by the degree operator
QO(X7 d) = (Q|X7 Oa 17 +, -, '7_1 ) d)

Our first objective is to replace the axioms Gil and Sep by equations, which
requires an investigation of divison.

3.3 Strong Inverse Properties

Our first set STP of axioms for ~! contain the following three equations, which
we call the strong inverse properties following [7]. They are “strong” because
they are equations in involving ~! without any guards, such as x # 0:

equations SIP

end

Our specification CRU SIP draws attention to division by zero. From [7] we
find:

Lemma 1. The following equations are provable from CRU SIP:

07l=0 (12)
0-2=0 (13)
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Thus, 0-0~! = 0. In dealing with division it is helpful to have functions such as
Zx)=1—x- 27!

Clearly, Z(z) =0z 271 =1.

In particular, in our [7] (Theorem 3.5) we add an axiom L, based on Lagrange’s
Theorem to give an equational specification of the the rationals. Lagrange’s
Theorem states that every natural number can be represented as the sum of
four squares. We define a special equation L (for Lagrange):

Z(1+ 2> +y*+ 22 +u?) =0.

L expresses that for a large collection of numbers, in particular those ¢ which
can be written as 1 plus the sum of four squares, g - ¢~' equals 1. The following
result is then found.

Theorem 3. There exists a finite elementary equational specification (X, CR+
SIP+ L), without hidden functions and under initial algebra semantics, of Qq.

3.4 Meadows, Ril and M3l

In [7] we also add to CR+ STP the restricted inverse law (Ril): x-(z-271) =,
which, using commutativity and associativity, expresses that = - 2~! is 1 in the
presence of . We note that:

Lemma 2. RilFz-271=0=2z=0

Proof. Assuming x-x~! = 0 one obtains x-z~! -z = 0-x by multiplication with

x on both sides. Thus, x = 0 by applying Ril to the LHS and Lemma [ to the
RHS.

Whilst the initial algebra of CR is the ring of integers, we found in [7] that

Lemma 3. The initial algebra of CR+SIP+Ril is a computable algebra but it is
not an integral domain.

The models of CR + STP + Ril are algebras with reasonable properties, in spite
of not being fields nor even integral domains. We propose to name this theory
EN A for elementary number algebra (or equational number algebra if one prefers
that explanation). ‘Number algebra’ then represents the (EAS styled) study of
ENA and its extensions, and our use of this phrase corresponds to our use of
the phrases ‘process algebra’, ‘program algebra’, ‘thread algebra’ and ‘module
algebra’ in other work. For models of EN A the following convention is taken
from [7].

Definition 4. A model of ENA(= CR + SIP + Ril) is called a meadow.

All fields are clearly meadows but not conversely. That the initial algebra of
CR + SIP + Ril is not a field follows from the fact that (1+1)-(1+1)"' =1
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cannot be derivable because it fails to hold in the prime field of characteristic 2
which is a model of these equations as well.

Lemma 4. Let A be a meadow. The following are equivalent:
1. A is a field.
2. Forallx € A, x #0 = Z(x) = 0.
3. Forallx € A, Z(x) =0 or Z(x) =1.

Proof. That (1) implies (2) is easy: if z # 0 then z-2~! = 1, by the field axioms,
and hence Z(z) = 1—2z-2~! = 0. That (2) implies (3) is also clear. For any x € A
there are two cases: if z = 0 then Z(z) = 1—z-271 =1-0-0"'=1-0 = 1; and
if z # 0 then Z(z) = 0 by (2). Finally, suppose that (3) is true. Then assume
r#0and x- 27! # 1. Now Z(x) # 0 and therefore Z(x) =1 and x - 2=! = 0.
Using Rilz =z -z -2~ ! = - 0 = 0 contradicting the assumption on z.

In fact, consider the axiom the minimal inverse law, Mil: x #0 = x-z~1 #0.
Ml is true of fields and of meadows. However, here exist structures that satisfy
M+l but which are not meadows and, in particular, Mil is weaker than Ril.
For example consider A = (Q|0,1,+, —,-,~1) where the inverse is redefined as
z~! = . Then this algebra A satisfies M3l and yet is not a meadow as it does
not satisfy Ril: forx € Q,if x #0thenz-(z-27 ') =2 -2 -2 # 2.

Theorem 4. For any closed terms t,t' € T(X), the following are equivalent

1. t =t is true in all O-totalised fields.
2. t =1t is true in all meadows.

This was shown in [7]. If ¢ = ¢’ holds in all fields then in all totalised fields and
in all O-totalised fields and therefore in all meadows. Here is an example of a
non-trivial equation equation true of all meadows: 2 - Z(2 — ¥) = 0. Working
modulo 2 and taking x = 0, 2— J = 1 from which it follows that Z(2—{) is not 0
in all meadows and in particular not in the initial meadow. Stated differently: in
the initial meadow 2 is a zero divisor, which is not the case in any homomorphic
image constituting a field.

3.5 Finite and Minimal Meadows

Writing 0 for 0 and n + 1 for n+ 1 and given a positive natural number k we can
define M}, for the initial algebra of CR + SIP + Ril + Z) with Zj the equation
k = 0. It is easily seen that for k a prime number Mj is the 0-totalised prime
field of characteristic k. Moreover if k is a product of different primes (no factor
twice) My, has exactly k elements. In this case we call k the characteristic of Mj,
and M}, the minimal meadow of characteristic k. If £ and [ have the same prime
factors then My = M;. If k is a divisor of [ then M} is a homomorphic image
of M; and all finite and minimal meadows are of the form M} for some positive
natural number k. If its non-zero characteristic is not a prime a finite meadow
has proper zero-divisors and fails to be an integral domain.



50 J.A. Bergstra

4 An EAS of the Rational Function Field

We add to the field signature X' two items:

(i) the degree operation which, given that the integers are contained in the
rationals, we treat as a function d: field — field;
(ii) the indeterminate X which we treat as a constant X: — field;

which together forms the signature X'x g of the O-totalised field of rational
polynomial functions with degree operator. According to [28] this is a computable
algebra which implies the existence of an initial algebra specification with hidden
functions. We will establish a specification without auxiliary functions. However,
we will rather consider the degree operator a unary hidden function, used to
specify the O-totalised field of rational functions.

First, define N(z) = 1 — Z(z) = x - 2~ !, now consider these equations over
the signature Xx 4:

equations DG

d(0) =0 (14)

d(1) =0 (15)

d(X) =1 (16)

dX +1)=1 (17)

d(—z) = d(z)  (18)

dz"Y) = —d(z) (19)

d(d(z)) = 0 (20)

N(y) -d(z) + N(z) - d(y) = d(z - y) (21)

Z(d(y+1) —d(y)) - Z(d(z) =1 —d(y)) - (d(z +1) —d(z)) =0 (22)
N(d(z))- Z(z) =0 (23)

end

Theorem 5. There exists a finite elementary equational specification (Xx q, E),
without hidden functions, of the algebra Qo(X,d) of rational polynomial func-
tions with field and degree operations that are all total, under initial algebra
semantics. That is,

I(Xx.q,FE) = Qo(X,d)
where E = ENA+ L+ DG.
Proof. First we must verify that our specification is true of the algebra.
Lemma 5. Qo(X,d) = ENA+ L+ DG

Proof. Most of the axioms are straightforward to check. Those of ENA are
easy. For the axiom L one can argue that the O-totalised rational function field
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is isomorphic to the rationals expanded with a positive (and real) transcendental
number (e.g. 7). It follows that it can be totally ordered with the effect that 1
+ the sum of four squares is always positive and therefore non-zero. This fact
remains when forgetting the ordering. Next we consider the axioms of DG. Only
the last three axioms need attention.

(a) Consider: d(x -y) = N(y) - d(z) + N(z) - d(y).
If 2,y are non-zero then N(xz) = N(y) = 1 and we have d(z - y) = d(z) + d(y).
Supposing x = 0 the the LHS is d(x - y) = d(0 - y) = d(0) = 0 and the RHS is
N(y)-d(0)+ N(0)-d(y) = N(y) -0+ 0-d(y) = 0. Hence the two sides agree.

(b) Consider: Z(d(y+1) —d(y)) - Z(d(x) — 1 —d(y)) - (d(x + 1) — d(x)) =0
Here notice that d(y) is always an integer and that d(y+1) —d(y) = 0 for all and
only y with a non-negative degree. (Notice: d(X 1 +1)=d(X 1+ X -X1) =
d((X+1)-X"1)=14+(-1) = 0# d(X 1) = —1.) Now the equation has the form
Z(r(y)) - Z(p(z,y)) - ¢(x) = 0. This can be read as: if r = 0 and p = 0 (which
implies Z(r) = 1 and Z(p) = 1) then ¢ = 0. So assume d(y + 1) — d(y) =
and d(z) — 1 — d(y) = 0 then d(y) is nonnegative and d(x) = 1 + d(y) and so
d(x) is also a nonnegative integer (within the rationals). For such z we have
d(z) —d(z+1) =0.

(c) Consider: N(d(x)) - Z(z) = 0.
If N(d(z)) = 0 then N(d(z)) - Z(z) = 0. If N(d(z)) # 0 then d(z) - d(z)"' #0
and also d(z) # 0. Hence, x # 0 and Z(x) = 0 which implies N (d(z))- Z(z) = 0.

By Lemma [ there is a Xy g-homomorphsim ¢: I(Xx 4, E) — Qo(X,d) .
Since the algebra Qo(X,d) is Xx 4-minimal the map ¢ is surjective. Thus, to
complete the theorem we must prove that ¢ is injective. We introduce a notation
for an equation between closed terms t,r in T(Xx q): tr & Z(t —1) =0 &
i:: = 1. E F tir expresses that ¢ is provably different from r. Suppose for a
contradiction that ¢ is not injective. Then there are closed terms s, s’ in T'(Xx q)
such that [s] # [¢'] in (X, E) and ¢([s]) = ¢([s']) in Qo(X,d). We need the
following fact:

Lemma 6. For all closed terms t,r in T(Xx q), either EFt =1 or E - tr.

Applying Lemmal[f to the pair s, s’ above, which contradicts the injectivity of
¢, we find that E F sfis’ because otherwise E F s = s’ against the assumptions.
So we find:

o(Z([s] = [']) = ¢(0) applying the map
Z(o([s] = [s']) = 0 ¢ is homomorphism
Z(o([s]) — o([s]))) = 0 ¢ is homomorphism
Z(0) = 0 by assumption that ¢ is not injective

but this is a contradiction since Z(0) = 1, which demonstrates the injectivity of
¢. It remains to prove Lemma [6l

Proof. Tt suffices to show that for all ¢, either E'+¢ =0 or F |- t§0. For suppose
that it is not the case that F = ¢t = r then neither £ - t — r = 0. Then
E (t —r)80 and thus E F tfr.
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In the proof of Theorem [ as given in [7] we found that for all terms s of the
form +m - n~!, where m and n are non-zero, we have CR + SIP + L I sf0.

We write INT = {—n|n > 0} U {n|n > 0} U {0}.

Note d(X) = 1 and d(0) = d(1) = 0. In fact all the integers appear in this
range of values of the form d(t): with induction one proves: d(X*) = k, and
d(X %) = —k. The induction step is thus (for k > 0):

d(X - XF) = N(X)-d(X¥)+ N(XF)-d(X) = d(X*) + N(X*) because d(X) =
1 and thus N(d(X)) = 1 which using equation (22) implies Z(X) = 0 and
N(X)=1.

As induction hypothesis suppose that d(X*) = k for k& > 0. Since k& > 0,
N(k) =1 and thus N(d(X*) = 1 which (using equation 21) implies Z(X*) =0
and N(X*) = 1. Then d(X - X*~1) = d(X*~1)+d(X) = k — 1+1 = k. A similar
argument works for negative powers of X.

Thus, for r € INT, there is a term t such that d(¢) = r. So d(r) = d(d(t)) =0
by axiom d(d(z)) = 0 in DG. This implies that the degree of all integers is 0.
Using the axioms d(z7!) = —d(z) and d(z - y) = N(y) - d(z) + N(x) - d(y) we
can show that the degree of all rationals is provably zero too.

The next stage is to prove that a polynomial p = pp X* + -+ 4+ p1 X + po has
degree k provided pgfi0. As a consequence it is non-zero and Z(p) = 0, i.e. pf0.

This is done by induction on k. The basis is clear: for k = 0, p has degree 0.
Suppose it is true for polynomials of degree k = n and consider case k = n + 1.
Consider p = p,1 X" + -+ 4+ p1 X + po. There are two cases: pg = 0 and pof0.
(i) Case pg = 0: Write p = pp41 X"t +---+p1 X = ¢- X. We know by induction
that E + d(q) = n and ¢#0. Thus:

d(p) = d(q- X) = N(q) - d(X) + N(X) -d(q) = 1-d(X) +1-d(g) =n+1.
(This is because d(X) = 1 and N(d(X)) = 1; by axiom N(d(z)) - Z(z) = 0 in
DG we have Z(X) = 0 which implies N(X) = 1.)

(ii) Case pof0: Write p = pp 1 X" -+ 4+p1 X +po = ¢- X +po = po(, - X +1).

Now d(ploq - X)=d(qg-X)=n+1 as pot0. We apply Z(d(y + 1) — d(y)) -
Z(d(x)—1—d(y))-(d(z+1)—d(z)) =0 withz = ploq~X and y = X™. We obtain
d(y+1) — d(y) = 0 because n + 1 is nonnegative d(x) — 1 — d(y) = 0 via simple
calculation and as a consequence Z(d(y+1) —d(y))- Z(d(z) — 1 —d(y)) =1 and
therefore, d(z + 1) — d(x) = 0, which gives d(ploq X +1)= d(ploq - X)=n+1
and thus d(p) = n + 1. Together with axiom (22) this also proves that pf0.

At this stage we have shown that all for polynomials of positive degree p ,
d(p) equals a positive integer and pf0, i.e., = 1. This allows us to write each
closed term as the quotient of polynomials p and ¢ or 0. In fact this matter takes
an induction argument over all terms but it poses no difficulty.

Now let E |- ¢ = 7 where we may assume that d(q) > 0. If d(p) # d(q) then
d(t)#0, whence t40 (by axiom 22). If d(p) = d(¢q) > 1 then N(p) = N(¢) = 1 and

N(i):é’/z:i-Z:l-l:andthustﬁO.

Now all cases have been dealt with and we have shown lemma [Bl

This also completes the proof of Theorem
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5 Concluding Remarks

We have demonstrated that totalisation is an effective strategy for obtaining a
specification theory of computable fields and meadows and this has been illus-
trated on the field of rational functions. In addition to questions listed in [7,[§]
the following two problems arise from this work:

Problem 1. Is there a finite elementary equational specification of the totalised
field Qo(X) of rational functions, without the use of the degree function d as a
hidden function, and under initial algebra semantics?

Problem 2. Is there a finite elementary equational specification of either of the
algebras Qo (X, d) or Qo(X) of rational functions, without hidden functions, and
under initial algebra semantics, which constitutes a complete term rewriting
system?
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Abstract. We investigate notions of randomness in the space C[2"] of
nonempty closed subsets of {0,1}. A probability measure is given and
a version of the Martin-Lof Test for randomness is defined. I79 random
closed sets exist but there are no random II? closed sets. It is shown that
a random closed set is perfect, has measure 0, and has no computable
elements. A closed subset of 2" may be defined as the set of infinite paths
through a tree and so the problem of compressibility of trees is explored.
This leads to some results on a Chaitin-style notion of randomness for
closed sets.

Keywords: Computability, Randomness, IT{ Classes.

1 Introduction

The study of algorithmic randomness has been of great interest in recent years.
The basic problem is to quantify the randomness of a single real number and here
we will extend this problem to the randomness of a finite-branching tree. Early
in the last century, von Mises [I0] suggested that a random real should obey
reasonable statistical tests, such as having a roughly equal number of zeroes and
ones of the first n bits, in the limit. Thus a random real would be stochastic in
modern parlance. If one considers only computable tests, then there are countably
many and one can construct a real satisfying all tests.

Martin-Lof [8] observed that stochastic properties could be viewed as special
kinds of meaure zero sets and defined a random real as one which avoids certain
effectively presented measure 0 sets. That is, a real = € 2V is Martin-Lof random
if for any effective sequence Sy, Sa, ... of c.e. open sets with u(S,) < 27", x ¢
NS

At the same time Kolmogorov [6] defined a notion of randomness for finite
strings based on the concept of incompressibility. For infinite words, the stronger
notion of prefix-free complexity developed by Levin [7], Gédcs [5] and Chaitin [3]
is needed. Schnorr later proved that the notions of Martin-Lo6f randomness and
Chaitin randomness are equivalent.

In this paper we want to consider algorithmic randomness on the space C of
nonempty closed subsets P of 2V, For a finite string o € {0,1}", let |o| = n. For
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two string o, T, say that 7 extends o and write o C 7 if |o| < |7| and o (i) = 7(4)
for i < |o|. Similarly ¢ C z for x € 2N means that o(i) = x(i) for i < |o|.
Let 077 denote the concatenation of ¢ and 7 and let 07 denote o7 (i) for
i = 0,1. Let z[n = (2(0),...,z(n — 1)). Now a nonempty closed set P may
be identified with a tree Tp C {0,1}* as follows. For a finite string o, let I(0)
denote {z € 2V : o0 C x}. Then Tp = {0 : PN I(c) # 0}. Note that Tp has no
dead ends, that is if 0 € Tp then either o0 € Tp or 01 € Tp.

For an arbitrary tree ' C {0,1}*, let [T] denote the set of infinite paths
through T, that is,

ze[T] < (Yn)z[neT.

It is well-known that P C 2V is a closed set if and only if P = [T for some
tree T. P is a I1{ class, or effectively closed set, if P = [T'] for some computable
tree T. P is a strong II9 class, or I19 closed set, if P = [T] for some AJ tree.
The complement of a IT{ class is sometimes called a c.e. open set. We remark
that if P is a 119 class, then Tp is a II{ set, but not in general computable.
There is a natural effective enumeration Py, P, ... of the IT{ classes and thus
an enumeration of the c.e. open sets. Thus we can say that a sequence Sy, Sq, . ..
of c.e. open sets is effective if there is a computable function, f, such that
Sy = 2N — Py(,,) for all n. For a detailed development of II{ classes, see [I] or
2.

To define Martin-Lof randomness for closed sets, we give an effective homeo-
morphism with the space {0, 1,2} and simply carry over the notion of random-
ness from that space.

Chaitin randomness for reals is defined as follows. Let M be a prefix-free
function with domain C {0,1}*. For any finite string 7, let Kp(7) = min{|o]| :
M (o) = 7}. There is a universal prefix-free function U such that, for any prefix-
free M, there is a constant ¢ such that for all 7

KU(T) SKM(T)+C

We let K(0) = Ky(o). Then z is said to be Chaitin random if there is a constant
¢ such that K(xz[n) > n — ¢ for all n. This means that the initial segments of x
are not compressible.

For a tree T, we want to consider the compressibility of T,, = T N {0,1}".
This has a natural representation of length 2" since there are 2™ possible nodes
of length n. We will show that any tree Tp can be compressed, that is, K(T;,) >
2™ — ¢ is impossible for a tree with no dead ends.

2 Martin-Lof Randomness of Closed Sets

In this section, we define a measure on the space C of nonempty closed subsets
of 2N and use this to define the notion of randomness for closed sets. We then
obtain several properties of random closed sets.

An effective one-to-one correspondence between the space C and the space 3
is defined as follows. Let a closed set () be given and let T = T be the tree
without dead ends such that Q = [T]].
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Then define the code z = z¢ € {0,1,2} N for Q as follows. Let o9 = 0,071, ..
enumerate the elements of T" in order, first by length and then lexicographically.
We now define # = zg = xr by recursion as follows. For each n, z(n) = 2 if
0,0 and 0,1 are both in T, x(n) = 1if 0,0 ¢ T and 0,1 € T and z(n) =0
ifo,0eT and o, 1¢T.

Then define the measure p* on C by

(%) = u({zq : Q € X)),

Informally this means that given o € T, there is probability é that both 6070 €
Tg and 071 € T and, for i = 0,1, there is probability } that only o™i € T. In
particular, this means that QNI (o) # 0 implies that for i = 0,1, QNI(c7i) # ()
with probability g

Let us comment briefly on why some other natural representations were re-
jected. Suppose first that we simply enumerated all strings in {0, 1}* as 0g, o1, . ..
and then represent T' by its characteristic function so that zr(n) =1 <= o, €
T. Then in general a code z might not represent a tree. That is, once we have
(01) ¢ T we cannot later decide that (011) € T. Suppose then that we allow
the empty closed set by using codes x € {0, 1,2,3}* and modifying our original
definition as follows. Let xz(n) = i give the same definition as above for i < 2
but let 2(n) = 3 mean that neither ¢;,°0 nor 01 is in T'. Informally, this would
mean that for ¢ = 0,1, ¢ € T implies that c™i € T with probability }. The
advantage here is that we can now represent all trees. But this is also a disad-
vantage, since for a given closed set P, there are many different trees T" with
P = [T)]. The second problem with this approach is that we would have [T] = )
with probability 1. It then follows that [T'] would have to be empty for a random
tree, that is the only random closed set would be the empty set.

Now we will say that a closed set @ is (Martin-Lof) random if the code zq
is Martin-Lof random. Since random reals exists, it follows that random closed
sets exists. Furthermore, there are A9 reals, so we have the following.

Theorem 1. There exists a random II3 closed set. ad
Next we obtain some properties of random closed sets.

Proposition 1. P is a random closed set if and only if, for every o € Tp,
PnI(o) is a random closed set.

Proof. One direction is immediate. For the other direction, suppose that PNI(o)

is not random and let Sy, S1,... be an effective sequence of c. e. open sets in C
with p*(Sy,) < 27", such that PN I(0) € NpSy. Let S, ={Q : QN I(0o) € S,}.
Then P € N, S), and p*(S),) < p*(Sp) < 27" for all n. O

This implies that a random closed set P must be nowhere dense, since certainly
no interval I(o) is random and hence PN I(o) # I(o) for any o € {0, 1}*.

Theorem 2. If Q is a random closed set, then Q has no computable members.
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Proof. Suppose that ) is random and let y be a computable real. For each n,
let

S, ={P:PnlI(y[n)+#0}.
Then the Sy, Si,... is an effective sequence of clopen sets in C, and an easy
induction shows that p*(S,) = (2/3)™. This is a Martin-Lof test and it follows
that @ ¢ S,, for some n, so that y ¢ Q. O

Theorem 3. If Q is a random closed set, then Q has no isolated elements.

Proof. Let @ = [T] and suppose by way of contradiction that @ contains an
isolated path z. Then there is some node o € T such that Q NI(o) = {z}. For
each n, let

Sp={PeC:card({r€{0,1}": PNI(c"71)#0}) =1}

That is, P € S, if and only if the tree Tp has exactly one extension of o of
length n + |o|. It follows that

card(PNlI(c)) =1 < (Yn)P € S,

Now for each n, S, is a clopen set in C and again by induction, S,, has measure
(2/3)™. Thus the sequence Sp, S1, . . . is a Martin-Lof test. It follows that for some
n, Q ¢ S,. Thus there are at least two extensions in Tg of o of length n + |0/,
contradicting the assumption that x was the unique element of Q N I(o). g

Corollary 1. If @ is a random closed set, then @ is perfect and hence has
continuum many elements. O

Theorem 4. If Q) is a random closed set, then u(Q) = 0.

Proof. We will show that in the space C, u(P) = 0 with probability 1. This is
proved by showing that for each m, u(P) > 2™ with probability 0. For each
m, let
S ={P:u(P)>2""}.

We claim that for each m, pu*(S,,) = 0. The proof is by induction on m.

For m = 0, we have u(P) > 1 if and only if P = 2%, which is if and only if
xp =(2,2,...), so that Sy is a singleton and thus has measure 0.

Now assume by induction that S, has measure 0. Then the probability that
a closed set P = [T] has measure > 27"~ can be calculated in two parts.

(i) If T does not branch at the first level, say Ty = {(0)} without loss of
generality. Now consider the closed set Py = {y : 0"y € P}. Then u(P) > 271
if and only if u(Py) > 2™, which has probability 0 by induction, so we can
discount this case.

(ii) If T does branch at the first level, let P, = {y : iy € P} for i = 0, 1.
Then p(P) = 5 (u(Po) + pu(Pr)), so that u(P) > 27™~1 implies that at least one
of u(P;) > 2771 Let p = p*(Sm+1). The observations above imply that

2 1

1
< (1—(1=p?)="p_ p2
p_3( (1-p)7) g P gl

and therefore p = 0.
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To see that a random closed set (Q must have measure 0, fix m and let S = .S,,.
Then S is the intersection of an effective sequence of clopen sets V;, where for
P =T],

PeV, < u([T]) > 27™

Since these sets are uniformly clopen, the sequence my = p*(V7) is computable.
Since limy my = 0, it follows that this is a Martin-Lof Test and therefore no
random set @ belongs to NyV;. Then in general, no random set can have measure
> 2~™ for any m. O

No computable real can be random and it follows that no decidable IT{ class can
be random, where P is decidable if P = [T] for some computable tree T with no
dead ends. We can now extend this to arbitrary IT{ classes.

Lemma 1. For any closed set Q, u*({P: P C Q}) < u(Q).

Proof. Let Pc(Q) denote {P : P C Q}. We first prove the result for (nonempty)
clopen sets U by the following induction. Suppose U = UyecgI(c), where S C
{0,1}". For n = 1, either u(U) =1 = p*(Pc(U)) or p(U) = 3 and p*(Pc(Q)) =
3- For the induction step, let S; = {o : i"0 € S, let U; = Uses,I(0), let
m; = p(U;) and let v; = p*(Pce(U;)), for i = 0,1. Then considering the three
cases in which S includes both initial branches or just one, we calculate that

W (PoU) = (v + 1 + o)

Thus by induction we have

1
w (Pe(U)) < 3(m0 + m1 + momq).

Now
2momq < m(z) + m? < mg+ my,

and therefore
« 1 1
w(Pe(U)) < 4 (mo+mi+moma) < (mo +m1) = u(U).

For a closed set @, let Q = N, U, with U,,+1 C U, for all n. Then P C @ if and
only if P C U, for all n. Thus

PC(Q) = mnPC(Un)u

so that
p(Pe(Q)) = lim p"(Po(Un)) < Tim u(Un) = (@)
This completes the proof of the lemma. O

Theorem 5. Let Q be a I1V class with measure 0. Then no subset of Q is
random.
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Proof. Let T be a computable tree (possibly with dead ends) and let @ = [T7].
Then @ = N, U, where U,, = [T,]. Since u(Q) = 0, it follows from the lemma
that lim,, p*(Pc(Uy)) = 0. But Po(U,) is a computable sequence of clopen sets
in C and p*(Pc(U,)) is a computable sequence of rationals with limit 0. Thus
Pc(Uy) is a Martin-Lof Test, so that no random closed set can be a member. O

Since any random class has measure 0, we have the following immediate corollary.

Corollary 2. No IIY class can be random. O

3 Chaitin Complexity of Closed Sets

In this section, we consider randomness for closed sets and trees in terms of
incompressibility.

Of course, Schnorr’s theorem tells us that P is random if and only if the code
zp € {0,1,2}* for P is Chaitin random, that is, K3(z[n) > n — O(1). Here
we write K3 to indicate that we would be using a universal prefix-free function
U:{0,1,2}* — {0,1,2}*

However, many properties of trees and closed sets depend on the levels T,, =
T N {0,1}™ of the tree. For example, if [T;,] = U{I(0) : ¢ € T,,}, then [T] =
Ao [Tu] and (7)) = lim,—cop((T).

So we want to consider the compressibility of a tree in terms of K (7},). Now
there is a natural representation of T;, as a subset of {0,1}™ which has length
2", That is, list {0, 1}* in lexicographic order as o1, ..., 09 and represent Ty by
the string eq, ..., eq where e; = 1 if 0 € T; and e; = 0 otherwise. Henceforth we
identify T, with this natural representation. It is interesting to note that there
is no immediate connection between T, and zr[n. For example, if z is the code
for the full tree {0,1}*, then = (2,2,...) and the code for T, is a string of
2" — 1 2’s. On the other hand, if [T] = {y} is a singleton, then z = y and the
code for T), is z[n. For the remainder of this section, we will focus on the natural
representation, rather than the code.

The natural question here is whether there is a formulation of randomness in
terms of the incompressibility of T},. In this section, we will explore this question
and give some partial answers.

At first it seems plausible that P is random if and only if there is a constant
c such that K(T;) > 2¢ — ¢ for all /.

As usual, let U be a universal prefix-free Turing machine and let K(T;) =
min{|o| : U(e) = T;}. Now suppose that P = [T] is a random closed set with
code X. Since X is 1-random, we know that K (X [n) > n — ¢ for some constant
c. In general, we can compute X [n from T}, and hence

K(T,) > K(X[n) —b.

for some constant b.
That is, define the (not necessarily prefix-free) machine M so that M(T;,) =
Xr[n and then let
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Then Ky (Xr[n) < K(T,), so that for some constant b, K(Xr[n) < K(T,) +b
and hence
KT, >K(X[n)—-b>n—-b—c.

Thus we have shown

Proposition 2. If P is a random closed set and T = Tp, then there is a con-
stant ¢ such that K(T,) > n — c for all n. O

But this is a very weak condition.

Going in the other direction, we can compute T, uniformly from X [2¢, so that
as above, K(X[2%) > K(T;) — b for some b. Thus in order to conclude that X
is random, we would need to know that K (T;) > 2 — ¢ for some c. Our first
observation is that this is not possible, since trees are naturally compressible.

Theorem 6. For any tree T C {0,1}*, there are constants k > 0 and ¢ such
that K(T,) < 2° — 2% 4 ¢ for all £.

Proof. For the full tree {0,1}*, this is clear so suppose that ¢ ¢ T for some
o € {0,1}™. Then for any level £ > m, there are 2°~™ possible nodes for T which
extend o and Ty may be uniformly computed from ¢ and from the characteristic
function of T} restricted to the remaining set of nodes. That is, fix ¢ of length m
and define a prefix-free computer M which computes only on input of the form
0°17 where |7| = 2¢ — 2™ and outputs the standard representation of a tree Ty
where no extension of ¢ is in Ty and where 7 tells us whether strings not extending
o are in Ty. M is clearly prefix-free and we have K/ (T;) = £+ 1+ 2¢ — 26-™,
Thus K((T;) < £+ 1+ 2° — 2™ 4 ¢ for some constant c. Now £ + 1 < 2¢—m~1
for sufficiently large £ and thus by adjusting the constant ¢, we can obtain ¢’ so
that

K(T;) <2t —2t-m=14 ¢, O

We might next conjecture that K(T;) > 2¢7¢ is the right notion of Chaitin
randomness. However, classes with small measure are more compressible.

Theorem 7. If u([T]) < 27%, then there exists c¢ such that, for all £,
K(Ty) < 2% +c.

Proof. Suppose that u([T]) < 27*. Then for some level n, T, has < 2"~ nodes
01,-..,0¢. Now for any ¢ > n, Ty can be computed from the list o1,...,0; and
the list of nodes of T, taken from the at most 2¢~% extensions of o1,..., 0. It
follows as in the proof of Theorem [0 above that for some constant c,

K(Ty) <27 +c. m

Note that if p([T]) = 0, then for any k, there is a constant ¢ such that K (Ty) <
2=k 4 ¢. But by Theorem 4, random closed sets have measure zero. Thus if P
is random, then it is not the case that K(T},) > 2",

Next we try to directly construct trees with not too much compressibility. The
standard example of a random real [3] is a so-called c.e. real and therefore A3.
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Thus there exists a A random tree T' and by our observations above K (Ty) >
¢ — ¢ for some c. Our first result here shows that we can get a II{ tree with this

property.
Theorem 8. There is a 119 class P = [T] such that K(T,) > n for all n.

Proof. Recall the universal prefix-free machine U and let S = {o € Dom(U) :
|U(0)| > 2/°1}. Then S is a c.e. set and can be enumerated as 07,07, .. ..

The tree T = N,T° where T* is defined at stage s. Initially we have T° =
{0,1}*.

oy requires action at stage s > t when 7 = U(oy) = T for some n (so that
|7] = 2™ and n > |o|). Action is taken by selecting some path p; of length n and
define T*%! to contain all nodes of T which do not extend p;. Then 7 # T:*1
and furthermore 7 # T, for any r > s+ 1 since future action will only remove
more nodes from T,.

At stage s + 1, look for the least t < s+ 1 such that o; requires action and
take the action described if there is such a t. Otherwise, let 751 = T'%,

Recall that 3°,2717tl < 1. Since |p| > |oy], it follows that 3, , 2717t/ < 1 as
well. Now p([T]) =1 -3, 2717 > 0 and

w(T°]) =1 — Z 9=loel 5 9=lps+al
teA,t<s

Thus when U(os41) = 7 = T with n > |0s41], there will always be at least 2
nodes of length n in T so that we can remove one of them without killing the
tree.

Let T'= NT"? and observe that by the construction each 7° is nonempty and
therefore T' is nonempty by compactness.

It follows from the construction that for each ¢, action is taken for o; at most
once.

Now suppose by way of contradiction that U (o) = T, for some o with |o| < n.
There must be some stage r > ¢ such that for all s > r, T = T}, and such that
action is never taken on any ¢’ < ¢ after stage r. Then oy will require action at
stage 7 + 1 which makes T+ # T a contradiction. O

Next we construct a closed I19 class with a stronger incompressibility property.

Theorem 9. There is a 119 class P = [T) such that K(T;) > 2V* for all €.

Proof. We will construct a tree T such that 7T;,> can not be computed from fewer
than 2" bits. We will assume that U(0) 1 to take care of the case n = 0. At stage
s, we will define the (nonempty) level Ty2 of T, using an oracle for 0.

We begin with Ty = {0}*.

At stage s > 0, we consider

Ds; ={o € Dom(U) : |o| < 2°}.
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Since U is prefix-free, card(D,) < 2% . Now there are at least 227" trees
of height s which extend T(s—1)2 and we can use the oracle to choose some
finite extension 7" = T of T(s_1)2 such that, for any o € D, U(o) # T and
furthermore, U(c) # T, for any possible extension 7). with s? < r. That is, since
there are < 22" finite trees which equal U(c) for some o € Dy, there is some
extension T” of T(,_q)> which differs from all of these at level s2. We observe
that the oracle for 0’ is used to determine the set D;,.

At stage s, we have ensured that for any extension 7' C {0,1}* of T2, any
O’\/With lo] < 2" and any n > s2, U(o) # Tp,. It is immediate that K(T,) >
2vne, a

4 Conclusions and Future Research

In this paper we have proposed a notion of randomness for closed sets and
derived several interesting properties of random closed sets. Random strong 19
classes exist but no IT) class is random. A random closed set has measure zero
and contains no computable elements. A random closed set is perfect and hence
uncountable. There are many other properties of closed sets and also of effectively
closed sets which can be studied for random closed sets. For example, does a
random closed set contain a c.e. real, or a real of low degree. We have obtained a
II9 random closed set, whereas there is no IIY random closed set. We conjecture
that every element of a random closed set is a random real and in fact the
members are mutually random.

A real z is said to be K-trivial if K(z[n) < K(n) + ¢ for some ¢. Much
interesting work has been done on the K-trivial reals. Chaitin showed that if A
is K-trivial, then A <7 0'. Solovay constructed a noncomputable K-trivial real.
Downey, Hirschfeldt, Nies and Stephan [4] showed that no K-trivial real is c.e.
complete. It should be interesting to consider K-trivial closed sets.

We have examined the notion of compressibility for trees based on the Chaitin
complexity of the nth level T}, of a tree. We constructed a II{ class P = [T] such
that K (T,) > n for all n and also a IT9 class Q = [T such that K (T},) > 2V"
for all n. Much remains to be done here. It should not be difficult to improve the
result of Proposition2to at least K (T},) > n? or perhaps even 2" For the other
direction, we need some level of incompressibility which implies randomness. We
conjecture that K (T},) > 2"/¢ should imply that [T] is random for any constant
¢ > 0. We would like to explore the notion that IT{ classes more compressible
than arbitrary closed sets.

For many mathematical problems, the set of solutions can be viewed as a
closed set in {0, 1}. This includes combinatorial problems such as graph-coloring
and matching, problems from logic and algebra such as finding a complete consis-
tent extension of a consistent theory, and problems from analysis such as finding
a zero or a fixed point of a continuous function. See [2] for a detailed discussion
of many such problems. Of course the notion of a random graph is well-known.
The connection between a randomly posed problem and the randomness of the
set of solutions should be of interest.
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Abstract. We see a notion of normal derivation for the calculus of struc-
tures, which is based on a factorisation of derivations and which is more
general than the traditional notion of cut-free proof in this formalism.

1 Introduction

An inference rule in a traditional proof theoretical formalism like the sequent
calculus or natural deduction only has access to the main connective of a formula.
It does not have the feature of deep inference, which is the ability to access
subformulas at arbitrary depth. Proof theoretical systems which do make use of
this feature can be found as early as in Schiitte [21], or, for a recent example,
in Pym [19]. The calculus of structures is a formalism due to Guglielmi [I1]
which is centered around deep inference. Thanks to deep inference it drops the
distinction between logical and structural connectives, a feature which already
Schiitte desired [20]. It also drops the tree-shape of derivations to expose a
vertical symmetry which is in some sense new. One motivation of the calculus
of structures is to find cut-free systems for logics which lack cut-free sequent
systems. There are plenty of examples of such logics, and many are relevant
to computer science: important modal logics like S5, many temporal and also
intermediate logics. The logic that gave rise to the calculus of structures is the
substructural logic BV which has connectives that resemble those of a process
algebra and which can not be expressed without deep inference [26]. Systems
in the calculus of structures so far have been studied for linear logic [24], non-
commutative variants of linear logic [I3l[7], classical logic [2] and several modal
logics [22].

In this paper we ask the question what the right notion of cut-free, normal
or analytic proof should be in the calculus of structures, and we see one such
notion which is a factorisation of derivations and which generalises the notion
that is used in the works cited above. This factorisation has independently been
discovered by McKinley in [I8]. The existence of normal derivations follows easily
from translations between sequent calculus and calculus of structures. Here we
consider systems for classical predicate logic, i.e. system LK [9] and system SKSgq
[2] as examples, but it is a safe conjecture that this factorisation applies to any
logic which has a cut-free sequent calculus.
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After recalling a system for classical predicate logic in the calculus of struc-
tures, as well as the traditional notion of cut admissibility for this system, we
see a more general notion based on factorisation as well as a proof that each
derivation can be factored in this way. An outlook on some current research
topics around the calculus of structures concludes this paper.

2 A Proof System for Classical Logic

The formulas for classical predicate logic are generated by the grammar

Auz=f|t]|a|[AA]|(AA)]|TzA|VzA |
where f and t are the units false and true, a is an atom, which is a predicate
symbol applied to some terms, possibly negated, [A, B] is a disjunction and
(4, B) is a conjunction. Atoms are denoted by a,b, ¢, formulas are denoted by
A, B,C,D. We define A, the negation of the formula A, as usual by the De
Morgan laws. There is a syntactic equivalence relation on formulas, which is
the smallest congruence relation induced by commutativity and associativity of
conjunction and disjunction, the capture-avoiding renaming of bound variables
as well as the following equations:

gﬁ: g ; i ([E: F]) ; E VeA=A=3xA if zisnot freein A
Thanks to associativity, we write [A, B, C] instead of [A, [B, C]], for example.

The inference rules in the calculus of structures are just rewrite rules known
from term rewriting that work on formulas modulo the equivalence given above.
There is the notational difference that here the context S{ }, in which the rule
is applied, is made explicit. Here are two examples of inference rules:

S{t} . S(A,4)
S[A, A] and T o

il
The name of the rule on the left is i| (read i—down or identity), and seen from
top to bottom or from premise to conclusion it says that wherever the constant
t occurs inside a formula, it can be replaced by the formula [A, A] where A is an
arbitrary formula. The rule on the right (read i—up or co-identity or cut), also
seen from top to bottom, says that anywhere inside a formula the formula (A, A)
can be replaced by the constant f. The two rules are dual meaning that one is
obtained from the other by exchanging premise and conclusion and replacing
each connective by its De Morgan dual. Here is another example of an inference
rule, which is called switch and which happens to be its own dual:

S([4,B],C)
® S[(4,0),B]
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L S{y _ S(AA)
g4, A s
_ S(AB.O)

S{vz[A, B]} S[(A,C), B] S(VzA,3zB)
S[vzA,3zB] Y s(3z(4, B}
S{f} S{A}
sy "I st
S[A, A] S{A}

S{A} T 54, 4)

S{A[xz/t]} o S{vea)
S{3zA} S{A[xz/t]}

Fig. 1. Predicate logic in the calculus of structures

A derivation is a finite sequence of instances of inference rules. For example

(14.C1.[B.D))
[4.(C. [B.D))]
[A,B,(C,D)]

The topmost formula in a derivation is its premise of the derivation, and the
formula at the bottom is its conclusion. A proof is a derivation with the premise
t. Dually, a refutation is a derivation with the conclusion f.

Figure [I] shows system SKSgq from [2]: a system for classical predicate logic.
It is symmetric in the sense that for each rule in the system, the dual rule is
also in the system. Like all systems in the calculus of structures it consists of
two dual fragments: an up- and a down-fragment. The down-fragment is the sys-
tem {i|,s,w],cl,ul,n|} and the up-fragment is the system {if,s,wT,cT,uf,nT}.
We also denote these two systems respectively by | and T and their union, the
symmetric system, by [. The letters w, ¢, u, n are respectively for weakening, con-
traction, universal and instantiation. It is proved in [2] that the down-fragment is
complete in the sense that it has a proof for each valid formula, the up-fragment
is complete in the sense that it has a refutation for each unsatisfiable formula
and their union is complete also in the sense that for each valid implication it
has a derivation from the premise to the conclusion of this implication.
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3 Cut Elimination

The importance of cut-free proofs in the sequent calculus comes from the fact
that they have the subformula property. Now, clearly the subformula property
does not make sense for the calculus of structures in the same way as a “subse-
quent property” does not make sense for the sequent calculus. So the question
for the calculus of structures is: what is is a cut-free proof?

Definition 1 (Cut-free Proof). A proof in the calculus of structures is cut-free if
it does not contain any up-rules.

The cut elimination theorem takes the following form:

Theorem 2 (Up-fragment Admissibility). For each proof in the symmetric sys-
tem there is a proof in the down-fragment with the same conclusion.

The above notion seems reasonable for our system for classical predicate logic,
since it gives us the usual immediate consequences of Gentzen’s Hauptsatz such
as consistency and Herbrand’s Theorem [3]. Craig Interpolation also follows, but
it would be a bit of a stretch to call it an immediate consequence. It requires
some work because rules are less restricted in the calculus of structures than in
the sequent calculus.

Since for classical predicate logic there is a cut-free sequent system, Theorem 2]
can be proved easily: we first translate derivations from the calculus of structures
into this sequent system, using the cut in the sequent system to cope with the
deep applicability of rules. Then we apply the cut elimination theorem for the
sequent system. Finally we translate back the cut-free proof into the calculus of
structures, which does not introduce any up-rules. Details are in [2]. To give an
idea of how derivations in the sequent calculus are translated into the calculus of
structures and to justify why the iT-rule is also named cut, we see the translation
of the cut rule:

([0, A,0], [P, A, W)

s _ o _
(2, %, (A, [¢,¥, A])]
AV P ARV ] s - - -
Cut translates into @, 9w, (A A)]
o, +w, i /
(D, 9", W, W' f
(@9, W, 0]

A natural question here is whether there is an internal cut elimination pro-
cedure, i.e. one which does not require a detour via the sequent calculus. Such
a procedure was nontrivial to find, since the deep applicability of rules renders
the techniques of the sequent calculus useless. It has been given in [2L[I] for the
propositional fragment and has been extended to predicate logic in [3].

Now we see a more general notion of cut-free or normal derivation. It is not
characterised by the absence of certain inference rules, but by the the way in
which the inference rules are composed:
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Definition 3 (Normal Derivation). A derivation in the calculus of structures is
normal if no up-rule occurs below a down-rule. To put it differently, a normal
derivation has the form

A
K
B

I
C

This definition subsumes the definition of a cut-free proof: a proof is cut-free if
and only if it is normal. Consider a proof, i.e. a derivation with premise syn-
tactically equivalent to t, of the form given in the definition above. Since the
conclusion of all rules in the up-fragment is equivalent to t if their premise is
equivalent to t, then B has to be equivalent to t. We thus have a proof of C' in
the down-fragment. So the following theorem subsumes the admissibility of the
up-fragment:

Theorem 4 (Normalisation). For each derivation in the symmetric system there
is a normal derivation with the same premise and conclusion.

We will see a proof of this theorem shortly, but let us first have a look at
an immediate consequence. Since no rule in the up-fragment introduces new
predicate symbols going down and no rule in the down-fragment introduces new
predicate symbols going up, the formula that connects the derivation in the up-
with the derivation in the down-fragment is an interpolant:

Corollary 5 (Craig Interpolation). For each two formulas A, C such that A im-
plies C there is a formula B such that A implies B, B implies C' and all the
predicate symbols that occur in B occur in both A and C.

To prove Theorem [ we go the easy route just as for Theorem 2] we use cut
elimination for LK and translations that we see in the two lemmas that follow.
However, there is a crucial difference between the translations used to obtain
Theorem [2] and the translations that we are going to see now: while the former
just squeeze a tree into a sequence by glueing together the branches, the latter
will rotate the proof by ninety degrees. We use a version of LK, which works on
multisets of formulas, has multiplicative rules and which is restricted to formulas
in negation normal form. LK is cut-free, we denote the system with the cut rule
as LK + Cut. Tt is easy to check that we preserve cut admissibility when we
replace the negation rules by two additional axioms:

A A and FAA

Formulas of the calculus of structures and sequents of the sequent calculus
are easily translated into one another: for a sequent

- = Ay,...,AnF Bi,...,B,
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AFA ~ A
(A, A) _ t
AAE ~ 1 FAA ~ i _
f [A, A]
. B, A @
(@, 4, 4) |+
N NZEV
O, A AR ¢ DF A AW Hi
¢ e Arw | R o aw o A AY]
v (A, 0]
| (2, 4) @
w
® |1
% | \ ¢
o o
P, ¢ Orw H L
o Arw | Waraw w
v [A,0]
Fig.2. Axioms and structural rules
we obtain two formulas that we denote by @ and ¥ as well: (A44,...,4,,) and
[Bi,...,By]. We identify an empty conjunction with t and an empty disjunction

with f.

Lemma 6 (SKS to LK). For each derivation from A to B in SKSgq there is a
proof of A+ B in LK + Cut.

Proof. By induction on the length of the derivation, where we count applications
of the equivalence as inference rules. The base case gives an axiom in the sequent
calculus. The inductive case looks as follows:

S{C v

? (D}

L Wv

, S{CYFs{D}  S(D}r B
S{C}+ B ’

where I15 exists by induction hypothesis, the existence of the derivation A can
be easily shown for arbitrary formulas C, D and the existence of the proof IT; can
be easily shown for each rule p € SKSgq and for the equations which generate
the syntactic equivalence. a
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, ([4,B], 2,9
(A, 9), (B, )]

NSNS I

Ad-w  Bd U [C,C]
Vi
AV B0, 0,7 Hl
(@, 7]
(@,8)
E
7 e
S-AY OB |
"R G@FANB O PERIRER )
[(A7B)7W,W/}
(9,A,B) P
NV | NV |
~ C ~ C
®,A, B W H ®+ A B,W ‘
AL ! VR [
B, ANBF W ®+ AV B,W (A, B, vl
(®,VzA) ¢
(@, Alz/T]) H 1
N | % c
g A
&, Alz/r) F W c L OF Ale/r] v H !
Yo veARw | ® ook apAw oy AL/, 7]
v [B3zA,¥]
B (P,VzA) K
" (Vy®,IyAlz/y]) Vyd
(2, Alz/y]) H 1
% ~ | % N VyC
@, Al/u] - @ e L AL/ ¥ K
b arArw Hi R vz w y ylALe/] ¥
_ W _ [VyA[z/y], 3y¥]
v [VzA,¥]

Fig. 3. Logical rules

Lemma 7 (LK to SKS). For each proof of @ - ¥ in LK there is a normal derivation
from @ to ¥ in SKSggq.

Proof. By induction on the depth of the proof tree. All cases are shown in Fig-
ure[2and Figure[3l In the cases of the V|, Ag-rules we get two normal derivations
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by induction hypothesis, and they have to be taken apart and composed in the
right way to yield the normal derivation that is shown in the picture. In the cases
of the 3|, Vg-rules the proviso on the eigenvariable is exactly what is needed to
ensure the provisos of the syntactic equivalence. a

It is instructive to see how the cut translates, and why it does not yield a normal
derivation:

(@, 9")
|
C
M
v v @A)
AT P AFT (@, (', A)]
Cut
.8 w0 HT
(@, "]
|
(@, ¥']

While the detour via the sequent calculus in order to prove the normalisation
theorem is convenient, it is an interesting question whether we can do without.
While it is easy to come up with local proof transformations that normalise a
derivation if they terminate, the presence of contraction makes termination hard
to show.

Problem 8. Find an internal normalisation procedure for classical logic in the
calculus of structures.

The point of proving with different means the same theorem is of course that a
solution might give us a clue on how to attack the next problem:

Problem 9. Prove the normalisation theorem for logics which do not have a
cut-free sequent calculus but which do have cut-free systems in the calculus of
structures, such as BV or the modal logic S5.

4 Outlook

The problems above illustrate one direction of research around the calculus of
structures: developing a proof theory which carries over to logics which do not
have cut-free sequent systems. Examples are modal logics which can not be cap-
tured in the (plain vanilla) sequent calculus, like S5. Hein, Stewart and Stouppa
are working on the project of obtaining modular proof systems for modal logic
in the calculus of structures [15,22]23].

Another research thread is that of proof semantics. There is still the question
of the right categorical axiomatisation of classical proofs. For predicate logic
there is an approach by McKinley [I8] which is derived from the concept of
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classical category by Fihrmann and Pym [8] and which is partly inspired by
the shape of inference rules in the calculus of structures. A second approach is
based on the notion of a boolean category by Lamarche and StraSburger [17,25].
It is also involves concepts from the calculus of structures, in particular the fact
that contraction can be reduced to atomic form and the so-called medial rule
[5], which achieves that reduction.

The proof complexity of systems in the calculus of structures is also a topic
of current research. The cut-free calculus of structures allows for an exponential
speedup over the cut-free sequent calculus, as Bruscoli and Guglielmi [6] show
using Statman’s tautologies. Among the many open questions is whether there
are short proofs for the pigeonhole principle. Short cut-free proofs in the calculus
of structures of course come with a price: there is much more choice in applying
rules than in the sequent calculus, which is an obstacle to implementation and
applications. Work by Kahramanogullari [16] is attacking this issue.

Finally there is a war against bureaucracy, which is also known as the quest
for deductive proof nets, due to Guglielmi [12]. We say that a formalism contains
bureaucracy if it allows to form two different derivations that differ only due to
trivial rule permutations and are thus morally identical. Proof nets, for exam-
ple, do not contain bureaucracy, while the sequent calculus and the calculus of
structures do. Deductive proof nets, which still do not exist, should not contain
bureaucracy (and thus be like proof nets and unlike sequent calculus), but should
also have a locally and/or easily checkable correctness criterion (and thus be like
sequent calculus and unlike proof nets). Approaches to the identification and
possibly elimination of bureaucracy can be found in Guiraud [I4] and Briinnler
and Lengrand [4].

This has been a subjective and incomplete outlook, but more open problems
and conjectures can be found on the calculus of structures website [10].
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Abstract. Logspace complexity of functions and structures is based on
the notion of a Turing machine with input and output as in Papadmitriou
[16]. For any k£ > 1, we construct a logspace isomorphism between {0, 1}*
and {0, 1,...,k}*. We improve results of Cenzer and Remmel [5] by char-
acterizing the sets which are logspace isomorphic to {1}*. We generalize
Proposition 8.2 of [I6] by giving upper bounds on the space complexity of
compositions and use this to obtain the complexity of isomorphic copies
of structures with different universes. Finally, we construct logspace mod-
els with standard universe {0,1}" of various additive groups, including
Z(p*) and the rationals.

Keywords: Computability, Complexity, Computable Model Theory.
1 Introduction

Complexity theory has been a central theme of computer science and related
areas of mathematics since the middle of the last century. Much work has been
done on the time complexity of sets, functions and structures. The practical goal
is to find efficient algorithms for computing functions and solving problems. In his
encyclopedic book [12], Knuth examines in detail the quest for fast multiplication
and also considers the problem of radix conversion of numbers between binary
and decimal representation. Recent striking advances include the proof that
primality is polynomial-time decidable [I] and the result that division of integers
can be computed in logspace [I0]. The latter result will be used below in our
construction of a logspace model for the additive group of rationals.
Complexity theoretic model theory and algebra was developed by Nerode,
Remmel and Cenzer [I3}14,[154]5]; see the handbook article [9] for details. One
of the basic questions which have been studied is the existence problem, that is,
whether a given computable structure is isomorphic, or computably isomorphic,
to a resource-bounded (typically polynomial time) structure. For example, it was
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shown in [4] that every computable relational structure is computably isomor-
phic to a polynomial time structure and that the standard model of arithmetic
(N, 4, —, -, <, 2%) has a polynomial time model, where 2% indicates the unary ex-
ponential function. The fundamental effective completeness theorem states that
any decidable theory has a decidable model and it follows that any decidable
theory has a polynomial time model. However, there is a fundamental difference
between computable structures and complexity theoretic structures. Any two in-
finite computable sets of integers are computably isomorphic and therefore any
computable structure may be taken to have a standard universe N. However, it
is not the case that any two infinite polynomial time sets are polynomial time
isomorphic. Thus the refined existence question is whether a given computable
structure has a polynomial time model with a standard universe, meaning either
Bin(N) (the set of binary representations of natural numbers) or Tal(N) (the
set of tally representations). It was shown in [5] that there is a family of Abelian
p-groups, including the computably categorical p-groups of [17] which are com-
putably isomorphic to polynomial time groups with a standard universe. At the
same time, Abelian p-groups were constructed in [5] which are not computably
isomorphic to polynomial time groups with a standard universe. The question of
uniqueness of representation, that is, categoricity, was studied further in [6}].

In the present paper, we consider the efficient use of space. It was established
by Hoperoft and Ullman [I1] that an appropriate model for function calculation
is the machine with read-only input and write-only output. The motivation for
the input/output approach is that simple functions such as addition can be
performed in logarithmic space (in fact in zero space) whereas including the
input and/or output would automatically require at least space n.

In particular, addition of integers can be computed with zero space and multi-
plication can be computed in logspace. Recent work of Chiu et al [I0] has shown
that division can also be computed in logspace. It then follows from [2] that
powering and iterated multiplication can also be computed in logspace. On the
other hand, the best upper bound for radix conversion seems to require space
log n log log n. (see [2]). We show that, nevertheless, for each k, there is a
logspace isomorphism between the binary and k-ary representations of natural
numbers.

We improve some results of Cenzer and Remmel [5] by characterizing the sets
of natural numbers which are logspace isomorphic to {1}* and by giving various
lemmas which ensure that a given sum or product of logspace sets is logspace
isomorphic to T'al(N) or to Bin(N).

The family of logspace functions is closed under composition and therefore this
notion of logspace computation is robust. We give a generalization of this result
which gives upper bounds for the complexity of the composition of functions of
arbitrary space complexity.

All of these results come together in the construction of logspace models
for certain standard Abelian groups, such as the additive groups Q, of p-adic
rationals and Z(p*°) of p-adic rationals modulo 1, where p is a prime. We also
construct logspace models for the additive groups Q mod 1 and Q.
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We conclude this section with some definitions.

Our model of computation is the multi-tape Turing machine of Papadimitriou
[16]. The cursor of each tape can move independently of the cursors of other
tapes. Our Turing machines are both read-only (input tape symbols are never
overwritten) and write-only (the output-string cursor never moves left).

Let N denote the set {0,1,2,...} of natural numbers and N* = N — {0}. A
function F(z) : Nt — N¥ is a proper complexity function if F' is nondecreasing
and furthermore, there is a Turing machine M with input and output which,
on any input z, computes the string 17U0=D in < O(|z| + F(|z|) steps and uses
space < O(F(|z|). Some examples are constant functions, klogz, (logx)*, ka,
gk, 20og®)® gkr 92" o 92" (We use logz as an abbreviation for log, z.)

Fix a finite alphabet X and a proper complexity function G. Then a function
f: (Z*)* — X* is computable in SPACE(G) if there is a Turing machine M
with input and output which computes f(z1,...,z) using space < G(|z|); f is
computable in TIME(G) if there is a Turing machine M with input and output
which computes f(z1,...,2x) using time < G(|z|). For time complexity, the
restriction on input and output does not change the capability of the Turing
machine, by Proposition 2.2 of [16].

We are primarily interested in the following families

LOG = LOGSPACE = U.enSPACE(c log n);
PLOGSPACE = U.enSPACE((log n)¢);
P =PTIME = U.enTIME(n®).

A function mapping X* to X* is sometimes said to be FLOG computable, or
simply FLOG if it is in LOG. The following is part of Theorem 7.4 of [I6].

Lemma 1. For any proper complexity function G:

(a) TIME(G) C SPACE(G);
(b) SPACE(G) C TIME(k!9 "+tG(M) for some k. O

This implies in particular that LOG C P and hence the following fact.

Lemma 2. For any function f in FLOG, there is a constant k such that
|f(z)] < |z|* for all inputs x.

The standard universes for computation are the following. Let T'al(0) = 0 and for
n >0, let Tal(n) = 1. Then Tal(N) = {0} U{1}* = {Tal(n) : n € N}. For each
n € Nand each k > 1, let Bi(n) = boby ...b, € {0,1,...,k—1}* be the standard
(reverse order) k-ary representation, so that b, > 0 and n = bg+b1k+...+b.k".
Then

Bi(N) ={Bk(n):ne N} ={by...b, €{0,1,...,k— 1} : b, #0}.

In particular, let Bin(n) = B2(n) and Bin(N) = Bs(N).



78 D. Cenzer and Z. Uddin

2 Composition

In this section, we consider the space complexity of composite functions. We
give a general result which provides an upper bound on the complexity of a
composition of functions and some specific corollaries which we will need for the
study of resource-bounded structures.

Theorem 1. Let F' and G be nonconstant proper complezity functions and let
g be a unary function in SPACE(G) and f an n-ary function in SPACE(F).
Then the composition g o f can be computed in SPACE < G(2FF) for some
constant k.

Proof. The proof is a generalization of the standard proof that the composition
of two LOGSPACE functions is in LOGSPACE. In particular, note that by
Lemma [ for # = (x1,...,,), f(x) can be computed in time c|z|*2FF1=) for
some constants ¢ and k which bounds the length of f(x). The logspace algorithm
uses a binary counter to keep track of the location of the pointer for the g work
tape and recreates the bits of f(x) as needed.

Corollary 1. (a) LOGSPACE o LINSPACE = LINSPACE;
(b) PLOGSPACE o PLOGSPACE = PLOGSPACE;

3 Logspace Sets and Radix Representation

In this section, we establish a few lemmas about logspace isomorphisms of sets
which will be needed for the discussion of logspace structures.

The first lemma characterizes sets isomorphic to Tal(N) and is similar to
Lemma 2.4 of [5].

Lemma 3. Let A be a LOGSPACE subset of Tal(N), and list the elements
ag,a1,as ... of A in the standard ordering. Then the following are equivalent:

(a) A is LOGSPACE set-isomorphic to Tal(N).
(b) For some k and all n > 2, we have |a,| < n*.

(¢) The canonical bijection between Tal(N) and A that associates 1™ with ay,,
n >0, is in LOGSPACE.

Proof. The map taking a,, to 1™ is FLOG even without assumption (b). That
is, given tally input a = a,, one proceeds as follows. First convert a to binary
b and write this on a worktape. Now a second tape will begin with Bin(0) and
increment at stage t + 1 from Bin(t) to Bin(t + 1) as long as Bin(t) < b. The
output tape will begin with 0. Then at stage ¢, we will simulate testing whether
Tal(t) € A as follows. Use the standard LINSPACE conversion Bin(t) into
Tal(t) and then the LOG test of whether Tal(T) € A. It follows from Corollary[I]
that this computation is LINSPACE in the input Bin(t) and since T'al(t) < ay,
the computation can be done in LOGSPACFE with respect to input a,. If the
test is positive, then a “1” is appended to the output tape.
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For the map taking 1" to a, = Tal(m), assume (b) and use the following
procedure. As above, at stage ¢ < n, we will have Bin(t) on one work tape and
test whether Tal(t) € A. If the test is positive, then we move the cursor on the
input tape to the right and otherwise not. Once the end of the input tape is
reached, we will have Bin(m) on the work tape. The final step is to convert this
to a, = Tal(m). Since a,, < n*, it follows that |Bin(m)| < log(n*), so that the
computation can be done in LOGSPACE.

The next lemma is crucial for building structures with a standard universe.
Lemma 4. For each k > 2, the following sets are LOGSPACE isomorphic:
(a) Bin(N);

(c) {0,1,....k—1}*.

Furthermore, there exists a LOGSPACE bijection f : Bin(N) — By (N) and

constants c1,co > 0 such that, for every n € N:

(i) |F(Bin(n))| < c1|Bin(n)| and
(ii) [J~1(Bi(n)] < ol Bu(n)|.

Proof. Tt is easy to see that Bin(N) is logspace isomorphic to {0,1}*. For any
k> 2, {0,1,...,k — 1}* is logspace isomorphic to {0,1}* by the function f
defined as follows.

First define g : {0,1,...,k — 1} — {0,1}* by g(0) = 0*~! and g(i) =
07" for 1 < i < k. Then let f(0) = 0, f(0") = 0", f(c™0") = f(o)"0"
when o is a string with at least one non-0 symbol, and f(agay...an,—1) =
g(ap)"gla1)™ ... 7 g(an—1) where each a; € {0,1,...,k — 1} and at least one
Q; 7’5 0.

Observe that By(N) — {0} is the set of strings in {0,1,...,k — 1}* — {0},
beginning with ¢ = 1,2,...,k — 1 and is therefore logspace isomorphic to k — 1
copies of {0,1...,k — 1}*. On the other hand, {0,1,...,k — 1}* is naturally
isomorphic to k copies of itself. We will show that {0,1....k — 1}* — {0} is
logspace isomorphic to k—1 copies of itself and thus By(N) is logspace isomorphic
to {0,1,...,k — 1}*. Elements of {0,1...,k — 1}* are denoted below by o and
elements of the k — 1 fold disjoint union by (j,0), and arbitrary elements of
{0,1...,k—1}* are denoted by 7. The mapping is defined by the following sets
of rules. For strings not beginning with 0 or 1, we have:

2 — (1,0) 270" — (1,0"*h) 270 — (1,0)
3 — (2,0) 370" — (2,0mH) 30 — (2,0)

E—2—(k-=30 (k—=270"—= (k—3,0"") (k-=2)"0 — (k—3,0)
E—1—=(k-=20 (k=1"0"—=(k—2,0""" (k—1)"0 — (k—2,0)
For strings beginning with 1, we have:

1—(0,(k=1)"0) 170" = (0,(k—1)"0""™) 176 — (0,(k—1)"0)
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For strings beginning with 0, we have:
0" — (0,0™)

0" (k—1)"7 — (0,(k—2)"7) 0" (k—-1)"7 — (0,0 (k—2)"7)
0" (k—2)"7 — (0,(k—=3)"7) 0" (k—2)"7 — (0,0""(k—3)"7)

02”7 — (0,1°7) 0"1727r — (0,0""177)
01°7 — (0,07 (k—1)"7) 0" 1 — (0,0"TV (B —-1)"7)

It is not hard to see that this defines a bijection f and that both f and f~!
are logspace computable, in fact, can be computed without using any space.

Lemma 5. Let A be a nonempty LOGSPACE subset of Tal(N). Then

(a) The set A® Tal(N) is LOGSPACE isomorphic to Tal(N) and the set
A ® Bin(N) is LOGSPACE set-isomorphic to Bin(N).

(b) The set A x Tal(N) is LOGSPACE isomorphic to Tal(N) and the set
A x Bin(N) is LOGSPACE set-isomorphic to Bin(N).

(¢) Both Bin(N) @ Bin(N) and Bin(N) x Bin(N) are LOGSPACE isomorphic
to Bin(N).

(d) If B is a nonempty finite subset of Bin(N), then both B @ Bin(N) and
B x Bin(N) are LOGSPACE isomorphic to Bin(N).

Proof. The tally cases of parts (a) and (b) follow from Lemma [Bl That is, for
example, A @ Tal(N) contains all odd numbers and therefore the nth element is
certainly < 2n + 1.

For the binary cases of (a) and (b), first observe that Bin(N) — T'al(N) is
logspace isomorphic to Bin(N) via the map f(z) = ¢ + 1 — |z| and Tal(N) ®
Bin(N) is logspace isomorphic to Bin(N) via the map g defined as follows:

g((1™,0)) = 0™ 1 and g((1™, Bin(n))) = 0™ 17 Bin(n) for n # 0;

9((1, Bin(n))) = 17 Bin(n);

9({0,0)] =0 and ¢((0,1)) = 1.
Then A @ Bin(N) is logspace isomorphic to A ® T'al(N) @ (Bin(N) — Tal(N)),
which is logspace isomorphic to T'al(N) ® Bin(N) — T'al(N) by the tally case and
thus logspace isomorphic to Bin(N). Finally, A ® B is logspace isomorphic to
A® Tal(N) ® Bin(N), which is logspace isomorphic to Tal(N) ® Bin(N) by the
tally case and thus logspace isomorphic to Bin(N).

For part (c), partition N x N into an infinite disjoint union as follows.

For each n > 1, define

Ap = {071,...,271—1}><{2”’2”_|_17.”’2n+1_1}7
Bn: {271’2”_'_17.”’271-5-1_1})({071’”.’271_1}7
—{2",2n+1,...,2n+1—1} X {2"72n+1’_._72n+1_1}.

3
|
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Define the map f from N x N to N by f(0,0) =0, f(1,0) =2, f(1,1) = 3 and
for each n > 1,

(x,y) — 2"z +y + 22" -2 if (x,y) € Ay,
(z,y) = 2"z 4y + 27" if (x,y) € By,
(z,y) 2"z +y + 22T — 27 if (2, y) € C,.

Then it can be shown that the corresponding map from Bin(N) x Bin(N) to
Bin(N) is a logspace isomorphism.
Part (d) is not difficult.

4 Logspace Structures

This section contains the main construction of resource-bounded models, with
standard universe, of certain basic groups, including the p-groups Z(p*°) and
the additive group Q of rationals. We begin with some necessary lemmas.

Lemma 6. Let A be a LOGSPACE structure and let ¢ be a LOGSPACE
bijection from A (the universe of A) onto a set B. Then B is a LOGSPACE
structure, where the functions and relations on its universe B are defined to
make ¢ an isomorphism of the structures.

Lemma 7. Let M be a structure with universe M C N, and let A = Tal(M)
and B = Bi(M), where k > 2. Then we have

(a) If Be LOGSPACE, then A€ PLOGSPACE.
(b) If B€ LINSPACE and for all functions f&, |f5(m1,...,mu)| < c(|m1| +
...+ |my|) for some fized constant ¢ and all but finitely many n-tuples, then

Ae LOGSPACE.

The direct sum, or external weak product, of a sequence A; = (A;, +i, —i, €;) of
groups is defined as usual to have elements (ag, a1, . . .) where, for all but finitely
many i, a; = e; and the operations are coordinatewise. The sequence is fully
uniformly LOGSPACE over B (either Bin(N) or T'al(N)) if the following hold.
(i) The set {(B(n),a) : a € A,} is a LOGSPACE subset of B ® B, where
B(n) = Tal(n) if B=Tal(N) and B(n) = Bin(n) if B = Bin(N).

(ii) The functions F and G, defined by F(B(n),a,b) = a+,b and G(B(n),a,b) =
a —n b, are LOGSPACE computable.

(iii) The function e : Tal(N) — B, defined by e(Tal(i)) = e;, is in LOGSPACE.

Lemma 8. Let B be either Tal(N) or Bin(N). Suppose that the sequence
{Ai}ien of groups is fully uniformly LOGSPACE over B. Then

(a) The direct sum @;A; is recursively isomorphic to a LOGSPACE group with
universe contained in Bin(N).

(b) If A; is a subgroup of A;+1 for all i,and if there is a LOGSPACE function
f:{0,1}* — B such that for all a € |J; A;, we have a € Agy), then the
union | J; A; is a LOGSPACE group with universe contained in B.
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(¢) If the sequence is finite, one of the components has universe B, and the
remaining components have universes that are LOGSPACE subsets of
Tal(N), then the direct sum is recursively isomorphic to a LOGSPACE
group with universe B.

(d) If the sequence is infinite and if each component has universe Bin(N), then
the direct sum is recursively isomorphic to a LOGSPACE group with uni-
verse Bin(N).

(e) If each component has universe Tal(N) and there is a uniform constant c¢
such that for each i and any a,b € A;, we have both |a +; b| < c(|a| +; |0|)
and |a —; b < c(|a| +;1b]), then the direct sum is recursively isomorphic to a
LOGSPACE group with universe Tal(N).

Proof. We just sketch the proof of (d) to give the idea. Elements of the sum may
be viewed as finite sequences from Bin(N) with coordinatewise operations and
therefore LOGSPACE. For the isomorphism, sequences of length n > 0 may be
mapped to (n,m) € Bin(N) @ Bin(N) since the set of sequences of length n is a
finite sum of n — 1 copies of Bin(N) with one copy of Bin(N) — {0} and hence
isomorphic to Bin(N) by Lemma Bl This will give a logspace isomorphism of the
universe which then leads to a group isomorphism by Lemma [6l

For a given prime p, let Q, denote the additive group of all p-adic rationals

Theorem 2. Let k > 1 be in N and let p be a prime. Each of the groups Z,
D, Zi, Z(p™), and Q, are computably isomorphic to LOGSPACE groups A
with universe Bin(N), and B with universe Tal(N).

Proof. The standard structure for Z is clearly logspace and can be made to have
universe Bin(N) or T'al(N) by mapping n to 2n for n > 0 and mapping —n to
2n+1 for n > 0. For any k, € Zj, is easily seen to be in logspace by Lemma [l

For a fixed prime number p, the group Z(p™) consists of rational numbers of
the form a/p® where a,i € N, 0 < a < p’ and i > 0 with addition modulo 1. For
our logspace model G(p*), we let the string eges ... e,—1 € Bp(N) represent the

p-adic rational
€0 €1 €n—1

p o

It can be verified that the addition operation on these strings is indeed FLOG
computable so that (G(p™),+) is a logspace model of Z(p>) with universe
B,(N). Note that in Z(p>°), the sum =+ y of two rationals either equals z +y
(ifz+y < 1)orequalsz+y—1 (if z+y > 1), and these cases can be determined
in logspace. Now Lemma [[ implies that there is a logspace model with universe
Bin(N). Furthermore, |a @ b| < max(Jal,|b]), so that by Lemmas @ and [7 there
is a logspace model with universe Tal(N).

The group Q,, is almost the direct sum of the groups Z and Z(p>). That is,
the universe of QQ, is the product of the universes of the two groups, but for
the addition, we have to check as in the remarks above, whether the elements of
Z(p*>°), viewed as rational numbers, have a sum less than 1, or not.
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Now let (B, +1) be our logspace model of Z and let (Bs, +2) be our logspace
model of Z(p>°) and let 12 denote the element of B; corresponding to the integer
1. The desired model of Q, will have elements (b1, by) with b1 € B; and by € Bs.
To compute (b1, b2) + (c1, ¢2), first compute by +1 ¢1 and b +2 c2. Note from the
remarks above that we can also decide in logspace whether the by +35co = ba +co
or equals bg +co — 1. In the former case, (b1,b2)+ (c1,c2) = (b1 +1¢1,b2+2¢2) and
in the latter case, (b1,b2) + (¢1,c¢2) = (b1 +1 ¢1 +1 1, b3 +2 ¢2). This construction
will carry over to the models with binary and tally universes.

Theorem 3. The additive group Q of rationals and also the additive groups
Q mod 1, are computably isomorphic to LOGSPACE groups with universe
Bin(N), and to LOGSPACE groups with universe Tal(N).

Proof. The group Q mod 1 can be represented as the infinite sum of the groups
Z(p*°), for prime p, and Lemma B implies that there are logspace models with
universe Bin(N) and with universe Tal(N). We will briefly explain how this
sum can be obtained in a fully uniformly LOGSPACE fashion. Let A, be a
LOGSPACE group with universe B = T'al(N) and define C, to be a copy of A,
with the element a replaced by (T'al(p),a). Given = (T'al(n), (Tal(p), Tal(a)),
x € Cp, if and only if p = p,, the nth prime. Since the set of primes is poly-
nomial time in Binary, it is LOGSPACE in Tally and therefore we can check
whether p = p, in LOGSPACE. The second clause in the definition of uni-
formly LOGSPACE follows from the uniformity of the proof of Theorem [2
Part (e) of Lemma[Bnow gives a group with universe T'al(N). Omitting the first
component Cy from the sequence, we get a group with universe Tal(N) which
can then by combined with a binary copy of Z(2°°) to obtain a copy of Q mod 1
with universe Bin(N), by Lemma[Gl
For the group Q, we proceed as in the proof of Theorem[l That is, the universe
of Q is the product of the universes of models for Z and for Q mod 1 and thus
by Lemma B may be taken to be Bin(N) or Tal(N) as desired. However, for
the addition, we have to add the elements from Q mod 1 as rationals and then
carry the integer part over. Now in our model of Q mod 1, a finite sequence
of strings o,...,0" where each o = (ef,éb,.. .,ezﬁl) € B]’;j represents the
€k;—1

p;-adic rational ;‘E + -+ i To compute the sum o1 + ... + 0, requires

i

taking a common denominator p’fl . p§2 ...pF» and using iterated multiplication
and addition to obtain the numerator and finally division to obtain desired carry
value ¢ to be added to the integer sum. The results of [2,[I0] imply that this can
be done in logspace.

5 Conclusion and Further Research

In this paper we have begun to examine the role of logspace computability (and
other notions of space complexity) in complexity theoretic model theory and
algebra. We have established basic results on the standard universes Bin(N)
and T'al(N) and on the composition of functions. Finally, we have constructed
logspace models with standard universes of certain computable Abelian groups.
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For future research, we will investigate space complexity of other structures,

including in particular torsion-free Abelian groups and equivalence structures
(see [3]). The general notion of categoricity is of particular interest. Research of
Cenzer and Remmel [6,[7,8] found very few positive categoricty results for time
complexity, but we believe that space complexity holds more promise.
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Prefix-Like Complexities and Computability
in the Limit*
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Abstract. Computability in the limit represents the non-plus-ultra of
constructive describability. It is well known that the limit computable
functions on naturals are exactly those computable with the oracle for
the halting problem. However, prefix (Kolmogorov) complexities defined
with respect to these two models may differ. We introduce and compare
several natural variations of prefix complexity definitions based on gen-
eralized Turing machines embodying the idea of limit computability, as
well as complexities based on oracle machines, for both finite and infinite
sequences.

Keywords: Kolmogorov complexity, limit computability, generalized
Turing machine, non-halting computation.

1 Introduction

Limit computable functions are functions representable as a limit of a com-
putable function over an extra argument. They are a well-known extension of
the standard notion of computability, and appear in many contexts, e. g. [1J6/[14].
It was argued that many human activities (such as program debugging) produce
the final result only in the limit, and that limit computability is the non-plus-
ultra of constructive describability—even more powerful models of computation
cannot be classified as constructive any more, e. g. [I1[I3]. Several papers discuss
the possibility of infinite computations in the physical world, e.g. [5,10,19].

Several authors considered variants of Kolmogorov complexity based on limit
computations and computations with the halting problem oracle 0', e. g. [2,3L9].
Limit computable functions are exactly functions computable with the oracle 0’
by the well-known Shoenfield limit lemma [2I]. In algorithmic information the-
ory, however, we cannot simply apply the Shoenfield lemma to replace limit
computability by 0’-computability. The reason is that the lemma is proven
for functions on naturals, whereas definitions of prefix and monotone complex-
ity require functions on sequences satisfying some kind of prefix property—see
[7,12,16,17]).

In the present paper, we prove equalities and inequalities for prefix complex-
ity with the oracle 0’ and several natural variations of prefix complexity based on

* This work was sponsored by SNF grant 200020-107590/1.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 85-[33] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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generalized Turing machines (GTMs), one of the natural models for limit com-
putability [20] (also compare [4]). GTMs never halt and are allowed to rewrite
their previous output, with the only requirement being that each output bit
eventually stabilizes forever. We prove that depending on the subtleties of the
definition, the corresponding complexities may differ up to a logarithmic term.

Originally, Kolmogorov [15] defined the complexity of an object as the mini-
mal size of its description with respect to some effective specifying method (mode
of description), i.e. a mapping from the set of descriptions to the set of objects.
The specifying methods may be implemented on various computing devices (such
as ordinary TMs, possibly non-halting TMs, possibly supplied with an oracle,
etc.). All yield different complexity variants. Restricting oneself to values defined
up to a bounded additive term, one can speak about complexity with respect to
a certain class of machines (containing a universal one).

Even for a given machine, however, we get different complexity variants defin-
ing the machine input and the input size in different ways. Let us consider a
generic machine with a single one-way infinite input tape containing only zeros
and ones, reading the input tape bit by bit, and generating some output object.
Researchers used (sometimes implicitly) at least three variants of “input mode”:

Strong Prefix Mode. The machine has to separate explicitly the description
(“a significant part of the input”) from the rest of the input. More formally,
the description is the initial part of the input actually read during generating
the output object. The size of the description is its length; the set of possible
descriptions is prefix-free: no description is a prefix of another one.

Weak Prefix Mode. The description is a finite sequence such that the machine
generates the object if the input tape contains any prolongation of this sequence;
the size of the description is its length. The set of descriptions is not prefix-free,
but if a description is a prefix of another one, they describe the same object.
Every strong prefix description is also a weak one, but the converse does not
hold. In the weak prefix case, the set of the “shortest descriptions” (those that
are not prolongations of other descriptions) is prefix-free, but in general this set
cannot be enumerated effectively, unlike the strong prefix case.

For machines with halting computations, the weak prefix mode can be inter-
preted with the help of an “interactive” input model. Instead of reading the input
off an input tape, the machine obtains its finite or infinite input sequence bit by
bit from the user (or some physical or computational process), who decides when
the next bit is provided. The result of any computation may not depend on the
timing of the input bits, but depends on the input sequence only. Clearly, if the
machine generates some object on input x, the machine will generate the same
object on all prolongations of = (since the user may provide = at the beginning
and the rest once the machine has halted). On the other hand, one may assume
the following property: if the machine halts and generates some object on all
prolongations of x, then the machine halts and generates the same object also
on z. (It is sufficient to note that one can enumerate all such z: Consider the
set of y such that the machine halts on zy, but does not halt on any prefix of
xy. This set contains a prefix of any infinite prolongation of x. This set is finite,
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otherwise the machine does not halt on some infinite prolongation of x.) Clearly,
the input sequences of a machine with this property are exactly the weak prefix
descriptions.

Probabilistic Mode. In this case, the input tape is interpreted as a source of
random bits, and the probability of generating some object serves to measure
its complexity (complex objects are unlikely). More formally, a description is
any set of infinite sequences such that the machine generates the object when
the input tape contains an element of this set. The size of the description is
the negative logarithm of its uniform measure. If z is a weak prefix description
of size n, then the set of all prolongations of x is a probabilistic description of
size n. On the other hand, for any collection of non-overlapping probabilistic
descriptions there is a prefix-free set of finite sequences of the same sizes (the
set of strong prefix descriptions), but in general one cannot find it effectively.

For any machine model, one may consider these three input modes and get
three complexity types. The strong prefix mode complexity is the largest, the
probabilistic mode complexity the smallest. In fact, two important results of al-
gorithmic complexity theory can be interpreted as comparing these input modes
for specific machine models. These results concern prefix and monotone complex-
ity, and provide examples of machine models where the three kinds of complexity
coincide and where they are different. In both cases, the standard TM is used,
and the difference is in the definition of the computational result (the computed
object) only.

For prefix complexity, the machine is said to generate an object if the machine
prints the object and halts (thus, objects are identifiable with finite sequences).
Levin’s Coding Theorem [16] (see also [7]) implies that in this case all three input
modes lead to the same complexity (up to an additive constant). Informally
speaking, the theorem says that the probability of guessing any program for the
given data is essentially equal to the probability of guessing its shortest program.
Technically, the Levin theorem simplifies many proofs allowing us to switch at
any moment to the most suitable of the three definitions (see [23] for an extensive
discussion of the strong and weak prefix modes for prefix complexity).

For monotone complexity, the objects are finite and infinite sequences, the
TM prints its output bit by bit and does not necessarily halt. We say a finite
sequence is generated by the machine if this sequence appears on the output tape
at some point (subsequently the machine may prolong the output); an infinite
sequence is generated if all its finite prefixes appear during the computation. In
this case, the probabilistic mode gives the value known as the logarithm of the
a priori semimeasure on binary sequences. The weak prefix mode is used for the
main definition of monotone complexity by Gécs in [12] (which is referred to
as type 2 monotone complexity in [I7, pp. 312-313]). The strong prefix mode
is used for definition of monotone complexity in the main text of [I7] (where it
also referred to as type 3 monotone complexity, pp. 312-313). All three values
coincide up to a logarithmic additive term. Gacs [12] proved that the difference
between the monotone complexity (under his definition) and the logarithm of
the a priori semimeasure (between the probabilistic and weak prefix modes in
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our terms) is unbounded on finite sequences. It is unknown whether the two
monotone complexities (the weak and strong prefix modes) coincide; all known
theorems hold for both.

Here the three modes are studied for finite and infinite output sequences
computed on GTMs. Informally speaking, it turns out that the strong prefix-
mode complexity differs from the weak prefix-mode complexity by a logarith-
mic term, for both finite and infinite sequences. For finite sequences, the weak
prefix-mode complexity coincides with the probabilistic-mode complexity up to
a constant. For infinite sequences, they coincide up to a logarithm. It remains
an open question whether this bound is tight. A diagram in Sect. [6] displays
the results including relations to complexities with the halting problem oracle
0’. The rest of the paper is organized as follows: Sect. 2 contains definitions of
GTM and complexities; Sect. Bl provides technical lemmas connecting GTMs and
oracle machines; the main results are given in Sect. M for finite sequences and in
Sect. [ for infinite sequences. For the full proofs, see technical report [g].

2 Definition of GTMs and Complexities

Denote by B* the space of finite sequences over the binary alphabet B = {0, 1}
and by B the space of infinite sequences. Denote by ¢(z) the length of x € B*,
and put ¢(z) = oo for x € B>®. For z € B* UB*> and n € N, let z,, be the n-th
bit of z (0 or 1) if n < ¢(z) and a special symbol “blank” otherwise.

A generalized Turing machine (GTM) is a machine with one read-only input
tape, several work tapes, and one output tape; all tapes are infinite in one di-
rection. A GTM never halts; it reads the input tape bit by bit from left to right;
it can print on the output tape in any order, i.e. can print or erase symbols in
any cell many times. For a machine 7" and an input sequence p € B>, denote by
T:(p) the finite binary sequenc on the output tape at the moment ¢. We say
that a GTM T on an input p € B> converges to x € B* UB> (write T'(p) ~ x)
if Vn 3t, ¥t > t,, [T1(p)]n = z,, (informally speaking, each bit of the output sta-
bilizes eventually). The sequence z is called the output of T on p, and p is called
a program for x.

We say that a GTM T on an input p € B* strongly converges to x € B* UB>
(write T'(p) = x) if T(p0>°) ~» x and T reads exactly p during the computation.
We say that a GTM T on an input p € B* weakly converges to x € B* UB>
(write T'(p) — ) it T'(pq) ~> x for any ¢ € B*. These two kinds of convergence
reflect the strong and weak prefix modes. Clearly, if T'(p) = «, then T'(p) — .

Recall that for the weak prefix mode we had two equivalent models in the
case of halting computations. For non-halting computations, there are several
(non-equivalent) ways of defining some analogue of the “interactive” machine

! For technical convenience, we assume that the content of the output tape is always
a finite sequence of zeros and ones followed by blanks (without blanks inside). This
assumption is not restrictive: for any T one can consider 7" that emulates T but
postpones printing a bit to the output tape if the requirement is violated; clearly,
the results of converging computations are not affected.
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(where the user sometimes provides a new bit). The following variant is chosen
for conveniently relating GTMs to oracle machines below. We say that a GTM T
on an input p € B* uniformly weakly converges to x € B*UB> (write T'(p) — x)
if Vn3t, vVt > t,Vq € B® [Ty(pq)]n = Zn. The last formula differs from the
definition of weak convergence only by the order of quantifiers (T'(p) — « iff
Vg € B®Vn3t,Vt > t, [T:(pq)]n = x,). Informally speaking, in the uniform
case, the moment of stabilization of a certain output bit is determined by some
finite part of the input. It is easy to see that uniform weak convergence can be
implemented by some kind of “interactive” machine. In the non-uniform case,
however, for any initial part of the input sequence there may be a prolongation
where this bit will change. One can show that strong, weak, and uniform weak
convergence yield different classes of computable functions.

By the standard argument, there is a universal GTM U. For x € B* U B>,
we define complexities corresponding to the strong and weak prefix modes:

K& (x) = min{{(p) | U(p) = «},
K% (z) = min{l(p) | U(p) — x},
KS(x) = min{{(p) | U(p) - «} .

The idea of probabilistic mode is reflected by the a priori GTM-probability
PC(z) = Mp | U(p) ~ 2},

where A is the uniform measure on B>; we do not introduce a special sign
for the corresponding complexity — logy PY(z). These complexity measures are
well-defined in the sense that if U is replaced by any other GTM, then Kg(a;),
KC(x), K¢(z), and — log, PY(x) can decrease at most by a constant, the same
for all . Clearly, for x € B* UB>,

—log, P9(z) < K% (x) < KS(p) < KG(x). (1)

As usual in complexity theory, many relations hold up to a bounded additive
term, which is denoted by £ Z in the sequel.

The complexity K& (z) coincides with K%(z) originally defined in [20]. Po-
land [I8] suggested a definition of complexity for enumerable output machines
similar to K (z) in our case, and proved that for enumerable output machines,
his complexity is equal to the logarithm of the a priori measure up to a constant
(for GTMs such an equality was not known even with logarithmic accuracy [20]).

3 Oracle Machines and GTMs

Recall that an oracle Turing machine is a Turing machine with one additional
operation: for any number n, the machine can check whether n belongs to a fixed
set called an oracle (or, equivalently, the machine can get any bit of a certain
infinite sequence). The oracle is not a part of the machine: the machine can work
with different oracles but the result depends on the oracle used.
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Denote by 0’ the oracle for the halting problem (see [22]). By the Shoenfield
limit lemma [21], 0’-computable functions are exactly the limit computable func-
tions. The GTM also embodies the idea of computability in the limit: it tries
various answers and eventually (in the limit) gives the correct answer. But if
the input is provided without delimiters, a difference arises. In the strong prefix
mode case, an oracle machine can use the oracle to detect the input end (and to
stop reading in time), while a GTM does not differ from an ordinary TM in this
respect. In the probabilistic mode case, a GTM has an advantage since it does
not halt and may use the entire (infinite) input sequence.

It turns out that uniform weak convergence for GTMs is equivalent to weak
convergence for machines with the oracle for the halting problenﬁ.

Lemma 1. 1. For any GTM T there exists an oracle machine T with two input
tape:ﬁ such that: For any p € B*, if T(p) — x, then Yq € B> Vn T (pg,mn) halts
and prints x1.,.

2. For any oracle machine T with two input tapes there exists a GTM T with
the following properties. For any p € B>, if 7% (p,m) halts and prints x1., for
all n, then T(p) ~ x. If 7% (pq,n) halts and prints x1., for some p € B*, for all

q € B> and for all n, then T'(p) — .

Note that one cannot replace uniform weak convergence by weak convergence in
the first statement of Lemma [Tl because the behavior of the GTM may always
depend on the unread part of the input, which is unacceptable for halting ma-
chines. Actually, there are functions computable on GTMs in the sense of weak
convergence, but not on machines with the oracle 0’. For example, let f(n) be
0 if the n-th oracle machine with the oracle 0’ halts on all inputs, and let f(n)
be undefined otherwise (compare [LI]).

The next lemma relates probabilistic GTM-descriptions to 0’-machines. For
any halting machine (such as traditional prefix and monotone machines), it is
easy to show that the probability of generating a certain object is enumerable
from below, since the pre-image of any object is a countable union of cylinder
sets (sets of all infinite sequences with a fixed prefix ¢), see [I7]. In contrast,
Example 7 in [I8] shows that the set {p € B> | Yn3t, Vt > t, [Ti(p)]n = zn}
may contain no cylinder set for some GTM T'. Nevertheless, GTM-probabilities
turn out to be 0’-enumerable from below.

Lemma 2. For any GTM T, the value
R(xz,m) = /\({p B | Vn <m3It,Vt > t, [Te(p)|n = axn})
is 0’-enumerable from below for any x € B* UB*> and m € N.

2 It was mentioned in [20] that the oracle complexity K of equals the GTM-complexity
K%(£ KS), but without proof and without specifying accuracy. Surprisingly, our
present refinement of the connection between oracle machines and GTMs is enough
to refute (for € B*) Conjecture 5.3 from [20], namely, that P°(z) = O(27Kg(””>).

3 The first tape contains the GTM input, the second tape provides the required length
of the output (to deal with infinite GTM outputs).
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4 Finite Sequences

The prefix complexity of © € B* is K(xz) = min{(p) | V(p) = x}, where V is
a universal prefix machine. The universal enumerable semimeasure on naturals
(encoded by finite binary sequences) is m(z) = Mpq | V(p) = x,p € B*,q € B>}
(see [17] for details). For any other enumerable semimeasure on naturals p
there is a constant ¢ such that m(z) > cu(x) for all . By the Levin theo-
rem [16], K (z) = — log, m(z). Relativizing w.r.t. the oracle 0, we get K (z) =
min{/(p) | V% (p) = z}, the universal 0’-enumerable semimeasure m® (z), and
K9 (z) £ —logy, m% (z). The following two theorems provide a complete descrip-
tion of relations between GTM- and 0’-complexities for finite sequences.

Theorem 1. For x € B*, it holds
—logy m? (z) £ —log, P9 (x) £ KC(2) £ K () £ K% (x).

Theorem 2. For z € B*, it holds K (z) z K& (x) < K9 (z) + K(K% (z)).
Both bounds are almost tight; namely, for some constant C' and for infinitely
many x it holds that K° (z) > K& (x) — 2log, log, K° (z) — C; and for infinitely
many x it holds that K& (x) > K9 (x) + K(KY () — 2log, K (K (z)) — C.

Note. In the tightness statements, log, K (K% (z)) and log, log, K% can be re-
placed by expressions with any number of logarithms.

5 Infinite Sequences

The complexity of infinite sequences can be defined with the help of halting
machines having two inputs and generating the initial segment of the infinite
output sequence (as in Lemmal[I]). It follows easily, however, that this approach
will lead to the usual monotone complexity but restricted to infinite sequences.

Monotone machines are non-halting machines that print their output (finite
or infinite) bit by bit (see [17] for details). Let W be a universal monotone ma-
chine. For p € B>, by W(p) denote the (complete) output of W on the input
sequence p; for p € B* by W(p) denote the output of W printed after reading
just p and nothing else. In the book [I7], the monotone complexity of € B* U
B> is defined as Km(x) = min{{(p) | p € B*,W(p) = zy,y € B* UB>} (which
corresponds to the strong prefix mode in our terms). Gacs [12] used another
definition, Kmi(z) = min{l(p)|p € B*,Vq € B*W(pq) = zy,y € B* UB>}
(corresponding to the weak prefix mode). The universal (a priori) probability of
reB*UB®is M(z) =MpeB>® | W(p) =zy,y € B* UB>®}. Gacs [12] showed
that —log, M(z) < Kmi(z) < Km(z) £ —log, M(z) + log, Km(z) and the
difference between —log, M (z) and Km;(z) is unbounded for x € B* (unlike
the prefix complexity case). His proof does not bound the difference between
—logy M(z) and Kmi(z) for x € B*, and the question about coincidence of
—logy M (z), Kmi(z), and Km(x) for x € B remains open. After relativization
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w.r.t. the oracle 0’, we get Km® and M. Note that for z € B>, Km® (z) and
—logy MY (z) are finite iff = is 0’-computable.

Theorem 3. For x € B®, it holds —log, P%(z) £ —log, M (z).
Theorem 4. For z € B>, it holds K& (x) = Km?/ (x).

Theorem 5. Forz € B, it holds Km® (x) < K& (z) < Km® (ac)—i—K(KmO'(ac)).
The upper bound is almost tight: for some constant C and for infinitely many x
it holds K& (x) > Km® (z) + K(Km® (z)) — 2log, K(Km® (z)) — C.

6 Conclusion

Generalized Turing machines (GTMs) are a natural model for computability
in the limit, and hence are closely related to machines with the oracle 0’. It
turns out, however, that there is no single obvious way of formally specifying a
prefix complexity based on GTMs. Instead there are several closely related but
slightly different ways that all seem natural. This paper introduced and studied
them, exhibiting several relations between them, and also between them and
0’-complexities, as summarized by the following diagram:

PROB WP UWP PREF
FINITE SEQUENCES
GTM  —log, PS K& KSG KG
0’-machine — log, m® K
INFINITE SEQUENCES
GTM  —log, PS K& K KG

0’-machine — log, M Km?/ Km®

The columns correspond to probabilistic, weak prefix, uniform weak prefix, and
strong prefix descriptions, respectively. The borders between cells describe re-
lation between the corresponding values: no border means that the values are
equal up to a constant, the solid line separates values that differ by a logarithmic
term, the dashed line shows that the relation is unknown.

The main open question is whether weak GTM-complexities (K<, K&,
and — log, P%) coincide on infinite sequences. A closely related (and probably,
difficult) question is if Km® (z) and Km?/ (z) coincide with —log, MY (x) for
x € B, and if this holds for non-relativized Km(z), Km(z), and —log, M ().
If they do coincide, this would form a surprising contrast to the famous result
of Gécs [12] on the monotone complexity of finite sequences.

Acknowledgments. The authors are grateful to Marcus Hutter, Jan Poland,
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Abstract. It is well known that to be able to represent continuous functions be-
tween domain representable spaces it is critical that the domain representations
of the spaces we consider are dense. In this article we show how to develop a rep-
resentation theory over a category of domains with morphisms partial continuous
functions. The raison d’étre for introducing partial continuous functions is that by
passing to partial maps, we are free to consider totalities which are not dense. We
show that there is a natural subcategory of the category of representable spaces
with morphisms representable maps which is Cartesian closed. Finally, we con-
sider the question of effectivity.

Keywords: Domain theory, domain representations, computability theory, com-
putable analysis.

1 Introduction

One way of studying computability on uncountable spaces is through effective domain
representations. A domain representation of a space X is a domain D together with a
continuous function § : D — X onto X where D' is some nonempty subset of D.
When D is an effective domain the computability theory on D lifts to a -computability
theory on the space X. If (E, Ef,¢) is a domain representation of the space Y we
say that f : X — Y is representable if there is a continuous function f : D — FE
which takes §-names of x € X to e-names of f(z) for each z € X. If every continuous
function from X to Y is representable we may construct a domain representation of the
space of continuous function from X to Y over [D — E].

It thus becomes interesting to find necessary and sufficient conditions on the do-
main representations (D, D, §) and (E, E¥, ) to ensure that every continuous func-
tion from X to Y is representable. This problem has been studied by (among others)
Stoltenberg-Hansen, Blanck and Hamrin (c.f. [SHO1|, [Bla00] and [HamO3]). It turns
out that it is often important that the representation (D, D®, §) is dense. That is, that
the set D of §-names is dense in D with respect to the Scott-topology on D. How-
ever, if (D, D, 6) is not dense there is no general effective construction which given
(D, D%, §) yields a dense and effective representation of X. This is perhaps not so
problematic as long as we are interested in building type structures over R™ or C", but

* T would like to thank Professor Viggo Stoltenberg-Hansen for his support of my work.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 94-[104] 2006.
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if we would like to study computability on more complex topological spaces such as
the space C'*°(R) of smooth functions from R to C, or the space & of smooth func-
tions with compact support which are considered in distribution theory, the requirement
of denseness becomes a rather daunting exercise in computability theory. Indeed, it is
still not known if there is an effective dense domain representation of the space & of
smooth functions with compact support. The natural candidate for an effective domain
representation of & is not dense, and so the standard arguments showing that every
distribution is representable fail.

One way to effectively circumvent the problem of finding dense representations of
the spaces under consideration is to represent continuous functions from X to Y by
partial continuous functions from D to E. Here, a partial continuous function from D
to E is a pair (S, f) where S is a subobject of D (in the sense of category theory) and
f is a (total) continuous function from S to F.

To make sure that enough continuous functions are representable, and to be able to
lift the order theoretic characterisations of continuity to partial continuous functions, we
need to place some restrictions on the domain S C D of a partial continuous function
f from D to E. As we shall see, by a careful analysis of which properties we require of
S we get a category of domains with morphisms partial continuous functions which is
well suited for representation theory in general, and an effective theory of distributions
in particular.

2 Preliminaries from Domain Theory

A Scott-Ershov domain (or simply domain) is a consistently complete algebraic cpo.
Let D be a domain. Then D, denotes the set of compact elements in D. Given x € D
we write approx(x) for the set {a € D.; a C z}. Since D is algebraic, approx(z) is
directed and |_| approx(z) = z foreach z € D.

D is effective if there is a surjective numberinéﬂ a : N — D, of the set D, such
that (D, C, U, cons, L) is a computable structure with respect to o. When (D, «)
and (FE, () are effective domains then x € D is a-computable if approx(z) is a-
semidecidable, and if f : D — FE is continuous then f is effective if the relation
B(n) Eg f(a(m)) is re. We usually leave out the prefixes «, 5 and (a, 3), if the
numberings « and (3 are either clear from the context or not important.

Let X be a topological space. A domain representation of X is a triple (D, D®, §)
where D is a domain, D a nonempty subset of D, and 6 : D — X a continuous
function from D onto X . We assume throughout that 1. ¢ D® Forr € Dandz € X
we write 7 < x if € §[1r N DE]. Thus, r < x if and only if there is some s € D
such that r C s and 6(s) = z.

When D is effective then (D, D, §) is an effective domain representation of X.
Suppose (D, DT, §) and (E, E¥, ) are effective domain representations of X and
Y respectively. We say that z € X is -computable (or simply computable if the rep-
resentation ¢ is clear from the context) if there is some computable » € D such that

"' We will write & : N — D, even though the domain of o may be a proper (decidable) subset
of the natural numbers. For an introduction to the theory of numberings c.f. [Ers73| Ers75].
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6(r) = x. A continuous function f : X — Y is representable if there is a continuous
function f : D — E such that f[DF] C Ef and f(6(r)) = e(f(r)) for each r € D%,
f is (8, €)-computable (or simply computable) if f is effective. A domain representation
(D, D%, §) of a space X is dense if the set D of representing elements is dense in D
with respect to the Scott-topology on D.

Definition 1. Let (E, ET, ¢) be a domain representation of Y. (E, ET, ¢) is called
admissiblel if for each triple (D, D® §) where D is a countably based domain, D¥ C
Disdensein D, and 6 : DE — Y isa continuous function from DR 1Y, there is a
continuous function § : D — E such that §[D®] C ET and §(r) = (6(r)) for each
r € DE.

The following simple observation indicates why admissibility is interesting from a
purely representation theoretic point of view.

Theorem 1. Suppose (D, DT, §) is a countably based dense representation of X and
(E, E®| ¢) is an admissible representation of Y. Then every sequentially continuous
function from X to'Y is representable.

(For a proof of Theorem[T]see [Ham03].)

Theorem[T] can be used as a tool in constructing a representation of the space of contin-
uous functions from X to Y over the domain [D — E] of continuous functions from D
to E. However, if the representation (D, D', 6) is not dense Theorem [l does not tell
us anything.

3 Partial Continuous Functions

In the case when (D, D, §) is a countably based and dense representation of the
space X and (E, E® ¢) is an admissible representation of ¥ Theorem [ tells that
every sequentially continuous function f : X — Y from X to Y lifts to a continuous
function f : D — E such that (f(z)) = f(6(x)) for each x € D™, In the case
when the representation (D, D, §) of X is not dense there is a standard construction
in domain theory which constructs a dense representation of X from (D, D, §): Let

DP = {4 € D.; a C x for some z € D?}

and
DP ={| |4; A C D? is directed}.

DP is sometimes called the dense part of D. It is not difficult to show that DP =
(DP, Cp, Lp) is a domain and that D C DP. In fact, D is a subspace of DP.
Thus, (DP, D®, §) is a domain representation of X and D is dense in D" by
construction.

2 This notion of an admissible representation corresponds to that of an w-admissible representa-
tion found in [HamO5]).
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We may now apply Theorem[I] to show that every sequentially continuous function
f: X — Y from X to Y has a continuous representation f : D — E from D" to E.
However, there is no a priori reason why the relation (3z € D¥)(a C x) on D, should
be decidable, even when (D, D, §) is effective, and thus (D, D, §) is noneffective
in general.

3.1 Partial Continuous Functions with Scott-Closed Domains

A reasonable alternative to working over D would be to view (D, f) as a partial
function (in the sense of category theory) from D to E. Partial continuous functions in
categories of domains have been studied before by (among many others) Plotkin and
Fiore (c.f. [Plo83] and [Fio94]]). Here a partial continuous function from D to F is a
pair (U, f) where U C D is a Scott-open subset of D and f : U — FE is a continuous
function from U to E. However, this notion of a partial continuous function is not the
appropriate one for our purposes for essentially two different reasons:

i. DP is not an open subset of D in general. (In fact, it is easy to see that D? is open
if and only if DP = D.)

ii. Every partial continuous function (U, f) from D to E with open domain U extends
to a total continuous function f : D — FE. Thus nothing is gained from a represen-
tation theoretic point of view when going to partial continuous functions with open
domains.

Thus, as a first step we would like to distinguish a class of subobjects .Z in the
category of domains which contains DP < D for each representation (D, D, §)
and which is admissibleﬁ in the sense of [RR8§]]. (A collection of subobjects .# from
a category C is admissible in the sense of [RR88] if the objects in C together with the
collection of partial morphisms (S, f) where S € .# form a category.) The following
three observations are crucial.

Lemma 1. Let D be a domain and let S be a nonempty subset of D. Then the closure
S of S satisfies
S = {|_|A; A C | S is directed}.

Thus in particular, D? is closed in D since D2 is downwards closed. If D is a
domain and s : S — D is a subobject of D then s : S »— D is Scott-closedd if S is
isomorphic via s to a Scott-closed subset of D. Now we have

Lemma 2. Let D be a domain and suppose S C D. Then S is a Scott-closed subobject
of D if and only if S is a nonempty closed subset of D.

By Lemmal2 D is a Scott-closed subobject of D. Finally, we note that

? The term admissible is unfortunate here since it clashes with the notion of an admissible do-
main representation defined earlier. However, it is only used here to provide an inspiration for
the definition of a partial continuous function below.

* We leave it to the interested reader to convince him or herself that this definition is independent
of how we choose to represent s : S — D.
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Lemma 3. The class of Scott-closed subobjects is admissible (in the sense of [RR8S)])
in the category of domains with morphisms strict continuous functions.

Inspired by this we make the following definition:

Definition 2. Let D and E be domains. A partial continuous function from D to E is a
pair (S, ) where S C D is a nonempty closed subset of D and f is a strict continuous
Sfunction from S to FE.

We write f : D — E if (dom(f), f) is a partial continuous function from D to E and
we denote by [D — E]| the set of partial continuous functions from D to E. We will
write [D — F] for the domain of strict continuous functions from D to E.

As a motivation for Definition [2] we give a new characterisation of admissibility in
terms of partial continuous functions.

Theorem 2. Let (E, E®, ) be a domain representation of Y. Then (E, E%, ¢) is
admissible if and only if for every triple (D, D, §) where D is a countably based
domain, D C D, and 6 : D — Y is a continuous function from DT to'Y', there is a
partial continuous function 6 : D — E such that

i. DF C dom(é).
ii. 8|DT] C EE,
iii. §(z) =e(é(z)) for eachx € DE.

Theorem [2] suggests representing continuous functions in the category of topological
spaces using partial continuous functions on domains. We now make this idea more
precise. If (D, D%, §) is a domain representation X and (E, E*, ) a domain repre-
sentation of Y we say that f : D — FE represents the continuous function f : X — Y
if

i. D® C dom(f).
ii. f[D¥]C EE.
iii. f(6(z)) =e(f(z)) foreachz € DE.

f X — Y iscalled representable if there is a partial continuous function f : D — FE
satisfying the conditions i — iii above. (If we would like to distinguish between partial
representations and total representations we say that f is partially representable if the
continuous function f representing f is a partial continuous function and f is fotally
representable if f is a total function.)

Now Theorem 2l immediately yields a version of Theorem [I] for partial continuous
functions.

Theorem 3. Let (D, D, 6) be a countably based domain representation of X and let
(E, E®| €) be an admissible representation of Y. Then every sequentially continuous
function f : X — Y is representable by a partial continuous function f : D — E.

Just as in the case when the representation (D, D, §) is dense we have the following
characterisation of the sequentially continuous functions from X to Y. (For a thorough
study of the dense and total case, see [HamO5]].)
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Theorem 4. Let (D, D®, &) be a countably based admissible domain representation
of X and let (E, E%, €) be a domain representation of Y. If f : X — Y is repre-
sentable then f is sequentially continuous.

Corollary 1. Let (D, DE, §) be a countably based admissible domain representation
of X and let (E, E®, ) be an admissible domain representation of Y. Then f : X —
Y is representable if and only if f is sequentially continuous.

3.2 The Domain of Partial Continuous Functions

It is well known that the category of domains with morphisms total continuous func-
tions forms a Cartesian closed category (c.f. [SLG94]). This convenient circumstance
is employed in representation theory to build domain representable type structures over
domain representable spaces. It is only natural to expect that much of this categorical
structure will be lost when going to partial continuous functions. However, as we shall
see not all is lost.

As a first step we show that the Scott-closed subobjects of a domain D have a natural
domain structure. Let cl(D) be the collection of all nonempty Scott-closed subsets of
D. We order cl(D) by

SCT <— SCT.

Then C is a partial order on D with least element {_L}. More is true however.

Theorem 5. Let D be a domain. Then cl(D) = (cI(D), C,{L1}) is a domain and
S € cl(D) is compact if and only if S = (L ag) U (L a1) U... U (| an) for somen € N
and compact ag, a1, ...an in D.

Remark 1. Note that when D is countably based, so is cl(D). Furthermore, if S =
(Ja)U(la)U...U(lam)and T = ([ bo) U (I b1) U...U (] by,) are compact in
cl(D), then S T T <= for each a, there is some b; such that a; Cp b;. It follows
that cl(D) is isomorphic to the Hoare power domain over D.

Now, let D and E be domains. To show that [D — FE] admits a natural domain structure
we define a partial order on [D — E] by

fCg < dom(f) C dom(g) and f(z) Cg g(x) for each z € dom(f).
C is a partial order on [D — FE] with least element L|p_ g = ({Lp}, Az. Lg).

Theorem 6. Let D and E be domains. Then [D — E] = ([D — E], C, Lip_p)) is
a domain and g : D — E is compact in [D — E| if and only if dom(g) is compact in
cl(D) and g is compact in [dom(g) — EJ.

Remark 2. Tt follows immediately by the characterisation of [D — FE], that [D — F]
is countably based whenever D and E are countably based.

We now apply Theorems[3and[@lto construct a countably based and admissible domain
representation of the space of sequentially continuous functions from X to Y, given
countably based and admissible representations of the spaces X and Y.
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Let X and Y be topological spaces. We write [ X —,, Y] for the space of sequen-
tially continuous functions from X to Y. If A C X and B C Y we let M (A, B) =
{f € [X =, Y]; fl[4] C B}. The collection of all sets M ({zy}, U {x},U) where
(zn)n — 2« in X and U is an open subset of Y form a subbasis for a topology 7,, on
[X —. Y]. The topology 7, is a natural generalisation of the topology of pointwise
convergence on [X —,, Y], the latter being generated by the collection of all finite
intersection of sets M ({z},U) where x € X and U is open in Y. The following lemma
characterises the convergence relation on ([X —,, Y], 7).

Lemma 4. Let X andY be topological spaces. (f)n — fin ([X —u Y], 1) if and
only if (fn(xn))n — f(x) inY for each convergent sequence (xy,), — x in X.

Now, suppose (D, D, §) is a countably based admissible domain representation of
X and (E, Ef, ¢) is a countably based admissible representation of Y. By Theorem
Bl every sequentially continuous function f : X — Y from X to Y is representable
by a partial continuous function f : D — E from D to E. Let [D — E] be the set
{f : D — E; f represents some sequentially continuous function f : X — Y} and
define [6 — €] : [D — E]® — [X —,, Y] by

[6 —¢](f) = f < frepresents f.
Then [6 — €] is well defined and [§ — ¢] is surjective by Theorem[3]

Theorem 7. Let (D, D, §) be a countably based admissible domain representation
of X and let (E, ET, ¢) be a countably based admissible domain representation Y .
Then ([D — E), [D — E]f, [6 — €]) is a countably based admissible domain repre-
sentation of ([X —, Y], 7).

Proof. To show that [§ — €] is continuous it is enough to show that [§ — ¢] is se-
quentially continuous since [D — E] is countably based. That [§6 — ¢] is sequentially
continuous follows by an application of Lemma [l

That ([D — EJ, [D — E]f, [§ — €]) is admissible follows since the standard rep-
resentation ([DP — EJ, [DP — E|E,[§ — ¢]) of ([X —,, Y], 7,) is admissible. O

Before we go on to study evaluation and type conversion we take note of the following
fact. (For a proof, see [HamO3].)

Fact 1. Let (D, DT, §) and (E, ET, ¢) be countably based and admissible domain
representations of the spaces X andY . Then (D x E, D x ET'| § x €) is a countably
based and admissible domain representation of X X Y. Moreover, the projections 7y :
X XY — Xandmy : X XY — Y are sequentially continuous and thus representable
by Theorem[3

Since evaluation (f,z) +— f(z) is a sequentially continuous by Lemma H and
([D — E], [D — E]®, [6§ — ¢]) is admissible, it follows immediately by Fact [II
and Theorem[3] that

Proposition 1. (f,z) — f(z) is representable.
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Let X, Y, and Z be topological spaces. If f : X x Y — Z is sequentially continuous
then y — f(x,y) is sequentially continuous for each x € X. We write f* : X —
Y —., Z] for the map = — f(z,).

Proposition 2. Let (D, DT, 6), (E, ER, ¢), and (F, F%, ©) be countably based and
admissible domain representations of the spaces X, Y and Z and suppose f : X XY —
Z is sequentially continuous. Then f* : X — [Y —, Z] is representable.

Proof. The result follows since f* is sequentially continuous using Lemma 4l O

We may summarise the results of this section in the following way: Let ADM be the
category with objects ordered pairs (D, X) where D is a countably based and admis-
sible domain representation of the space X, and morphisms f : (D, X) — (E,Y)
sequentially continuous functions from X to Y which are representable by some partial
continuous function f : D — E. We now have the following theorem:

Theorem 8. ADM is Cartesian closed.

3.3 Effectivity

In this section we will show that the constructions from the previous section are effec-
tive. We first consider the domain of Scott-closed subsets of an effective domain D.

Let (D, ) be an effective domain. We define cl(a) : N — cl(D) by cl(a)(k) =
(la)u (la)u ...U (lan) <= k = (k1, k2, ...ky), where k; € dom(ca) and
a(k;) = a; foreach 1 < i < n.Itis clear that cl(«) is surjective.

Theorem 9. Ler (D, ) be an effective domain. Then (cl(D), cl(«)) is effective.

Remark 3. Tt follows from the proof of Theorem [ that an index for (cl(D), cl(«)) can
be obtained uniformly from an index for (D, ).

If S is compact in cl(D) we define afg : N — S by dom(alg) = {n € dom(a);
a(n) € S} and alg(n) = a(n) for each n € dom(afg). We write «[,, for the num-
bering afgiiayr) : N — cl(a) (k).

Let (D, «) and (F, 3) be effective domains and let [« —, (] : N — [D — E].
be the standard numbering of [D — | E].. We define [« — 3] : N — [D — E],
by k € dom([a — f]) if and only if k = (I,m) where | € dom(cl(c)) and m €
dom([a, - 8]) and then [a — 8](k) = (cl(@)(1), [al, — B)(m).

Theorem 10. Let (D, «) and (E, ) be effective domains. Then ([D — E|,[a — (])
is an effective domain.

Remark 4. As before, it actually follows from the proof of Theorem[IQlthat an index for
([D — EJ, [@ — B]) can be obtained uniformly from indices for (D, ) and (E, 3).

To be able to analyse the effective content of Propositions[Il and 2] we now introduce a
notion of an effective partial continuous function.
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Definition 3. Let (D, «) and (E, 3) be effective domains and let f : D — E be a
partial continuous function from D to E. f : D — F is called («, 3)-effective if
there is an re. relation Ry C N x N such that if m € dom(a), n € dom(8) and
a(m) € dom(f), then

Rf(m,n) <= B(n) Eg fla(m)).
An re. index for Ry is called an index for f : D — E.

If the numberings « and [3 are clear from the context we will economise on the notation
and simply say that f is effective rather than («, 3)-effective. The following elementary
lemma describes some basic but important properties of effective partial continuous
functions.

Lemma 5. Let (D, «), (E,3), and (F,~) be effective domains, and suppose f : D —
Fand g : E — F are effective. Then

i. gof: D — Fis effective and an index for go f is obtained uniformly from indices

for f and g.
ii. Ifx € dom(f) is computable in D then f(x) is computable in E.

Remark 5. If (D, ) is an effective domain then idp : D — D is effective. It fol-
lows by Lemma 3] that the class of effective domains with morphisms effective partial
continuous functions form a category.

We now have two notions of computability for partial continuous functions from (D, «)
to (E,3). A partial continuous function f : D — FE from D to E may either be
effective in the sense of Definition[3] or f : D — E may be computable as an element
of ([D — EJ, [a — J]). The next proposition relates these two notions of computability
to each other.

Proposition 3. Let (D, «) and (E, 3) be effective domains and suppose f : D — E is
a partial continuous function from D to E. Then f : D — FE is computable if and only
if f: D — Eis effective and dom( f) is computable.

Let (D, D, §) and (E, E®, ¢) be effective domain representations of the spaces X
and Y and suppose that f : X — Y is a continuous function from X to Y. Then
[+ X — Y is called (6,¢)-effective when there is an effective partial continuous
function f : D — FE from D to E which represents f. A (6, ¢)-index for f is an index
for the effective partial continuous function f : D — F.

It is easy to see that the identity on X is (8, §)-effective, and if (F, FF, ) is an
effective domain representation of Z and g : Y — Z is an (e, ¢)-effective continuous
function, then go f : X — Z is (8, p)-effective by Lemmal[3l If the representations 8, &
and o are clear from the context we will drop the prefixes and simply say that f, g and
go f are effective.

We note that evaluation (f, z) — f(z) is effective.

Proposition 4. Let (D, DT, §) and (E, ER, ¢) be effective admissible domain repre-
sentations of X andY . Then eval : [X —,, Y] x X — Y is effective.
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Next, we consider type conversion in the category ADM. We will show that for a
restricted class of effectively representable sequentially continuous functions f : X x
Y — Z in ADM, type conversion is effective and yields a new effective sequentially
continuous function f* : X — [V —,, Z].

We begin with some definitions: Let (D, «), (E, 3) and (F, ) be effective domains
and suppose f : D x E — F. f is called right-computable if f is effective and
dom(f) = S x T for some Scott-closed set S C D and some computable Scott-
closed set T' C FE. Left-computability for a partial continuous function f : D x F — F
is defined analogously. By Proposition[l if f : D x E — F and dom(f) = S x T then
f D x E — F is computable if and only if f is both left- and right-computable.

Proposition 5. Let (D, D%, 6), (E, E®, ¢), and (F, F£, ©) be effective admissible
domain representations of the spaces X, Y and Z and suppose f : X xY — Z
is sequentially continuous. If f is effectively representable by some right-computable
partial continuous function then f* : X — [Y —, Z] is effective.

In many cases of interest, EP isa computable Scott-closed subset of E. It turns out
that this is enough to ensure that any effectively representable sequentially continuous
function f : X x Y — Z has a right-computable representation.
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Abstract. We define a new cost model for the call-by-value lambda-
calculus satisfying the invariance thesis. That is, under the proposed
cost model, Turing machines and the call-by-value lambda-calculus can
simulate each other within a polynomial time overhead. The model only
relies on combinatorial properties of usual beta-reduction, without any
reference to a specific machine or evaluator. In particular, the cost of a
single beta reduction is proportional to the difference between the size
of the redex and the size of the reduct. In this way, the total cost of nor-
malizing a lambda term will take into account the size of all intermediate
results (as well as the number of steps to normal form).

1 Introduction

Any computer science student knows that all computational models are exten-
sionally equivalent, each of them characterizing the same class of computable
functions. However, the definition of complexity classes by means of computa-
tional models must take into account several differences between these models,
in order to rule out unrealistic assumptions about the cost of respective com-
putation steps. It is then usual to consider only reasonable models, in such a
way that the definition of complexity classes remain invariant when given with
reference to any such reasonable model. If polynomial time is the main concern,
this reasonableness requirement take the form of the invariance thesis [13):

Reasonable machines can simulate each other within a polynomially-
bounded overhead in time and a constant-factor overhead in space.

Once we agree that Turing machines are reasonable, then many other machines
satisfy the invariance thesis. Preliminary to the proof of polynomiality of the
simulation on a given machine, is the definition of a cost model, stipulating when
and how much one should account for time and/or space during the computation.
For some machines (e.g., Turing machines) this cost model is obvious; for others
it is much less so. An example of the latter kind is the type-free lambda-calculus,
where there is not a clear notion of constant time computational step, and it is
even less clear how one should count for consumed space.

The idea of counting the number of beta-reductions [6] is just too naive,
because beta-reduction is inherently too complex to be considered as an atomic
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operation, at least if we stick to explicit representations of lambda terms. Indeed,
in a beta step
(A.M)N — M{z/N},

there can be as many as |M| occurrences of x inside M. As a consequence,
M{xz/N} can be as big as | M||N|. As an example, consider the term n 2, where
n = Az.\y.x™y is the Church numeral for n. Under innermost reduction this
term reduces to normal form in 3n — 1 beta steps, but there is an exponential
gap between this quantity and the time needed to write the normal form, that
is 2. Under outermost reduction, however, the normal form is reached in an
exponential number of beta steps. This simple example shows that taking the
number of beta steps to normal form as the cost of normalization is at least
problematic. Which strategy should we choosd]? How do we account for the size
of intermediate (and final) results?

Clearly, a viable option consists in defining the cost of reduction as the time
needed to normalize a term by another reasonable abstract machine, e.g. a Turing
machine. However, in this way we cannot compute the cost of reduction from
the structure of the term, and, as a result, it is very difficult to compute the cost
of normalization for particular terms or for classes of terms. Another invariant
cost model is given by the actual cost of outermost (normal order) evaluation,
naively implemented [J]. Despite its invariance, it is a too generous cost model
(and in its essence not much different from the one that counts the numbers
of steps needed to normalize a term on a Turing machine). What is needed is
a machine-independent, parsimonious, and invariant cost model. Despite some
attempts [7/9/T10] (which we will discuss shortly), a cost model of this kind has
not appeared yet.

To simplify things, we attack in this paper the problem for the call-by-value
lambda-calculus, where we do not reduce under an abstraction and we always
fully evaluate an argument before firing a beta redex. Although simple, it is a
calculus of paramount importance, since it is the reduction model of any call-
by-value functional programming language. For this calculus we define a new,
machine-independent cost model and we prove that it satisfies the invariance
thesis for time. The proposed cost model only relies on combinatorial properties
of usual beta-reduction, without any reference to a specific machine or evaluator.
The basic idea is to let the cost of performing a beta-reduction step depend on
the size of the involved terms. In particular, the cost of M — N will be related to
the difference |N|—|M|. In this way, the total cost of normalizing a lambda term
will take into account the size of all intermediate results (as well as the number
of steps to normal form). The last section of the paper will apply this cost model
to the combinatory algebra of closed lambda-terms, to establish some results
needed in [3]. We remark that in this algebra the universal function (which
maps two terms M and N to the normal form of M N) adds only a constant
overhead to the time needed to normalize M N. This result, which is almost

! Observe that we cannot take the length of the longest reduction sequence, both
because in several cases this would involve too much useless work, and because for
some normalizing term there is not a longest reduction sequence.
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obvious when viewed from the perspective of lambda-calculus, is something that
cannot be obtained in the realm of Turing machines.
An extended version including all proofs is available [4].

1.1 Previous Work

The two main attempts to define a parsimonious cost model share the reference
to optimal lambda reduction & la Lévy [I1], a parallel strategy minimizing the
number of (parallel) beta steps (see [2]).

Frandsen and Sturtivant [7] propose a cost model essentially based on the
number of parallel beta steps to normal form. Their aim is to propose a measure
of efficiency for functional programming language implementations. They show
how to simulate Turing machines in the lambda calculus with a polynomial
overhead. However, the paper does not present any evidence on the existence
of a polynomial simulation in the other direction. As a consequence, it is not
known whether their proposal is invariant.

More interesting contributions come from the literature of the nineties on op-
timal lambda reduction. Lamping [8] was the first to operationally present this
strategy as a graph rewriting procedure. The interest of this technique for our
problem stems from the fact that a single beta step is decomposed into several el-
ementary steps, allowing for the duplication of the argument, the computation of
the levels of nesting inside abstractions, and additional bookkeeping work. Since
any such elementary step is realizable on a conventional machine in constant
time, Lamping’s algorithm provides a theoretical basis for the study of complex-
ity of a single beta step. Lawall and Mairson [9] give results on the efficiency of
optimal reduction algorithms, highlighting the so-called bookkeeping to be the
bottleneck from the point ot view of complexity. A consequence of Lawall and
Mairson’s work is evidence on the inadequacy of the cost models proposed by
Frandsen and Sturtivant and by Asperti [1], at least from the point of view of the
invariance thesis. In subsequent work [10], Lawall and Mairson proposed a cost
model for the lambda calculus based on Lévy’s labels. They further proved that
Lamping’s abstract algorithm satisfies the proposed cost model. This, however,
does not imply by itself the existence of an algorithm normalizing any lambda
term with a polynomial overhead (on the proposed cost). Moreover, studying the
dynamic behaviour of Lévy labels is clearly more difficult than dealing directly
with the number of beta-reduction steps.

2 Syntax

The language we study is the pure untyped lambda-calculus endowed with weak
reduction (that is, we never reduce under an abstraction) and call-by-value
reduction.

Definition 1. The following definitions are standard:
o Terms are defined as follows:

M:i=x| M| MM

A denotes the set of all lambda terms.



108 U. Dal Lago and S. Martini

o Values are defined as follows:
Vi=z |z M

= denotes the set of all closed values.

o Call-by-value reduction is denoted by — and is obtained by closing the rule
Az M)V — M{V/x} under all applicative contexts. Here M ranges over
terms, while V' ranges over values.

e The length |M| of M is the number of symbols in M.

Following [I2] we consider this system as a complete calculus and not as a mere
strategy for the usual lambda-calculus. Indeed, respective sets of normal forms
are different. Moreover, the relation — is not deterministic although, as we are
going to see, this non-determinism is completely harmless.

The way we have defined beta-reduction implies a strong correspondence
between values and closed normal forms:

Lemma 1. Fvery value is a normal form and every closed normal form is a
value.

The prohibition to reduce under abstraction enforces a strong notion of conflu-
ence, the so-called one-step diamond property, which instead fails in the usual
lambda-calculus.

Proposition 1 (Diamond Property). If M — N and M — L then either
N =L or there is P such that N — P and L — P.

As an easy corollary of Proposition [Tl we get an equivalence between all normal-
ization strategies— once again a property which does not hold in the ordinary
lambda-calculus.

Corollary 1 (Strategy Equivalence). M has a normal form iff M is strongly
normalizing.

But we can go even further: in this setting, the number of beta-steps to the
normal form is invariant from the evaluation strategy:

Proposition 2. For every term M, there are at most one normal form N and
one integer n such that M —" N.

3 An Abstract Time Measure

We can now define an abstract time measure and prove a diamond property
for it. Intuitively, every beta-step will be endowed with a positive integer cost
bounding the difference (in size) between the reduct and the redex.

Definition 2. e Concatenation of a, f € N* is simply denoted as af3.
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e —» will denote a subset of A x N* x A. In the following, we will write M 5
N standing for (M,a,N) €—. The definition of — (in SOS-style) is the
following:

M — N n=max{l,|N|—|M|} MSSN NE»L
M5 M MO N M2
Observe we charge max{1,|N| — |M|} for every step M — N. In this way,

the cost of a beta-step will always be positive.
e Given a = (n1,...,ny) € N*, define ||a|| = Y 1%, n,.

The result of Proposition[2 can be lifted to this new notion on weighted reduction.

Proposition 3. For every term M, there are at most one normal form N and
one integer n such that M ~> N and lle|] = n.

We are now ready to define the abstract time measure which is the core of the
paper.

Definition 3 (Difference cost model). If M 5 N, where N is a normal
form, then Time(M) is ||a|| + |M|. If M diverges, then Time(M) is infinite.

Observe that this is a good definition, in view of Proposition Bl In other words,
showing M = N suffices to prove Time(M) = ||a|| + |M]. This will be particu-
larly useful in the following section.

As an example, consider again the term n 2 we discussed in the introduction.
It reduces to normal form in one step, because we do not reduce under the
abstraction. To force reduction, consider £ = n 2 ¢, where c is a free variable; F
reduces to

M- (Ayn—1 - (M- (My1-2y1)*y2)? - Jyn

in ©(n) beta steps. However, Time(E) = ©(2"), since at any step the size of the
term is duplicated.

4 Simulating Turing Machines

In this and the following section we will show that the difference cost model
satisfies the polynomial invariance thesis. The present section shows how to
encode Turing machines into the lambda calculus.

We denote by H the term MM, where M = Az Af.f(Az.xzxfz). H is a call-
by-value fixed-point operator: for every N, there is a such that

HN 5 N(\z.HN?)
llaf| = O(INY)

The lambda term H provides the necessary computational expressive power to
encode the whole class of computable functions.
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The simplest objects we need to encode in the lambda-calculus are finite sets.

Elements of any finite set A = {a1,...,a,} can be encoded as follows:
!—ai‘lA =

Notice that the above encoding induces a total order on A such that a; < a; iff
i<

Other useful objects are finite strings over an arbitrary alphabet, which will
be encoded using a scheme attributed to Scott [14]. Let X = {a1,...,a,} be
a finite alphabet. A string in s € X* can be represented by a value "s7%  as
follows, by induction on s:

aiu_‘z* =Ar1..... /\a:n)\y.mfu—‘x*

Observe that representations of symbols in X and strings in X2* depend on the
cardinality of X. In other words, if u € ¥* and X' C A, "u™¥" # 44", Besides
data, we want to be able to encode functions between them. In particular, the
way we have defined numerals lets us concatenate two strings in linear time in the
underlying lambda calculus. The encoding of a string depends on the underlying
alphabet. As a consequence, we also need to be able to convert representations for
strings in one alphabet to corresponding representations in a bigger alphabet.
This can be done efficiently in the lambda-calculus. A deterministic Turing
machine M is a tuple (X, apiank, @, Qinitial, ¢final, 6) consisting of:

A finite alphabet X = {aq,...,an};

A distinguished symbol apiani € X, called the blank symbol,;

A finite set Q = {q1,...,qm} of states;

A distinguished state ginitiar € @, called the initial state;

A distinguished state gfina € @, called the final state;

A vpartial transition function § : Q x ¥ — Q x X x {«,—, |} such that
(g, a;) is defined iff ¢ # qainai-

A configuration for M is a quadruple in X* x X x X* x Q). For example, if
6(gi, aj) = (q, ax, <), then M evolves from (uay, a;,v,q;) to (u, ap, arv, q) (and
from (g,a;,v,q;) to (&, apiank, arv, q1)). A configuration like (u,a;, v, gfinal) is fi-
nal and cannot evolve. Given a string u € X*, the initial configuration for u
is (&, a, 4, @initial) if ©w = av and (&, apiank, €, Ginitial) if © = . The string corre-
sponding to the final configuration (u, a;, v, ¢fnal) is ua;v.

A Turing machine (X, apiank, Q, Ginitial, 4final, 0) computes the function f :
A* — A* (where A C X)) in time g : N — N iff for every u € A*, the initial
configuration for u evolves to a final configuration for f(u) in g(|u|) steps.

A configuration (s, a, t,q) of a machine M = (X, apiank, Q, Qinitial, 4final, 6) 1S
represented by the term
G P A e DO e D (%

T(u,a,v,q) ™M = \z.au q

We now encode a Turing machine M = (X, apiank, @, Ginitial, ¢final, 6) in the
lambda-calculus. Suppose X' = {ay,...,a;x } and Q = {q1,...,q|q|} We proceed
by building up three lambda terms:
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e First of all, we need to be able to build the initial configuration for u from u
itself. This can be done in linear time.

e Then, we need to extract a string from a final configuration for the string.
This can be done in linear time, too.

e Most importantly, we need to be able to simulate the transition function
of M, i.e. compute a final configuration from an initial configuration (if it
exists). This can be done with cost proportional to the number of steps M
takes on the input.

At this point, we can give the main simulation result:

Theorem 1. If f : A* — A* is computed by a Turing machine M in time
g, then there is a term U(M, A) such that for every u € A* there is « with

UM, A) w57 f(u)"" and ||af| = O(g(|ul))

Noticeably, the just described simulation induces a linear overhead: every step
of M corresponds to a constant cost in the simulation, the constant cost not
depending on the input but only on M itself.

5 Evaluating with Turing Machines

We informally describe a Turing machine R computing the normal form of a
given input term, if it exists, and diverging otherwise. If M is the input term,
R takes time O(( Time(M))*).

First of all, let us observe that the usual notation for terms does not take into
account the complexity of handling variables, and substitutions. We introduce
a notation in the style of deBruijn [5], with binary strings representing occur-
rences of variables. In this way, terms can be denoted by finite strings in a finite
alphabet.

Definition 4. e The alphabet O is {\, @Q,0,1,»}.

e To each lambda term M we can associate a string M# € O in the stan-
dard deBruijn way, writing Q for (prefiz) application. For example, if M =
(Az.xy)( Az Ay Az.w), then M# is QA\Q » 0 » M 10. In other words, free
occurrences of variables are translated into w, while bounded occurrences of
variables are translated intow s, where s is the binary representation of the
deBruijn index for that occurrence.

e The true length ||M]| of a term M is the length of M#.

Observe that ||M|| grows more than linearly on |M]|:

Lemma 2. For every term M, ||M|| = O(|M|log|M]|). There is a sequence
{My}nen such that |M,| = ©(n), while ||M,|| = O(|M,]|log |M,]).

R has nine tapes, expects its input to be in the first tape and writes the output on
the same tape. The tapes will be referred to as Current (the first one), Preredez,
Functional, Argument, Postredex, Reduct, StackTerm, StackRedex, Counter. R
operates by iteratively performing the following four steps:
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1. First of all, R looks for redexes in the term stored in Current (call it M), by
scanning it. The functional part of the redex will be put in Functional while
its argument is copied into Argument. Everything appearing before (respec-
tively, after) the redex is copied into Preredex (respectively, in Postredex).
If there is no redex in M, then R halts. For example, consider the term
Az Ay.2yy)(Az.2)(Aw.w) which becomes @QAQAAQQ@Q » 1» 0 0A» 0A» 0 in
deBruijn notation. Table [[] summarizes the status of some tapes after this
initial step.

Table 1. The status of some tapes after step [II

Preredex Q@
Functional AXQQp1»0p»0
Argument Ap0
Postredex Ap0

2. Then, R copies the content of Functional into Reduct, erasing the first oc-
currence of A and replacing every occurrence of the bounded variable by the
content of Argument. In the example, Reduct becomes AXQQ@A»0» 0 » 0.

3. R replaces the content of Current with the concatenation of Preredez, Reduct
and Postredex in this particular order. In the example, Current becomes
@ x@@A» 0» 0» 0A» 0, which correctly correspond to (Ay.(Az.2)yy)(Aw.w).

4. Finally, the content of every tape except Current is erased.

Every time the sequence of steps from [I] to [ is performed, the term M in
Clurrent is replaced by another term which is obtained from M by performing
a normalization step. So, R halts on M if and only if M is normalizing and the
output will be the normal form of M.

Tapes StackTerm and StackRedex are managed in the same way. They help
keeping track of the structure of a term as it is scanned. The two tapes can only
contain symbols Ay, Fg and Sg. In particular:

e The symbol Ay stands for the argument of an abstraction;
e the symbol Fiq stands for the first argument of an application;
e the symbol Sq stands for the second argument of an application;

StackTerm and StackRedex can only be modified by the usual stack operations,
i.e. by pushing and popping symbols from the top of the stack. Anytime a new
symbol is scanned, the underlying stack can possibly be modified:

e If @ is read, then Fi@ must be pushed on the top of the stack.

e If )\ is read, then A) must be pushed on the top of the stack.

o If »is read, then symbols Sq and A, must be popped from the stack, until
we find an occurrence of Fo (which must be popped and replaced by Sa) or
the stack is empty.

Now, consider an arbitrary iteration step, where M is reduced to N. We claim
that the steps [ to H can all be performed in O((||M]| + ||N|])?).
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Lemma 3. If M —™ N, then n < Time(M) and |N| < Time(M).
Proof. Clear from the definition of Time(M).

Theorem 2. R computes the normal form of the term M in O(( Time(M))*)
steps.

6 Closed Values as a Partial Combinatory Algebra

If U and V are closed values and UV has a normal form W (which must be
a closed value), then we will denote W by {U}(V). In this way, we can give
= the status of a partial applicative structure, which turns out to be a partial
combinatory algebra. The abstract time measure induces a finer structure on
=, which we are going to sketch in this section. In particular, we will be able
to show the existence of certain elements of = having both usual combinatorial
properties as well as bounded behaviour. These properties are exploited in [3],
where elements of = serves as (bounded) realizers in a semantic framework.

In the following, Time({U}(V)) is simply Time(UV) (if it exists). Moreover,
(V,U) will denote the term Az.aVU.

First of all, we observe the identity and basic operations on couples take con-
stant time. For example, there is a term Mgyqp such that {Mgywe, }((V,U)) =
(U,V) and Time({Mswap}({(V,U))) = 5. There is a term in = which takes as
input a pair of terms (V,U) and computes the composition of the functions
computed by V and U. The overhead is constant, i.e. do not depend on the
intermediate result. =~ We need to represent functions which go beyond the
realm of linear logic. In particular, terms can be duplicated, but linear time
is needed to do it: there is a term M on: such that {Meon: HV) = (V, V) and
Time({Meont }(V)) = O(|V]). From a complexity viewpoint, what is most inter-
esting is the possibility to perform higher-order computation with constant over-
head. In particular, the universal function is realized by a term M,q; such that
{Mevar}((V,U)) = {V}({U) and Time({Mevar}((V,U))) = 4 + Time({UH(V)).
The fact that a “universal” combinator with a constant cost can be defined is
quite remarkable. It is a consequence of the inherent higher-order of the lambda-
calculus. Indeed, this property does not hold in the context of Turing machines.

7 Conclusions

We have introduced and studied the difference cost model for the pure, untyped,
call-by-value lambda-calculus. The difference cost model satisfies the invariance
thesis, at least in its weak version [I3]. We have given sharp complexity bounds
on the simulations establishing the invariance and giving evidence that the differ-
ence cost model is a parsimonious one. We do not claim this model is the definite
word on the subject. More work should be done, especially on lambda-calculi
based on other evaluation models.

The availability of this cost model allows to reason on the complexity of
call-by-value reduction by arguing on the structure of lambda-terms, instead of
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using complicated arguments on the details of some implementation mechanism.
In this way, we could obtain results for eager functional programs without having
to resort to, e.g., a SECD machine implementation.

We have not treated space. Indeed, the very definition of space complexity
for lambda-calculus—at least in a less crude way than just “the maximum ink
used [9]”—is an elusive subject which deserves better and deeper study.
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Abstract. We present a reduction from the Pigeon-Hole Principle to
the classical Sperner Lemma. The reduction is used

1. to show that the Sperner Lemma does not have a short constant-
depth Frege proof, and

2. to prove lower bounds on the Query Complexity of the Sperner
Lemma in the Black-Box model of Computation.

Keywords: Propositional Proof Complexity, Constant-Depth Frege,
Search Problems, Query Complexity, Sperner Lemma, Pigeon-Hole
Principle.

1 Introduction

The classical Sperner Lemma, which was introduced and proven by E. Sperner in
[11], is a combinatorial statement about a vertex-coloured regular triangulation
of an equilateral triangle. It is of great importance in Topology since various
fixed-point theorems can be easily derived from the lemma.

The Sperner Lemma is of interest in Computational Complexity, too. Indeed,
it is one of the problems considered by Papadimitriou in [I0] whose motivation
was to classify the total search problems, i.e. computational problems whose
solution is guaranteed to exists by some well known combinatorial principle.
In was proven there that the Sperner Lemma belongs to one of the important
complexity classes of total-function search problems, the so-called PPAD. A
three-dimensional variant of the lemma was in fact proven to be complete for
PPAD. Another line of research studied the Query Complexity of Search Prob-
lems in the Black-Box Model of Computation. A number of algorithms and, more
importantly, lower bounds concerning the Sperner Lemma were proven in [7,[§].

As far as we are aware, though, the Proof Complexity of the Sperner Lemma
has not been studied so far. Thus the main motivation of our work was to show
a hardness result in this setting. The main theorem of the paper is that the
Sperner Lemma is hard for Constant-Depth Frege proof systems, i.e. every such
proof is exponential in the size of the propositional encoding of the lemma. We
prove this result through a reduction from another well-known combinatorial
principle, the Pigeon-Hole Principle. Our reduction is inspired from and very
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similar to a reduction shown by S. Buss in [5]. Our reduction can be used to
reprove the optimal deterministic query lower bound from [7], and we conjecture
that it can be used to achieve the randomised query lower bound from as well.

The rest of the paper is organised as follows. We first give the necessary
background. We then explain the reduction from the Pigeon-Hole Principle to the
Sperner Lemma, and prove that it preserves constant-depth Frege proofs, thus
showing that the Sperner Lemma is hard for constant-depth Frege. Finally, we
give a simple argument that proves the optimal deterministic query lower bound
for the Pigeon-Hole Principle, and show that it translates via the reduction into
an optimal lower bound for the Sperner Lemma.

2 Preliminaries

The (Classical) Sperner lemma is the following well-known combinatorial prin-
ciple: An equilateral triangle with side length n is regularly triangulated into
unit triangles. Every vertex of the triangulation is coloured in black, white or
grey, and so that each colour is forbidden for a different side of the big trian-
gle (see figure for an example of legitimate Sperner colouring where grey
is forbidden for the horizontal side, black is forbidden for the right side, and
white is forbidden for the left side; note also that this enforces unique colouring
of the vertices of the big triangle). The Sperner lemma asserts that, for every
Sperner colouring, there exists a trichromatic unit triangle (in fact there are an
odd number of such triangles).

A classical proof, which also gives an algorithm for finding a trichromatic
triangle, is the so-called path-following argument, depicted on figure Let
us call “door” an edge of the triangulation that has a white and a black end, and
let us assume that the doors are one-way, i.e. one can go through a door so that
the white vertex remains on the right. Let us now observe that every “room” (a
small triangle) can have no doors, 1 door or 2 doors. Moreover, if a room has
two doors, one of them is an entrance and the other is an exit, i.e. we can only
go through such a room. If a room has a single door, then it is a trichromatic
triangle. Now observe that the horizontal side of the big triangle contains a
sequence of alternating entrances and exits, which starts and finishes with an

o
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Fig. 1. Two-dimensional Sperner lemma
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entrance. This means that when one tries all entrances by walking through and
then continuing as far as possible, from all of them but one, one will leave
the triangle through an exit. The entrance, which is not matched by any exit,
though, will lead to a room that can only be entered, i.e. a trichromatic triangle
(see figure figure .

We shall be interested in formalising this or any other proof in a certain
propositional proof system. Thus we first need to encode the Sperner lemma in
propositional logic. Let us assume a numbering of the rows and the (non-vertical)
columns of the triangulation as shown on figure and let us introduce propo-
sitional variables s} ; for 0 <i,j <mn,i+j <mn, p € {1,2,3} to mean “the point
in row 7 and column j has colour p (assuming 1 is black, 2 is white, and 3 is
grey)”. It is not hard to see that the following set of clause, which we shall refer
to as Sperner,, correctly encodes the negation of the Sperner Lemma,

Szlj\/szzj\/s?j 0<i,j<n,i+j<n
-y Vsl 0<d,j<n,it+j<n 1<p<qg<3
ﬁsgj 0<53<n
ﬁsfo 0<i<n
-85, . 0<i<n
TV st Vosingy 0<4,5<n, 0<i+j<n, {p,qr}=1{1,23}

TV st Vosisg 0<i,j<n, 0<i+j<n, {pgr}=1{1,23}.

-s
s

The first two lines say that every vertex is coloured in exactly one colour, the
next three lines impose the restrictions on the sides of the big triangle, and the
las two lines claim that no small triangle is trichromatic.

The (Bijective) Pigeon-Hole Principle. Simply says that there is no bijection
between a (finite) set of n + 1 pigeons and a (finite) set of n holes. Its negation,
which we call PHP?*! can be encoded as the following set of clauses:

n
\Vpij 1<i<n+1
j=1
“piiVpir 1<i<n+4+1,1<j<k<n
n+1
\/pij I<j<n
i=1
i Vpp; 1<j<n, 1<i<k<n+1

(obviously p; ; stands for “pigeon ¢ goes to hole j”).

Frege and Constant-Depth Frege Propositional Proof Systems. Frege proof sys-
tems are the usual “text-book”, Hilbert-style, proof systems for propositional
logic based on modus ponens [6]. Proof lines of a Frege proof are propositional
formulae built upon finite set of variables as well as the logical connectives —,
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V, A and —. There are a finite number of axiom schemata (propositional tau-
tologies, such as ¢ — ¢ V ¥, where ¢ and 3 could be arbitrary propositional
formulae), and w.l.o.g. there is a single derivation rule, the modus ponens:

e =
4 .

It is well known that Frege systems are sound and complete.

The propositional proof systems, which we consider in the paper, is a special
restricted variant of Frege systems called Constant-Depth Frege (or Bounded-
Depth Frege) and denoted further by c¢dF. We restrict the proof lines to formulae
with negation on variables only, and with a constant number of alternation of
the connectives V and A (— is not permitted).

Additionally, we consider refutations rather than proofs. That is, instead of
the formula we want to prove, we take its negation, usually encoded as a set
(conjunction) of simpler formulae (usually clauses). We then use these formulae
as axioms in a Frege (or ¢dF) proof whose goal is now to derive the empty
formula (constant false), thus refuting the negation of the original formula.

A well-known result from Propositional Proof Complexity, which we shall use,
is that the Pigeon-Hole Principle is hard for constant-depth Frege, i.e. every proof

1/292(d)

of PHP™! in depth d Frege is of size 2" : in a great breakthrough, Ajtaj
first proved a super-polynomial lower bound in [1], which was later improved in
[3] to the exponential lower bound we have just mentioned.

Search Problems and Black-Box Complexity. are two concepts that arise in con-
nection with propositional contradictions [9]. The Search Problem for an unsat-
isfiable set of clauses is as follows: given an assignment, find a clause which is
violated by the assignment. In a different context, Search problems were first
defined and studied by Papadimitriou [I0] whose motivation was classifying
computational problems that are guaranteed to have a solution (as opposed
to decision problems commonly studied in Structural Complexity). Since then,
a number of reductions and separations have been obtained among different
(classes of ) search problems [2,4]. As the latter paper shows, there is a strong link
between Search problems and Propositional Proof Complexity. In the present pa-
per, though, we are interested in the Query Complexity of the classical Sperner
Lemma in the so-called Black-Box Model of Computation: given the proposi-
tional encoding and an assignment of the variables, what is the minimal number
of variables that an algorithm has to query in order to find a contradiction, i.e.
a clause which is falsified under the assignment? The query complexity of the
Sperner Lemma was previously studied in [7] and [§].

3 Complexity Results
We first show a

Reduction from the Pigeon-Hole Principle to the Sperner Lemma. It is depicted
on figure The pigeons, P, P, ... P,, P,4+1 and the holes Hy, Hy ... H,, are



On the Complexity of the Sperner Lemma 119

(a) Sperner triangle (b) Pigeon-Hole Principle

Fig. 2. Reduction from PHP™! to Sperneriznte

represented by small 3 x 3 rhombs. The arrow represent paths, i.e. they cross
a sequence of edges whose left end is black and whose right end is white (here
left and right are relative to the direction of the arrow). There is a single “door”
on the horizontal side of the big triangle (this means that the horizontal side
consist of a sequence of (few) black vertices followed by a (long) sequence of
white vertices). The walk through the door leads to the n + 1st pigeon. There
are long paths starting from a hole ¢ and ending into a pigeon 7 for 1 < ¢ < n.
There are no paths inside the two triangles, the topmost and the rightmost ones
(this means that they contain mostly grey vertices).

The essence of the reduction, though, is concentrated into the rhomb in the
middle (filled in grey on figure , which is enlarged on figure If pigeon
1 goes into hole j in the Pigeon-Hole formula, there is a path in the Sperner
formula starting from left side of the rhomb on row 4, going horizontally as far
as column j, then turning left and thus going down straight to the bottom side of
the rhomb (in column j). We could imagine that a path is represented by means
of several different types of 3 x 3 rhombs that we shall call tiles. Clearly, we need
horizontal and vertical tiles denoted by h and v, respectively, as well as an empty
tile e and a turn tile ¢ (see figure 2(D)). The last type of tile, which we need, is
a “cross” tile c: if there are pigeons ¢ < 4’ and holes j > j’ such that pigeon ¢
goes to hole j while pigeon i’ goes to hole j’, the two corresponding paths cross
each other at position (7, j') - the intersection of row j and column j’. Note that
the tile of type ¢ does not actually make two paths to cross but to switch over;
however only the positions of incoming and outgoing edges are important, so
we might as well think that the paths cross each other. The implementation of
these tiles by 3 x 3 rhombs is depicted on figure 3] (the empty tile e, which is not
shown there, has all vertices coloured in grey).

It is obvious that a (fictional) violation of the Pigeon-Hole Principle (i.e. a
satisfying assignment of the clauses PH P"! translates via our reduction into
a violation of the Sperner Lemma (i.e. a satisfying assignment of the clauses
Spernerian+6). We are now ready to explain why

The Sperner Lemma is Hard for Constant-Depth Frege. We shall show how to
transform a Constant-Depth Frege (cdF) refutation of Spernerio,ye of size S
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(c) turn tile ¢

/

o
v

(b) vertical tile v

s
<o

e

(d) cross tile ¢

Fig. 3. Different kinds of tiles

into a cdF refutation of PHP"! of size at most poly (n,S). The fact that
PHP™! is hard for Constant-Depth Frege would then give the desired result.

Given a cdF refutation of Sperneris,i¢, we need to show

1. how to replace each Sperner variable by a small-depth and small-size formula
over the Pigeon-Hole variables, and

2. that this substitution preserves the correctness of the refutation.

First of all, going back to the smaller picture of the reduction (figure 2(b))), we
note that the presence of a particular kind of tile on a particular position can

be expressed as a formula over the Pigeon-Hole variables as follows.

tij =Dpij

n
61‘]‘5/\—%‘1/\
l=j

J
hijE/\_‘pil/\
=1

n+1

/\ Pk j
k=1

n+1

/\ Pk j
k=i

n %
Vi = /\—'piz/\ /\ TPk
I=j k=1

j i
Cij = /\_‘pil/\ /\_‘pkjo
1=1 k=1

Indeed, the case of a turn tile ¢; ; is the easiest one: if such a tile is present,
the pigeon ¢ has to go hole j. An empty tile on position (i,j) prevents pigeon
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¢ from going into the jth hole as well as any hole which is to the right, i.e. all
holes whose number is greater than or equal to j; similarly, hole j cannot be
occupied by any pigeon whose number is greater than or equal to ¢. The other
three cases, those of tile types h, v and ¢, can be easily verified using the same
way of reasoning.

We can now explain how the Sperner variables can be substituted by formulae
over the Pigeon-Hole variables. Looking back at the bigger picture of the reduc-
tion (figure 2(a)), we note that all Sperner variables that are outside the grey
rhomb in the middle are to be substituted by constants true or false. As far as
the other variables are concerned, we first observe that the tile (3 x 3 rhomb) at
position (i,7) corresponding to the ith pigeon and the jth hole in PHP?*! has
its bottom left corner with coordinates (3n — 3 + 3¢, 3n + 35). Every variable s?
within a tile (¢,7) can be expressed in terms of variables ¢, ;, €; j, h; j, v; ; and
c; j. We shall give several typical cases as examples:

1. Looking at figure Bl we easily observe that the corners of the tiles are always
grey, i.e.

Sgn—3+3i 3n43j = true
S3n—3i 3ny3; = Jalse
sgnfgi 3nt3j = false
for1<i<n+21<j<n+1.

2. If the point (2,1) within a tile (assuming the bottom left corner is (0,0)) is
coloured in black, then the tile has to be a horizontal tile, i.e.

1 _
53n—143i 3n+1435 = Vi j

for1<i<n+1,1<j<n.
3. If the point (1,1) within a tile is coloured in white, then the tile has to be
of type either v or h, i.e.

2 _
S3n—243i 3nt14+35 = Vij V hij

for1<i<n+1,1<j<n.
4. If the point (2,2) within a tile is coloured in grey, then the tile may be of
type e, t or c only, i.e.

3 _
835 _943i 3n4143j = €ij Viij Vi
for1<i<n+1,1<j<n.

All the remaining substitutions can be easily resolved in the same manner, and
thus all Sperner variables can be equivalently expressed in terms of Pigeon-Hole
variables (recall that the variables ¢; ;, €; j, h; j, v; j and ¢; j are just short-hand
notation for certain formulae over the Pigeon-Hole variables p; ;).

The final step is to show that the new refutation obtained in this way is a
correct cdF refutation, and that it is not much bigger than the original one. All
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axiom schemata as well as all derivation rules in Frege systems are closed under
substitution. Thus, the only potential problems are the clauses of Sperner,,. It
is straightforward, though rather tedious, task to verify that these clauses have
been transformed by the substitution into formulae that have trivial edF proofs
from the PHP"*! clauses. Thus, the new refutation is indeed a correct cdF
refutation of the negation of the Pigeon-Hole principle. Moreover, every variable
of the original refutation have been substituted by a formula of at most O (n)
Pigeon-Hole variables. Thus, the size of the new refutation is at most n.S where S
is the size of the original refutation. This completes the proof that our reduction
preserves cdF refutations, and, together with the well-known result that every
cdF refutation of PHP?t! is of size exponential in n, gives the main result of
the paper.

Proposition 1. FEvery cdF refutation of Sperner,, is of size exponential in n.

Finally, we turn our attention to

The Query Complexity of the Sperner Lemma. We shall reprove the optimal
deterministic query complexity lower bound from [7], and conjecture that the
same randomised lower bound holds.

Our proof is via the reduction from the Pigeon-Hole Principle: it is clear
that an £2 (¢ (n)) lower bound for PH P"** translates into an §2 (¢ (n) /n) lower
bound for Sperner, (as each Sperner variable is represented by a formula of at
most O ((n)) Pigeon-Hole variables).

We first prove an optimal Pigeon-Hole lower bound.

Lemma 1. Fvery deterministic algorithm that solves the search problem for
PHP! has to make at least n®/8 queries.

Proof. We shall present an adversary argument. The idea behind it is that the
adversary keeps pigeons/holes free, i.e. unassigned to a hole/pigeon, as long as
possible, and can survive as long as there are “few” busy, i.e. committed to a
hole/pigeon, pigeons/holes.

The adversary’s strategy is simple: for each pigeon or hole, the adversary
answers “no” to the first n/2 different queries regarding this pigeon/hole and a
free hole/pigeon. After the last such query the adversary makes the pigeon/hole
in question busy by assigning it to a free hole/pigeon. We claim that this is always
possible provided that the number of the busy pigeons and holes altogether is
smaller than n/2. Indeed, assume w.l.o.g. that the item in question is a pigeon.
There are exactly n/2 holes forbidden for that pigeon by the negative answers
plus fewer that n/2 holes forbidden because they have already been made busy.
Thus there is at least one hole that can be assigned to the pigeon in question.

To conclude the argument, assume the adversary gives up when the number
of busy items, pigeons and holes, reaches n/2. The algorithm has made at least
n/2 queries for each of these items, and in the worst case every “final” query (i.e.
the one that makes an item busy) makes two items busy at the same time - both
the pigeon and the hole mentioned by the query, so that at this stage, at least
n?/8 queries have been made in total. ]
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Combined with the initial observation, this results gives the following corollary.

Corollary 1. Fvery deterministic algorithm that solves the search problem for
Sperner, has to make £2(n) queries.

Under the plausible conjecture that the randomised query complexity of Pigeon-
Hole contradiction can be lower bounded by {2 (n2), we can conjecture that the
randomised and the deterministic query complexities of the Sperner Lemma are
the same.

Conjecture 1. Every randomised algorithm that solves the search problem for
Sperner,, has to make (2 (n) queries.

As far as the quantum query complexity is concerned, we do not believe that a
lower bound can be achieved through our reduction, the reason being that it is
very likely that the quantum query complexity of the Pigeon-Hole Principle is
as low as O (n) (it is believable that it is even o (n)).

4 Conclusion

We have shown a reduction from the Pigeon-Hole Principle to the classical
Sperner Lemma. The reduction proves that the Sperner Lemma is hard for
Constant-Depth Frege. It also gives an optimal deterministic query lower bound
for the corresponding search problem. We have conjectured that an optimal ran-
domised query lower bound can be proven in the same way: the open question,
which we would need to resolve, is to prove a quadratic randomised query lower
bound for the Pigeon-Hole contradiction.
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Many years ago, I wrote [7]:

It is truly remarkable (Godel . .. speaks of a kind of miracle) that it has
proved possible to give a precise mathematical characterization of the
class of processes that can be carried out by purely machanical means.
It is in fact the possibility of such a characterization that underlies the
ubiquitous applicability of digital computers. In addition it has made it
possible to prove the algorithmic unsolvability of important problems,
has provided a key tool in mathematical logic, has made available an
array of fundamental models in theoretical computer science, and has
been the basis of a rich new branch of mathemtics.

A few years later I wrote [§]:

The subject . .. is Alan Turing’s discovery of the universal (or all-purpose)
digital computer as a mathematical abstraction. ... We will try to show
how this very abstract work helped to lead Turing and John von Neu-
mann to the modern concept of the electronic computer.

In the 1980s when those words were written, the notion that the work by
the logicians Church, Post, and Turing had a significant relationship with the
coming of the modern computer was by no means generally accepted. What was
innovative about the novel vacuum tube computers being built in the late 1940s
was still generally thought to be captured in the phrase “the stored program
concept”. Much easier to think of this revolutionary paradign shift in terms
of the use of a piece of hardware than to credit Turing’s abstract pencil-and-
paper “universal” machines as playing the key role. However by the late 1990s
a consensus had developed that the Church-Turing Thesis is indeed the basis
of modern computing practice. Statements could be found characterizing it as a
natural law, without proper care to distinguish between the infinitary nature of
the work of the logicians and the necessarily finite character of physical comput-
ers. Even the weekly news magazine Time in its celebration of the outstanding
thinkers of the twentieth century proclaimed in their March 29, 1999 issue:

... the fact remains that everyone who taps at a keyboard, opening a
spreadsheet or a word-processing program, is working on an incarnation
of a Turing machine. . .

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 125-[I32 2006.
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Virtually all computers today from $10 million supercomputers to
the tiny chips that power cell phones and Furbies, have one thing in
common: they are all “von Neumann machines,” variations on the basic
computer architecture that John von Neumann, building on the work of
Alan Turing, laid out in the 1940s.

Despite all of this, computer scientists have had to struggle with the all-
too-evident fact that from a practical point of view, Turing computability does
not suffice. Von Neumann’s awareness from the very beginning of not only the
significance of Turing universality but also of the crucial need for attention in
computer design to limitations of space and time comes out clearly in the report

[3:

It is easy to see by formal-logical methods that there exist codes that are
in abstracto adequate to control and cause the execution of any sequence
of operations which are individually available in the machine and which
are, in their entirety, conceivable by the problem planner. The really
decisive considerations from the present point of view, in selecting a code,
are of a more practical nature: simplicity of the equipment demanded by
the code, and the clarity of its application to the actually important
problems together with the speed of its handling those problems.

Steve Cook’s ground-breaking work of 1971 establishing the NP-completeness of
the satisfiability problem, and the independent discovery of the same phenom-
enon by Leonid Levin, opened a Pandora’s box of NP-complete problems for
which no generally feasible algorithms are known, and for which, it is believed,
none exist. With these problems Turing computability doesn’t help because, in
each case, the number of steps required by the best algorithms available grows
exponentially with the length of the input, making their use in practice prob-
lematical. How strange that despite this clear evidence that computbility alone
does not suffice for practical purposes, a movement has developed under the
banner of “hypercomputation” proposing the practicality of computing the non-
computable. In a related direction, it has been proposed that in our very skulls
resides the ability to transcend the computable. It is in this context, that this talk
will survey the history of and evidence for Turing computability as a theoretical
and practical upper limit to what can be computed.

1 The Birth of Computability Theory

This is a fascinating story of how various researchers approaching from different
directions all arrived at the same destination. Emil Post working in isolation and
battling his bipolar demons arrived at his notion of normal set already in the
1920s. After Alonzo Church’s ambitious logical system was proved inconsistent
by his students Kleene and Rosser, he saw how to extract from it a consistent
subsystem, the A-calculus. From this, Church and Kleene arrived at their notion
of A-definability, which Church daringly proposed as a precise equivalent of the
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intuitive notion of calculability. Kurt Goédel in lectures 1n 1934 suggested that
this same intuitive notion would be captured by permitting functions to be spec-
ified by recursive definitions of the most general sort and even suggested one way
this could be realized. Finally, Alan Turing in England, knowing none of this,
came up with his own formulation of computability in terms of abstract ma-
chines limited to the most elemental operations but permitted unlimited space.
Remarkably all these notions turned out to be equivalent

2 Computability and Computers

I quote from what I have written elsewhere [9]:

... there is no doubt that, from the beginning the logicians developing
the theoretical foundations of computing were thinking also in terms of
physical mechanism. Thus, as early as 1937, Alonzo Church reviewing
Turing’s classic paper wrote [4]:

[Turing] proposes as a criterion that an infinite sequence of digits

0 and 1 be ’computable’ that it shall be possible to devise a

computing machine, occupying a finite space and with working

parts of finite size, which will write down the sequence to any
desired number of terms if allowed to run for a sufficiently long
time. As a matter of convenience, certain further restrictions are
imposed on the character of the machine, but these are of such

a nature as obviously to cause no loss of generality ...

Turing himself speaking to the London Mathematical Society in 1947
said [24]:

Some years ago I was researching what now may be described

as an investigation of the theoretical possibilities and limitations

of digital computing machines. I considered a type of machine

which had a central mechanism, and an infinite memory which

was contained on an infinite tape. This type of machine seemed to

be sufficiently general. One of my conclusions was that the idea of

'rule of thumb’ process and 'machine process’ were synonymous.
Referring to the machine he had designed for the British National Physics
Laboratory, Turing went on to say:

Machines such as the ACE (Automatic Computing Engine) may

be regarded as practical versions of this same type of machine.

Of course one should not forget that the infinite memory of Turing’s model
can not be realized in the physical world we inhabit. It is certainly impressive to
observe the enormous increase in storage capability in readily available comput-
ers over the years making more and more of the promise of universality enjoyed
by Turing’s abstract devices available to all of us. But nevertheless it all remains

1 I tell the story in some detail in my [7] and provide additional references. My account
is not entirely fair to Church; for a better account of his contribution see [21].
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finite. Elsewhere I’ve emphasized the paradigm shift in our understanding of
computation already implicit in Turing’s theoretical work [111,[12]:

Before Turing the ...supposition was that ...the three categories, ma-
chine, program, and data, were entirely separate entities. The machine
was a physical object ...hardware. The program was the plan for doing
a computation ... The data was the numerical input. Turing’s universal
machine showed that the distinctness of these three categories is an illu-
sion. A Turing machine is initially envisioned as a machine .. ., hardware.
But its code ... functions as a program, detailing the instructions to the
universal machine ... Finally, the universal machine in its step-by-step
actions sees the ...machine code as just more data to be worked on.
This fluidity ...is fundamental to contemporary computer practice. A
program . ..is data to the ...compiler.

One can see this interplay manifested in the recent quite non-theoretical book
[14], for example in pp. 6-11.

3 Trial and Error Computability as Hypercomputation

Consider a computation which produces output from time to time and which is
guaranteed to eventually produce the correct desired output, but with no bound
on the time required for this to occur. However once the correct output has been
produced any subsequent output will simply repeat this correct result. Someone
who wishes to know the correct answer would have no way to know at any given
time whether the latest output is the correct output. This situation was analyzed
by E.M. Gold and by Hilary Putnam [I5][19]. If the computation is to determine
whether or not a natural number n as input belongs to some set S, then it
turns out that sets for which such “trial and error” computation is available are
exactly those in the AJ class in the arithmetic hierarchy. These are exactly the
sets that are computable relative to a 0’ oracle, that is to an oracle that provides
correct answers to queries concerning whether a given Turing machine (say with
an initially empty tape) will eventally halt.

All of this has been well understood for decades. But now Mark Burgin in
his [2] proposes that this kind of computation should be regarded as a “super-
recursive algorithm”. This book is in the series Monographs in Computer Science
with distinguished editors. Yet it is hard to make any sense of the author’s claims
that these AY sets should be regarded as computable in some extended sense.
It is generally understood that in order for a computational result to be useful
one must be able to at least recognize that it is indeed the result sought. Indeed
Burgin goes much further, ascending the full arithmetic hierarchy and insistin,
that for all the sets in that hierarchy, “super-recursive algorithms” are availableé

2 Burgin’s book discusses a very large number of abstract models of computation
and their interrelationships. The present criticism is not about the mathematical
discussion of these matters but only about the misleading claims regarding physical
systems of the present and future.
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4 “Hypercomputation” Via Real Numbers as Oracle

The term “hypercomputation” was coined by Jack Copelan(ﬂ with particular
reference to Turing’s notion of computation with an oracle. He seems to believe
(or have believed) that Turing intended this abstract theoretical discussion as an
implied proposal to construct an actual non-Turing computable oracle, declaring
that the search was on for such. His hint at the physical form such an oracle
might take suggested that the information would be presented as the successive
digits of an infinite-precision real number. In another direction Hava Siegelmann
proposed computation by a model of computation using neural nets with infinite-
precision real numbers again playing a key role. In both cases (as I pointed out
in detail in my [9]), the claimed non-computability was nothing more than that
of the real numbers provided at the beginning.

5 The Human Mind as Hypercomputer

How nice to think that we can have a hypercomputer without having to work out
how to make one. Each and every one of us has one between our own ears! In their
book of over 300 pages [I], Selmer Bringsjord and Michael Zenzen make exactly
this claim. How finite brains are to manifest the necessarily infinite capability
implied by the word “hypercomputer” is never made clear.

Without making such outlandish claims, the illustrious mathematician and
physicist Roger Penrose has joined those who have attempted to harness Gédel’s
incompleteness theorem to demonstrate that the human mind transcends the ca-
pability of any conceivable computer [I7,[I8]. The argument is that any computer
programmed to generate theorems will be subject to the incompleteness theo-
rem, so that there will be some proposition (indeed of a rather simple form) left
undecided by that computer. Since, it is claimed, we can “see” that that very
proposition is true, we cannot be equivalent to such a computer. The fallacy (in
essence pointed out long ago by Turing) is that all we can really “see” is that
if the computer program is consistent, that is will never generate two mutually
contradictory assertions, then the proposition in question is true. Moreover, the
computer program will generate this same implication, being quite able to prove
that if it itself is consistent then that proposition is indeed true. So any claim
that we do better than the computer boils down to claiming that we can “see”
the consistency of the systems with which we work. But this claim is highly
dubious. The list of logicians who have seriously proposed systems of logic that
subsequently turned out to be inconsistent reads like an honor role[ Indeed the
distinguished mathematician and computer scientist Jack Schwartz has recently
even proposed as a serious possibility that the Peano postulates themselves might
be inconsistent [20].

3 For references to the writings of Copeland, Siegelmann, and Turing relevant to this
section, see [9].
4 1t includes Frege, Church, Rosser, and Quine.
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6 “Hypercomputation” Via Quantum Mechanics

Finally, a few words about the effort of Tien Kieu to use the Quantum Adiabatic
Theorem, a well-known and important result in quantum mechanics, to provide
a computational solution fo a problem known to be Turing non-computable.
The problem in question is Hilbert’s tenth problem which may be expressed as
follows:

Find an algorithm which given a polynomial equation in any number of
unknowns with integer coefficients will determine whether or not that
equation has a solution in positive integers.

Kieu’s proposed solution [I6] has been thoroughly criticized by people who un-
derstand quantum mechanics much better than I doE and I don’t propose to
say a great deal about it. But there is one point that I do want to make be-
cause it illustrates how blithely the hypercomputationists manage to be blind
to the significance of infinity. Kieu suggests that one way his method could be
used to determine whether the given equation has a solution is to observe, when
the process concludes, a tuple of positive integers, the “occupation numbers”.
These are then to be substituted into the given equation. Either they satisfy the
equation, in which case we know there is a solution, or they do not, in which
case Kieu assures us, the equation has no solutions. Now, evidently there are
equations that have positive integer solutions, but for which the least such so-
lution is enormous, for example so large, that to write the numbers in decimal
notation would require a space larger than the diameter of our galaxy! In what
sense could such numbers be read off a piece of equipment occupying a small
part of our small planet? And how can we suppose that it would be feasible to
substitute numbers of such magnitude into an equation and to carry out the
arithmetic needed to determine whether they satisfy the equation?

7 A Hypercomputational Physics?

Despite all of the above, it would be foolhardy to claim that no future device
will be able to compute the noncomputable. Indeed, it hardly needed the current
“hypercomputation” movement to call this to our attention. In 1958 I wrote [5]:

For how can we can we ever exclude the possibility of our being pre-
sented, some day ...with a ...device or “oracle” that “computes” a
noncomputable function?

However, on what basis could it be claimed that some device is indeed a “hy-
percomputer”? What would be required is an appropriate physical theory, a
theory that can be certified as being absolutely correct, unlike any existing the-
ory, which physicists see as only an approximation to reality. Furthermore the
theory would have to predict the value of some dimensionless uncomputable real

® See for example [22].
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number to infinite precision. Finally, the device would have to follow exactly the
requirements of the supposed theory. Needless to say, nothing like this is even
remotely on the horizon.

Elsewhere I wrote [10]:

The two pillars of contemporary physics are quantum mechanics and
relativity theory. So it was inevitable that relativity theory would be
brought to bear on solving the unsolvable. In [I3] Etesi and Nemeti
argue that conditions in the vicinity of certain kinds of black holes in the
context of the equations of general relativity indeed permit an infinite
time span to occur that will appear as finite to a suitable observer.
Assuming that such an observer can feed problems to a device subject
to this compression of an infinite time span, such a device could indeed
solve the unsolvable without recourse to Kieu’s miracle of an infinite
computation in a finite time period. Of course, even assuming that all
this really does correspond to the actual universe in which we live, there
is still the question of whether an actual device to take advantage of
this phenomenon is possible. But the theoretical question is certainly of
interest.
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Abstract. The centenary of Kurt Godel (1906-78) is an appropriate
occasion on which to assess his profound, yet indirect, influence on the
development of computer science. His contributions to and attitudes to-
ward that field are discussed, and are compared with those of other pi-
oneer figures such as Alonzo Church, Emil Post, Alan Turing, and John
von Neumann, in order better to understand why Goédel’s role was no
greater than it was.

Kurt Gédel’s impact on the development of computer science was at once semi-
nal and indirect. His (first) incompleteness theorem, published in 1931 and later
recast by Alan Turing in the guise of the Halting Problem, established bounds on
what is and is not computable (and more recently, has been invoked to demon-
strate that there can be no perfect virus checker [5]). In proving that theorem,
Godel gave a precise definition of the class of functions now called primitive
recursive, which he employed in a way that, as Martin Davis ([4], 120) has re-
marked, “looks very much like a computer program” and anticipated “many of
the issues that those designing [and using] programming languages” would later
face. Furthermore, he introduced the fundamental technique of arithmetization
of syntax (“Godel-numbering” ) — the first explicit instance in which one mathe-
matical data type (that of syntax) was represented by another (that of numbers)
for the purpose of computation.

During the years 1932-33, before the enunciation of Church’s Thesis, Godel
published two papers on decision problems for formulas of the predicate calcu-
lus, in one of which he established both that the validity of prenex formulas in
one prefix class is a decidable question, and that for an arbitrary formula, the
decision problem for validity is reducible to that of formulas in another such
prefix class. Then in 1934, in a series of lectures at the Institute for Advanced
Study, he went on to define the notion of general recursive function — one of
several definitions that were later proved to be equivalent and adduced as evi-
dence for Church’s Thesis]] Nevertheless, Godel was a bystander in the further
development of recursion theory. He came to accept Church’s Thesis only in the
wake of Turing’s characterization of abstract computing machines, and despite

1 Godel’s definition was based on a suggestion of Jacques Herbrand, which Herbrand
communicated to Godel shortly before his own untimely death in a mountaineering
accident. See [15] for a detailed analysis of that correspondence.
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his presence at the Institute for Advanced Study — where von Neumann and
others developed one of the earliest digital computing machines — he was never
involved in the physical realization of computers (nor, as Turing and von Neu-
mann were, with their applications to problems in ballistics, cryptography, or
the development of nuclear weapons).

Similarly, in 1936, in his short note [7], Godel stated an instance of what,
thirty years afterward, would be called a “speed-up” theorem — a topic that
subsequently became a major focus of research in computational complexity the-
ory. But he gave no proof of the result he stated there and did not pursue the
idea further. In 1956, however, he raised a related issue in a letter to von Neu-
mant? (then terminally ill and unable to reply) — a question closely related to
the P = NP problem that is today the central problem in theoretical computer
science

During his early years in Princeton Godel was in contact with several of the
pioneers of recursion theory, including Stephen C. Kleene, J. Barkley Rosser,
and Alonzo Church, and he also had correspondence with Emil Post, who had
come close to anticipating the incompleteness theorem twenty years before Godel
and whose approach to recursion theory foreshadowed the later development of
automata theory. Regrettably, however, after Godel’s emigration in 1940 there
is little documentary evidence to indicate how extensive his interaction was with
those, such as Church and von Neumann, who lived nearby.

Turing, too, was in Princeton during the years 1936-38, working on his doc-
torate. But Gédel was away then, incapacitated by an episode of depression, and
by the time he recovered Turing had returned to Britain and become involved
with the ultra-secret cryptographic work at Bletchley Park. That, and Turing’s
untimely death in 1954, is no doubt the reason the two never met. Surprisingly,
however — especially in view of their shared interest in the question whether
the capabilities of the human mind exceed those of any machine — they seem
never to have corresponded either.

In that regard, the contrast between Godel’s views and those of Post and
Turing is stark. For whereas Post sought to establish the existence of absolutely
unsolvable problems, in his Gibbs Lecture to the American Mathematical Society
in 1951 Godel maintained that the incompleteness theorems imply either that
“the human mind ...infinitely surpasses the powers of any finite machine” or
that “there exist absolutely unsolvable Diophantine problems”. (He did not fall
into the error, first advanced by J.R. Lucas and subsequently by Roger Penrose,
of asserting that the incompleteness theorems definitively refute mechanism; but
it is clear that he believed the first alternative in the above disjunction to be the
correct one.) And though, in a note he added in 1963 to the English translation
of his incompleteness paper, Godel conceded that Turing’s work had provided “a
precise and unquestionably adequate definition of the general notion of formal

% Published in [T3], 372-375.

3 See [I4]. The claims Gédel made in his 1936 paper and in his letter to von Neumann
attracted notice only posthumously. They were first verified by Samuel Buss in the
1990s. See in particular [I].
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system” — systems in which “reasoning ..., in principle, can be completely
replaced by mechanical devices” — he later maintainedt that Turing had erred
in arguing that “mental procedures cannot go beyond mechanical procedures.”
Specifically, Godel claimed that Turing had overlooked that the human mind
“in its use, is not static but constantly developing.” He argued that though at
each stage of its development “the number and precision of the abstract terms at
our disposal may be finite”, in the course of time both might “converge toward
infinity” , whence so might the “number of distinguishable states of mind” that
Turing had invoked in his analysis.

That criticism of Turing, however, seems quite unfounded. For between the
years 1948 and 1952 Turing had written and lectured on several occasiond] on the
question whether machines can be said to think. He had proposed a criterion —
the so-called “Turing test” — for judging whether or not they do, had cogently
rebutted many of the arguments adduced to show that they cannot (including
those based on the incompleteness theorems), and had stressed the possibility
of designing machines that would, like the human mind, be capable of learning.

Overall, then, how ought Gd6del’s role in the development of computer science
to be assessed? Certainly, he introduced many crucial theoretical ideas; and his
prescience, concerning such matters as the representation of data types and the
significance of questions related to the P = N P problem, is truly remarkable[d
He did not contribute to the further development of many of those ideas, but
that is in accord with his other mathematical work (in set theory, for example):
He was a path-breaker, eager to move on to new conquests while leaving follow-
up work to others; and his orientation was predominantly philosophical rather
than practical.

Indeed, in many respects Gédel was quite otherworldly, and some of his pro-
nouncements seem remarkably naive — such as his statement, in the Gibbs
Lecture, that if there are absolutely undecidable propositions, then mathemat-
ics must not be a creation of the human mind, because a “creator necessarily
knows all properties of his creatures, [which] can’t have any others than those
he has given them”. (To be sure, in the very next paragraph he admitted that
“we build machines and [yet] cannot predict their behavior in every detail.” But
he claimed that that was because “we don’t create ... machines out of nothing,
but build them out of some given material.” [??]). One is reminded of an ob-
jection to the idea of machine intelligence that Turing considered in his 1948
report “Intelligent Machinery” ([3], pp. 411-412): To claim that “in so far as a
machine can show intelligence, [that must] be regarded as nothing but a reflec-
tion of the intelligence of its creator”, is, Turing says, like claiming that “credit

* In a note ([9]) first published posthumously in vol. III of his Collected Works.

® See chapters 9-14 in [3].

% To appreciate just how remarkable, compare Godel’s idea of arithmetizing syntax
with the statement by computer pioneer Howard Aiken (in 1956!) that “If it should
turn out that the basic logic of a machine designed for the numerical solution of
differential equations coincides with [that] of a machine intended to make bills for
a department store, [that would be] the most amazing coincidence I have ever en-
countered.” (Quoted in [2], p. 43.)
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for the discoveries of a pupil should be given to his teacher”. “In such a case”,
he counters, “the teacher [shjould be pleased with the success of his methods of
education” but “[shjould not claim the results themselves unless he ... actually
communicated them to his pupil.”

Godel died in 1978, on the eve of the microcomputer revolution, so we are
left to wonder what he might have thought of that development. No doubt he
would have welcomed computers as tools for mathematical experimentation,
which might lead to the formulation of new conjectures and extend our mathe-
matical intuition. But I doubt he would have wavered in his belief that the power
of the human mind surpasses that of any machine, and that we possess the abil-
ity to solve any mathematical problem we are capable of posing — a belief he
shared with David Hilbert, despite his own incompleteness results, which had
shown Hilbert’s formalist program for securing the foundations of mathematics
to be unrealizable.
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Abstract. A theoretical approach to a novel design method for special
purpose processors for computable integral transforms and related oper-
ations is presented. The method is based on algebraic processor models
and Type-2 Theory of Effectivity and aims for specification formalization
and calculation reliability together with implementation feasibility. The
convolution operation is presented as a case of study.

Keywords: Theoretical VLSI design, Algebraic specification, Type-2
Theory of Effectivity, Online-arithmetic, Integral transforms, Convolu-
tion.

1 Introduction

Advances in Theoretical Computer Science provide new opportunities to deal
with problems in other Computer Science fields. Nevertheless, when trying to
apply them some feasibility barriers can appear. Scientific and engineering com-
puting raise increasing reliability demands according to complexity growth of
mathematical and physical modeling [I1]. In this context, Computable Analysis
deals with the computability and complexity issues so that to guarantee soft-
ware development reliability [5]. Research work concerned with correctness in
VLSI designs [9)[10] has produced remarkable formal approaches for specifying
and verifying processors using algebraic models [3][4][6]. In the field of Com-
puter Arithmetic, the precision features of IEEE 754 floating point arithmetic
limit the hardware support possibilities for Scientific Computing applications
[8]. In this context, we recall the advances achieved in online-arithmetic for vari-
able precision numerical calculations [2]. With respect to technology trends, we
remark the sustained on-chip memory increase and the recent development of
hybrid chips. This approach consists of a conventional CPU with reconfigurable
hardware, allowing ad-hoc implementation of end user operations with the low
cost advantages stemming from high scale manufacturing processes [I].

From the point of view of Computer Architecture, correctness and computabil-
ity criteria are conventionally considered hardly applicable issues due to the lim-
ited utility of mathematical processor models and the inherent limited nature
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of physical hardware resources, respectively. Nevertheless, we consider that the
current technology achievements provide new opportunities to introduce par-
adigms of correctness and computability in hardware support design for high
performance scientific calculation tasks.

This research is focused on hardware support design for numerical integral
transforms and related calculations in L, (R). We focus our interest in the con-
volution operation as it appears in a wide range of scientific calculations. In this
paper we present a novel method for special purpose processor design. A speci-
fication of a processor for L, (R) function convolution is developed as a case of
study. The method embeds two paradigms: The Fox-Harman-Tucker algebraic
processor model [4][6] and Type Two Theory of Effectivity (TTE) [I1]. The
conceptual sketch of the method (Figure 1) gathers the main decision processes

(ovals), outputs and inputs (squares), transitions (solid lines) and feedbacks (dot
line arrows).

N

g g " -
S1-Formalizing
. the Problem the Problem

S2-Analysing
Computability

Type-2 Theory of Effectivity

S4-Hardware
Implementation

S3-Specifying
the Processor

Algebraic
Specification |

S5-Evaluating
and Verifying
the Proposal

Fig. 1. Application of algebraic models and TTE in the design process of a special
purpose processor

An informal description of the calculation problem (S0) feeds the problem
formalization stage (S1), which provides a mathematical expression of the calcu-
lation, the requirements and restrictions for the hardware support and a set of
test scenarios. The computability analysis process (S2) is input with the mathe-
matical expression and the precision requirements. It outputs algorithms based
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on computable representations and complexity results. The processor specifica-
tion stage (S3) is fed up by the requirements and restrictions produced in S1 and
by the computable algorithms obtained in S2. This stage outputs a high level
processor specification for a TTE-computable calculation. The hardware imple-
mentation process (S4) takes as inputs the global restrictions and requirements
from S1 and the algebraic specification from S4 so that to produce a hardware
prototype. The final stage (S5) is devoted to the evaluation and verification of
the processor specification and the prototype. The verification can be carried
out using specific tools for each of the design levels introduced. Finally, the
performance of the prototype can be evaluated according to the test scenarios
proposed. A feedback to stages S2, S3 and S4 can be obtained by evaluating the
prototype.

This method aims for obtaining the benefits which stem from the specifica-
tion of the processor using formal methods (the algebraic model) and from the
calculation reliability introduced by a TTE approach, which is suitable for defin-
ing variable precision schemes. The paper is organized in the following sections:
after this introduction, the problem formalization for the design of the convolu-
tion processor is developed in Section 2; the computability analysis is carried out
in Section 3 and the processor algebraic specification is developed in Section 4.
Finally, Section 5 summarizes the conclusions drawn from this paper. The com-
plexity analysis of the convolution algorithm is omitted due space constraints.
The algebraic verification and the hardware implementation evaluation are out
of the scope of this paper.

2 Formalizing the Problem

The formalization of the specialized processor for function convolution calcula-
tion begins with a precise definition of the operations and mathematical objects
involved. Next, a list of requirements and restrictions to be considered along
the design process is developed. Finally, the mathematical expression of the cal-
culation together with the system requirements and restrictions would help in
describing the test scenarios for evaluating the prototype.

2.1 The Convolution Operation

The convolution operation between two functions outputs a function which ac-
cumulates the product of one of the input functions with a flipped and shifted
version of the other input function. We define it as in [12]:

ha) =@ = [ fe-nawa= [ foae-vd. )

Particularly, we consider the convolution in the separable Banach space L1 (R)
of Lebesgue-measurable integrable functions on R with values in C with the norm
|l equal to [|f (x)|dA (z) and A denoting the Lebesgue measure.
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2.2 Requirements and Restrictions

We propose the following requirements and restrictions to be considered through-
out the design process of the processor: heterogeneous data sources such as those
obtained from symbolic calculation programs and real world data series; scal-
ability features for calculation parallelization; variable precision capabilities to
support a wide range of calculation precision requirements; finally, calculation
time restrictions and result quality management.

3 Analyzing Computability Issues

We recall the interest of introducing computability criteria so that to preserve re-
liability in numerical calculations. Among the whole approaches to Computable
Analysis, TTE resembles to be one of the most accepted theories [I1]. We remark
two motivating facts: first, the TTE computability concept is based on tangible
representations for computable objects via concrete naming systems and real-
izations; second, data features and data flow design are considered some of the
keystones in computer architecture specification.

The process of analyzing computability given a mathematical expression pro-
vides a collection of algorithms based on effective representations. The level of
abstraction of the representation objects and arithmetic operations involved has
to be suitable for hardware implementation. Furthermore, depending on the rep-
resentation features, a problem complexity analysis could be carried out.

3.1 Computable Representations for L; (R) Spaces

Previous work in TTE computability on L, (R) spaces, distributions and convo-
lution operation can be found in [7)[II][I2]. In these research works the TTE-
computability is introduced by effective and computable metric spaces or limit
spaces and achieved by approximations by infinite fast converging sequences of
rational step functions or truncated polynomials.

Due to the nature of source functions and considering arithmetic implemen-
tation feasibility, rational step functions (or simple functions) are chosen as the
basis for our representation. Let RSF := {37 ( X(a;p:)Ci : @i < b| n € N,
a;,b; € Q, ¢; € Q?} be the set of step functions in R with rational values defined
by characteristic functions x4, ,) over intervals with rational endpoints a; and
b;. The set RSF is a countable dense subset of the space L; (R) as every inte-
grable measurable function can be approximated by measurable step functions
in the norm |-| and every measurable subset of R can be approximated from
above by open sets with respect to the Lebesgue measure [7].

Rational Step Function Representation. Let X' = {1,0,1} be a finite set.
Let X* and X" denote the sets of finite and infinite sequences over X, re-
spectively. We introduce the normalized representation v,,sq4 to codify names of
rational numbers with exponent e € Z and mantissa m € Q in v4q [11], Def. 3.1.2.
and 7.2.4]. This aims for simplifying the arithmetic operators.
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vl c X —Z,
all a,...ag € X* for n >0,
dom (v5;?) =< a; € ¥ for i <mn,
an #0, if n >0 and apan,—1 ¢ {11,11}, if n > 1,
Vil (an ... ap) := psa (an ... ag0").
Z/S’n'dlﬂn :C E* RN Q7
dom (V") := {uev | u = 0,v € X*, uev0" € dom (psa)},
VIO (Ug) 1= psq (Uev0™) .
Vnsd :C X — Qv
dom (Vpsq) := {expman]| exp € dom (v,,"), man € dom (v7™)},  (3)
Unsd (€xpman) := vgq (exp -man) .

The following representation for rational step functions is proposed:

apst :C ¥* — RSF,

dom (a'st) == {nrih {(ab) (cgrer)y - - - (ab) (crer),,} |

n € dom (vy) and 1,1, h,a,b,cr,cr € dom (Unsq)}, (4)
a5t (nrlhs) = (nrlh {s1...sp}) =
t(n)e(rye@)e(h)e(e{e(s1)...t(sp)}),with s; = (ab) (crer);

where vy is a standard TTE binary notation for natural numbers [11), Def. 3.1.2].
The representation codifies names of rational step functions by the following
word pairing: n is the number of steps of a given rational step function; r is the
partition size for the function range related to the Lebesgue integral, [ and h
are the lower an upper rational numbers which define the domain of the rational
step function and, finally, (ab) is the step domain interval and its corresponding
step value (cg,cr) € Q2.

L; (R) Function Representation. Define the representation oy, ) of the
functions f € L; (R) as a sequence of rational step functions:

Qr, (R C XY — Iy (R) (5)
dom KO‘Ll(R)) =A{pop1...pi... € X" | p; € dom (o35t , i € N}.

Let p € dom (aLl(R)) with p = pop1 ..., pi € dom (a/35%),1=0,1,.... The
sequence p = pop; - .. must fulfil the convergence condition ||f — 54|z, &) < 27,
where f = o, ®)(p) and s; = a'7éi(pi) (see [11I, Ex. 8.1.8]).

The next algorithm for oy, () representation is proposed:

1. Let f1, fo € L1 (R) and pl,p2 = X (initialization to empty word).

2. Choose an initial partition size for the function range step r € Q. Then,
obtain the corresponding function domain partitions.

3. Construct rational step functions s1,s2 for f1,fs according to afy$f features.
An approximation in Q2 with k significative digits is obtained for each step.

4. Rearrange the rational step functions s1,s2 achieving a ”reverse compatible
partition scheme” for f1,fs in order to ease the calculation of the convolution.
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5. Check the convergence condition for the sequence of rational step functions
plsl and p2s2. If the condition is fulfilled, update pl and p2 by concatenat-
ing sl and s2 to the corresponding sequence. If not, perform new interval
splitting into halves with r = 7 together with an increment k = k + Ak,
according to the precision requirements established. If » and k exceed the
values established, then stop; else, go to step 3.

Representations for discrete functions can be obtained in a similar way, con-
sidering value interpolation where necessary.

All the operations involved in the algorithm proposed for building the source
functions are TTE computable: minimum, rational number k—digit truncating
and rational number division and addition.

Convolution Between Rational Step Functions. The resulting sequence

of rational step functions obtained from the convolution operation has conver-

gence features due to the nature of the source representations. A TTE effective

representation p = po, p1, ... € dom (v, (r)) will be achieved by checking the con-

vergence condition ||f — s;||, @) < 27%, with f = ap, (&) (p) and s; = o755 (pi).
The convolution algorithm:

f=rfife,..€e X% g=g192,... € X", fi,9; € dom (a'3$%)
ViiNg, fi€ f.gi€g, i =12 .. 6)
hi = fi * gi.

The following inner operations are codified and concatenated for each rational
step function convolution result:

hi.nzfi.n—kgi.n—l,
hivr = fiar,

hiol = fiul, hl.h—( h—f;
his(a); = fi«(a
(0); = fi- (b
(c

D)+ (gieh—gisl),
)%w (7)
I)j = Zk:o fi«(crCr), - Gi s (CRCI)[j_k] )

hi . (abcch)j h
R

'l

j = 17...7]7,1‘ .

The abstractions embedded in the function names, which are, namely the
number of steps n, range step size r, lower interval limit [, upper interval limit
h and step values a, b, cg, cy are accebsed with the operator ”.”. This operator,
which is not formally developed due to space constraints, extracts the corre-
sponding abstractions within the RSF name. Remark that the arithmetic oper-
ations ”+”,”7—" and ”-” are computable with respect to the vsq representation.

4 Specifying the Convolution Processor

The first part of this section introduces a functional specification of the processor.
Next, an algebraic specification at programmer’s level is presented. The last part
deals with a proposal for filling the implementation gap between TTE and the
algebraic processor model by means of a set of memory mapping functions.
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4.1 Functional Specification

The processor consists of five main modules: the system bus interface, the control
unit, the processor memory and the RSF arithmetic unit. The system bus inter-
face provides external control and scalability management for multiple processing
units. The control unit has an instruction decoder which feeds a microinstruction
encoder. This module translates the high abstraction level processor instructions
into simpler machine instructions, which are associated to the datapath and the
control signals of the bus. The control unit manages the arithmetic logic unit
(ALU) and the register banks. It also interfaces the memory module an the RSF
arithmetic unit. The memory module is split in two memory areas: the program
area and the data memory area. The RSF arithmetic unit provides support for
online arithmetic operations for parts of the computable RSF representations,
attending to RSF word function name stride, pipes, precision, interval step and
available calculation time provided during the processor configuration stage.

The instruction set of the processor consists of five instructions conceived for
external interfacing throughout the processor program memory:

— Status request(): IdleV BusyV Error(1). Provides the status of the processor.

— Configuration request(): (pNum, wStride, nPipes, [Prec, hPrec, tAvail, tOP,
addH, addF, addG)V Error (2,..,11). Provides information about the config-
uration of the processor: pNum is the processor number; wStride is the RSF
stride used for coordinating a calculation carried out by multiple processing
units; nPipes is the number of arithmetic pipes ;IPrec and hPrec are the
lower and higher precision bounds; tAwail is the available calculation time;
tOP is the single operation time for a given precision; addH, addF and addG
keep the memory base address for the source functions f and g and the result
function h. Returns the number of operations done when halted.

— Configuration set(pNum, wStride, nPipes, [Prec, hPrec, tAvail, tOP, addH,
addF, addG): AckVN Error (12,...,21). Processor configuration instruction.

— Halt(): Ackv OPsV Error(22). This is an instruction with priority for stop-
ping the processor. It returns the number of operations done.

— Convolution(): Ackv OPsV Error (23,...,55). Returns the number of opera-
tions done when the operation is halted.

According to our estimations based on an algorithmic approach, a program
counter PC' and four banks of registers are needed:

— Configuration Registers (CR): PN (processor number), WS (word stride),
NP (arithmetic pipes), LP and HP (precision bounds), T'A (calculation
time available) and T'O (operation time).

— Base-Address Registers (BA): AH «—addH, AF —addF, AG «—addG.

— Status Registers (SR): CI for the current instruction, OR for result storage,
RA result storage address, OC' for operation counter.

— Arithmetic Registers (AR). Provide arithmetic support (32 registers).
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4.2 Algebraic Specification. Programmer’s Level

By introducing an algebraic model for the processor specification formal behavior
methods over time and data representation as well as operations can be isolated.
In this section, an algebraic specification of the processor at programmer’s level
is developed following [6]. The instruction delay is chosen as abstract system
clock T'. The next subsection develops the state and the next-state algebras.

The State and Next-State Algebras. The processor state consists of the pro-
gram counter PC, the register banks CR, BA, SR, AR and the memory system.
The program memory PM and the data memory DM are modeled as a mapping
of a subset of the natural numbers into  the  binary
numbers: PM, DM :C N x B2, N C dom (vy) and B2 C dom (vp2). PM also
holds the instructions execution results. The state of the machine is defined by
Cc=PC xCRx BAxSRx AR x Mem, with Mem = PC — PM U DM.
There are 5 inputs with the corresponding outputs:

IIn = {Stat req(), Conf req(), Conf set(nPs,...), Halt(), Conv()} (8)
IO0ut = {IdleV Busy V Error(1l), ..., Ack\V OPsV Error(23,...,55)

Therefore, input is defined as In = IIn x PC and output as Out = IOut x
SR.CI x Mem. The state algebra can be expressed as:

Algebra Convolution Processor State

Sets T, Cc, In,Out, [T — In]

Operations CC : T x Ce x [T — In] — Cc x Out

End Algebra

CC is defined as:

CCI (O,Q,Z) =49,
CCy(t+1,9,i) = cc(CCy (t,g,1),i(t)), 9)
CCsy (Oa g, Z) = out (CCl (ta g, Z)) ;

where cc : Cc x In — Cc is the next-state function, and out : Cc — Out is
the output function. Hence, the next-state algebra is defined as:
Algebra Convolution Processor Next-State
Sets T, Cc, In,Out, [T — In]
Constants 0: 7T
Operations t+1: 7T — T
cc:Cex In— Cc
out : Cc — Out
eval : T x [T — In] — In
End Algebra
The stream evaluation function eval : T x [T — In] — In, is defined by
primitive recursive functions over the next-state algebra.

4.3 Data Memory Organization

The implementation in memory of source and result functions can be done by
mapping every abstraction of a function name p € dom (a Ll(R)) into a memory
designed as an address space M :C N x B2, N C dom (vy) and B2 C dom (vp2).
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addrF
—NumRSFs NumSteps
IAddrRSF1 _I_> [AddrRangeStep | »>NumAddrExp
AddrRSF2 AddrLInterval ‘:gj:f"l’i* ExpN*
A 3 i - Addr_expl- —r
IAddrRSF3 ijgllls-lllntcr\al NamAddrdon _rManl
NumRSFs | [Addr =
IAddrRSFN T IAddrRSFL | |--- puclic ol [ManN*
IAddrE2 ~ AddrSN Addr_manl-
S| UL
AddrF3 o Addr_a NumAddrExp
Addr b JvAddr_expl‘r Manl®
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Addr_ci NumAddrMan yh [anN"
IAddr_manl*
Addr manl-

Fig. 2. Data memory mapping of a RSF representation

A realistic memory organization with flexibility criteria suggests the intro-
duction of indirect addressing in the mapping process (see Fig. 2). This way,
we introduce a set of mapping functions according to the different abstractions
within the function name p € dom (o, ®)). Their formal definition is omitted
due to space constraints.

PheadName : Maps the starting function representation address.

Paddrr : maps the amount of RSFs and their corresponding addresses.

PaddrrsF : maps the number of steps and the address for the step size, the
lower and upper intervals of a RSF and the step addresses.

DheadStep - Maps the addresses for the step values.

DaddrRangeStep,PaddrLIntsPaddrHInt: Map the number of addresses and initial
addresses for exponent and mantissa of range step and interval bounds.

PaddrAsPaddr BsPaddrCrsPaddrci: Mmap the number of addresses and initial ad-
dresses for exponent and mantissa of step data (domain and value in Q2).

PRangeStep Plinterval sPhinterval sPasPb, PCr,PCi- MaP the values of the Step Sizea
lower interval, upper interval and the step using a conversion type from the
normalized signed digit representation into positive and negative string parts in
vy so that to use online arithmetic operators (see [2, Ch. 9]).

5 Conclusions

A novel theoretical approach for special purpose processor design based on Type
Two Theory of Effectivity and the Fox-Harman-Tucker algebraic processor spec-
ification model has been presented. The TTE approach, which is based on a
Type-2 Turing Machine computability model, provides criteria about the man-
agement of the calculation precision according to realistic limited memory re-
sources, as the computable representations involved in the calculation embed
precision features. In addition, the representation is based on signed digit val-
ues which are suitable for specific hardware support based on online arithmetic
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operators. The algebraic model of the processor provides a formal framework not
only for describing and verifying the processor but also for filling the gap within
the TTE model and a feasible implementation of a special processor. The rela-
tionship between TTE and algebraic processor model has being established by a
partial mapping of the TTE representation into a conventional memory modeled
as an space of memory addresses indexed by a finite subset of natural numbers.
As a case of study, a formal specification of a processor for TTE computable
convolution operation in L; (R) has been proposed.

As future work, the development of the whole specification process, including
the abstract circuit level and the verification sketch, is being developed. We
expect to obtain a formal specification of an hybrid general purpose processor
embedding FPGA capabilities. With respect to the hardware implementation,
a VHDL model of the Rational Step Function Arithmetic Unit based on the
datatypes developed in this research is being carried out.
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Abstract. A computer is classically formalized as a universal Turing
machine. However over the years a lot of research has focused on the com-
putational properties of dynamical systems other than Turing machines,
such cellular automata, artificial neural networks, mirrors systems, etc.

In this talk we review some of the definitions that have been proposed
for Turing universality of various systems, and the attempts to under-
stand the relation between dynamical and computational properties of a
system.

1 What Is a Dynamical System?

A dynamical system is intuitively anything that evolves in time. In this talk we
mainly consider deterministic, discrete-time systems, given by an evolution map
f X — X, where X is the state space, or configuration space. A state x is
transformed into f(z), then f(f(x)), and so on.

Examples include Turing machines, cellular automata, subshifts, piecewise
affine maps, piecewise polynomial maps and neural networks.

We may also be interested in continuous-time systems, usually defined by a
differential equation on (a part of) R™.

Here we do not consider quantum universal systems; see for instance [7].

2  What Is Universality?

We are interested to solve decision problems on integers, e.g., primality, by means
of a dynamical system.

Informally, a universal dynamical system is a system with the same comput-
ing power as a universal Turing machine. Thus, a universal system can be used
to (semi-)solve the same decision problems as a universal Turing machine.

Note that in this talk we are only interested in solving decision problems on
integers, while computable analysis deals with computable functions and decision
problems on the reals (e.g., checking invertibility of a real-valued matrix). See
for instance [23[3,19.[17] on computable analysis.

Also, we do not consider systems with super-Turing capabilities, as done for
instance in [20,[4].
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Note that here we do not define universality as the ability to ‘simulate any
other system’. See for instance [18] for such a notion of universality in the case
of cellular automata.

3 Point-to-Point and Point-to-Set Universality

The most remarkable feature of a universal Turing machine is r.e.-completeness
of its halting problem. In fact, Davis [5] considered this property as the very
definition of universality for a Turing machine.

Following that idea, we can say that a system f : X — X is universal
if its point-to-point or point-to-set reachability problem is r.e.-complete. The
reachability problem goes as follows: we are given two points z and y (‘point-
to-point’) or a point z and a set Y (‘point-to-set’), and the question is whether
there is a t such that f'(z) =y or fi(x) €Y.

Such a definition is meaningful only if we restrict ourselves to countable
families of points =, y and sets Y.

In cellular automata, point-to-point reachability with almost periodic config-
urations (made of a same pattern indefinitely repeated except for finitely many
cells) is usually considered. For instance the automaton 110 and the Game of
Life are universal according to this definition. Why almost periodic configura-
tions and not a wider, or smaller, countable family of points? This is discussed
in [21].

For systems in R™, points with rational coordinates and sets defined by poly-
nomial inequalities with rational coefficients (e.g., polyhedra or euclidian balls)
are usually considered. The choice of rational numbers seems to be guided by
simplicity only.

Let us give some examples of universal systems according to this definition.

— A piecewise-affine continuous map in dimension 2 [9]. This map is defined
by a finite set of affine maps of rational coefficients, on domains delimited
by lines with rational coeflicients.

— Artificial neural networks for several kinds of saturation functions [20].

— A closed-form analytic map in dimension 1 [10].

We can define in a very similar way universal systems in continuous time.
Examples of such systems are:

— A piecewise-constant derivative system in dimension 3 [2]. The state space
is partitioned on finitely domains delimited by hyperplanes with rational
coeflicients, and the vector field is constant with a rational value on every
domain.

— A ray of light between a set of mirrors [14].

A variant to the choice of rational points is proposed in [I6]: the system is
endowed with a special point, call it 0, and two functions fy and fi. Then the
initial condition fo fof1f0(0), say, encodes the binary word 0010. So instead of
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choosing a countable family of initial conditions, we can choose an initial point
and two functions.

3.1 Set-to-Set Universality

Following step by step Turing’s original argumentation to build his machines,
another definition of universality is elaborated in [6], that holds for symbolic
system. Symbolic systems are those whose states are sequences of symbols, such
as Turing machines, cellular automata and subshifts.

The basic ingredient is to consider a set-to-set reachability problem. Sets
are chosen as cylinders, i.e., sets of configurations characterized by the value
of finitely many cells. The system is said to be universal if the existence of a
trajectory going from one given cylinder to another is r.e.-complete to decide.
Actually, variants of reachability are considered as well, such as the existence
of a trajectory from given cylinder to another cylinder, then reaching a third
given cylinder, or more generally any property that can be observed by a finite
automaton.

This definition avoids the somewhat arbitrary choice of a countable family
of initial states.

3.2 Robust Computation

Is universality preserved when the dynamics is perturbed by some noise?

In the point-to-point or point-to-set universality, the least uncertainty on the
initial condition can a priori completely destroy the computation. In fact, ensur-
ing that a physical system is, e.g., in a rational state is obviously an impossible
task in practice. The set-to-set universality is less sensitive to perturbation on
the initial state. In any case, the question remains if a noise is applied that would
slightly perturb every step of the computation.

It has been shown that many reachability problems become decidable when
perturbation is added to the dynamics; see for instance [1L[12L8].

4 A Universal System: What Does It Look Like?

What is the link between the dynamics of a system and its computational capa-
bilities?

Wolfram proposed a loose classification of 1-D cellular automata based on
the patterns present in the space-time diagram of the automaton; see [24]. He
then conjectured that the universal automata are in the so-called ‘fourth class’,
associated to the most complex patterns.

Langton [I1] advocated the idea of the ‘edge of chaos’, according to which
a universal cellular automaton is likely to be neither globally stable (all points
converging to one single configuration) nor chaotic. See also [13] for a discussion.
Other authors argue that a universal system may be chaotic; see [20].

However it seems difficult to prove any non-trivial result of this kind with
the point-to-point definition of universality. Moreover a countable set of points
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can be ‘hidden’ in a very small part of the state space (nowhere dense, with zero
measure for instance), so the link between this set and the global dynamics is
unclear in general.

The set-to-set definition of universality for symbolic systems is more treatable
from this respect. In particular, it can be proved [6] that a universal system
according to this definition has at least one proper closed subsystem, must have
a sensitive point and can be Devaney-chaotic.

5 Decidability vs. Universality

System theorists are often interested by another kind of problem. We consider
a countable family of systems. One must check whether a given system of the
family has some fixed dynamical property. Note the difference with universality,
where we consider a family of points/subsets in a single dynamical system.

For instance, it was proved [22] that global stability (all trajectories uniformly
converge to 0) is undecidable for saturated linear systems with rational entries
in dimension 4. A saturated linear system is a map = — ocAx, where A is
a linear map (with rational entries) and o is the saturation function applied
componentwise: o(z) = z if x € [-1,1], o(z) = 1if 2 > 1 and o(z) = -1 if
< —1.

6 Conclusion: What Is a Computer?

The search for universal computation in dynamical systems has lead to a great
diversity of results associated to a great variety of definitions. The emergence
of natural computing and quantum computing makes it only more crucial to
understand what exactly we mean by computer.

A desirable achievement would thus be to relate definitions and results in a
common general framework. This could perhaps lead to a precise understanding
of how computational capabilities emerge from the purely dynamical properties
of a system.

A motivation can be the characterization of physical systems able of compu-
tation. For instance, we can ask whether a gravitational N-body system [14], or
a fluid governed by Navier-Stokes equations [15], is universal.
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Every Sequence Is Decompressible from a
Random One*

David Doty

Department of Computer Science, lowa State University, Ames, IA 50011, USA
ddoty@iastate.edu

Abstract. Kucera and Gacs independently showed that every infinite
sequence is Turing reducible to a Martin-Lof random sequence. We ex-
tend this result to show that every infinite sequence S is Turing reducible
to a Martin-Lo6f random sequence R such that the asymptotic number
of bits of R needed to compute n bits of S, divided by n, is precisely
the constructive dimension of S. We show that this is the optimal ratio
of query bits to computed bits achievable with Turing reductions. As an
application of this result, we give a new characterization of constructive
dimension in terms of Turing reduction compression ratios.

Keywords: Constructive dimension, Kolmogorov complexity, Turing
reduction, compression, martingale, random sequence.

1 Introduction

An (infinite, binary) sequence S is Turing reducible to a sequence R, written
S <7 R, if there is an algorithm M that can compute S, given oracle access to
R. Any computable sequence is trivially Turing reducible to any other sequence.
Thus, if S <7 R, then intuitively we can consider R to contain the uncomputable
information that M needs to compute S.

Informally, a sequence is Martin-Lof random [Mar66] if it has no structure that
can be detected by any algorithm. Kucera [Kuc85, Kuc89] and Gécs [GAc86] inde-
pendently obtained the surprising result that every sequence is Turing reducible
to a Martin-Lof random sequence. Thus, it is possible to store information about
an arbitrary sequence S into another sequence R, while ensuring that the stor-
age of this information imparts no detectable structure on R. In the words of
Gécs, “it permits us to view even very pathological sequences as the result of the
combination of two relatively well-understood processes: the completely chaotic
outcome of coin-tossing, and a transducer algorithm.”

Gécs additionally demonstrated that his reduction does not “waste bits of R.”
Viewing R as a compressed representation of S, the asymptotic number of bits
of R needed to compute n bits of S, divided by n, is essentially the compression

* This research was funded in part by grant number 9972653 from the National Science
Foundation as part of their Integrative Graduate Education and Research Trainee-
ship (IGERT) program.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 153-[I62 2006.
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ratio of the reduction. Gacs showed that his reduction achieves a compression
ratio of 1; only n+o(n) bits of R are required to compute n bits of S. Merkle and
Mihailovié¢ [MMO04] have provided a simpler proof of this result using martingales,
which are strategies for gambling on successive bits of a sequence.

Lutz [Lut03b] defined the (constructive) dimension dim(S) of a sequence S as
an effective version of Hausdorff dimension (the most widely-used fractal dimen-
sion; see [Haul9, [Fal90]). Constructive dimension is a measure of the “density of
computably enumerable information” in a sequence. Lutz defined dimension in
terms of constructive gales, a generalization of martingales. Mayordomo [May02]
proved that for all sequences S, dim(S) = li,?iio%f K(ir"), where K(S [ n) is the

Kolmogorov complexity of the nt" prefix of S.

Athreya et. al. [AHLMO04], also using gales, defined the (constructive) strong
dimension Dim(S) of a sequence S as an effective version of packing dimen-
sion (see [Tri82l [Sul84l [Fal90]), another type of fractal dimension and a dual
of Hausdorff dimension. They proved the analogous characterization Dim(S) =

K(SIn

lim sup ). Since Kolmogorov complexity is a lower bound on the algorithmic

n—oo
compression of a finite string, dim(S) and Dim(S) can respectively be consid-
ered to measure the best- and worst-case compression ratios achievable on finite
prefixes of S.

Consider the following example. It is well known that K, the characteristic
sequence of the halting language, has dimension and strong dimension 0 [Bar68§].
The binary representation of Chaitin’s halting probability 2 =,/ 1 2~ M|
(where M ranges over all halting programs and | M| is M’s description length)
is an algorithmically random sequence [Cha75|. It is known that K <t {2 (see
[LV97]). Furthermore, only the first n bits of {2 are required to compute the
first 2™ bits of K, so the asymptotic compression ratio of this reduction is 0.
{2 can be considered an optimally compressed representation of K, and it is no
coincidence that the compression ratio of 0 achieved by the reduction is precisely
the dimension of K.

We generalize this phenomenon to arbitrary sequences, extending the result
of Kucera and Géacs by pushing the compression ratio of the reduction down
to its optimal lower bound. Compression can be measured by considering both
the best- and worst-case limits of compression, corresponding respectively to
measuring the limit inferior and the limit superior of the compression ratio on
longer and longer prefixes of S. We show that, for every sequence S, there is
a sequence R such that S <t R, where the best-case compression ratio of the
reduction is the dimension of S, and the worst-case compression ratio is the
strong dimension of S. Furthermore, we show that the sequence R can be chosen
to be Martin-Lof random, although this part is achieved easily by simply invoking
the construction of Gécs in a black-box fashion. The condition that R is random
is introduced chiefly to show that our main result is a strictly stronger statement
than the result of Kucera and Gécs, but the compression is the primary result.
Our result also extends a compression result of Ryabko [Rya86], discussed in
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section [ although it is not a strict improvement, since Ryabko considered two-
way reductions (Turing equivalence) rather than one-way reductions.

One application of this result is a new characterization of constructive di-
mension as the optimal compression ratio achievable on a sequence with Turing
reductions. This compression characterization differs from Mayordomo’s Kol-
mogorov complexity characterization in that the compressed version of a prefix
of S does not change drastically from one prefix to the next, as it would in the
case of Kolmogorov complexity. While the theory of Kolmogorov complexity as-
signs to each finite string an optimally compact representation of that string —
its shortest program — this does not easily allow us to compactly represent an
infinite sequence with another infinite sequence. This contrasts, for example, the
notions of finite-state compression [Huf59] or Lempel-Ziv compression [ZL78],
which are monotonic: for all strings x and y, x C y (x is a prefix of y) implies
that C(x) E C(y), where C(x) is the compressed version of z. Monotonicity en-
ables these compression algorithms to encode and decode an infinite sequence —
or in the real world, a data stream of unknown length — online, without needing
to reach the end of the data before starting. However, if we let 7(z) and 7(y)
respectively be shortest programs for x and y, then = C y does not imply that
7(x) C 7(y). In fact, it may be the case that w(x) is longer than 7(y), or that
m(x) and 7(y) do not even share any prefixes in common.

Our characterization of sequence compression via Turing reductions, coupled
with the fact that the optimal compression ratio is always achievable by a sin-
gle oracle sequence and reduction machine, gives a way to associate with each
sequence S another sequence R that is an optimally compressed representation
of S. As in the case of Kolmogorov complexity, the compression direction is in
general uncomputable; it is not always the case that R <t S.

2 Preliminaries

2.1 Notation

All logarithms are base 2. We write R, Q, Z, and N for the set of all real numbers,
rational numbers, integers, and non-negative integers, respectively. For A C R,
AT denotes AN (0,00).

{0,1}* is the set of all finite, binary strings. The length of a string « € {0,1}*
is denoted by |z|. A denotes the empty string. Let sq, 51, $2,... € {0,1}* denote
the standard enumeration of binary strings so = \,s1 = 0,82 = 1,83 = 00,....
For k € N, {0,1}* denotes the set of all strings = € {0,1}* such that |z| = k.
The Cantor space C = {0,1}° is the set of all infinite, binary sequences. For
x € {0,1}* and y € {0,1}* U C, zy denotes the concatenation of x and y, and
x C y denotes that x is a prefix of y. For S € {0,1}* U C and i,j € N, we write
S[i] to denote the i*! bit of S, with S[0] being the leftmost bit, we write S|i . . j]
to denote the substring consisting of the i*" through j*" bits of S (inclusive),
with S[i..j] = Aifi > j, and we write S | ¢ to denote S[0..7 —1].
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2.2 Reductions and Compression

Let M be a Turing machine and S € C. We say M computes S if, on input
n € N, M outputs the string S [ n.

We define an oracle Turing machine (OTM) to be a Turing machine M that
can make constant-time queries to an oracle sequence, and we let OTM denote
the set of all oracle Turing machines. For R € C, we say M operates with oracle
R if, whenever M makes a query to index n € N, the bit R[n] is returned.

Let SR € C and M € OTM. We say S is Turing reducible to R via M, and
we write S <t R wvia M, if M computes S with oracle R. In this case, define
M(R) = S. We say S is Turing reducible to R, and we write S <t R, if there
exists M € OTM such that S <t R via M.

Since we do not consider space or time bounds with Turing reductions, we
may assume without loss of generality that an oracle Turing machine queries
each bit of the oracle sequence at most once, caching the bit for potential future
queries.

In order to view Turing reductions as decompression algorithms, we must
define how to measure the amount of compression achieved. Let S, R € C and
M € OTM such that S <t R via M. Define #Z(M,n) to be the query usage
of M on S | n with oracle R, the number of bits of R queried by M when
computing S [ n. Let S, R € C and M € OTM such that S <t R via M. Define

R
pa (S, R) = lim inf #g(M, n)’
n—oo n
R
p}\‘_/[(su R) = lim sup #S (51\47 n)

p (S, R) and p},(S, R) are respectively the best- and worst-case compression
ratios as M decompresses R into S. Note that 0 < py,(S, R) < p3,(S, R) < 0.
Let S € C. The lower and upper compression ratios of S are respectively defined

p=(S)= min {py(S.R)| S <t R via M},

MeOTM

pt(S) = min {p1/(S,R) | S <1 Rvia M}.

MeOTM

Note that 0 < p=(S) < pT(S) < 1. As we will see, by Lemma [£1] and Theorem
A2 the two minima above exist. In fact, there is a single OTM M that achieves
the minimum compression ratio in each case.

2.3 Constructive Dimension

See [Lut03al [Lut03bl [AHLMO04) [Lut05] for a more comprehensive account of the
theory of constructive dimension and other effective dimensions.

1. An s-gale is a function d : {0,1}* — [0, c0) such that, for all w € {0,1}*,
d(w) = 27°[d(w0) + d(wl)].

2. A martingale is a 1-gale.
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Intuitively, a martingale is a strategy for gambling in the following game. The
gambler starts with some initial amount of capital (money) d()), and it reads
an infinite sequence S of bits. d(w) represents the capital the gambler has after
reading the prefix w C S. Based on w, the gambler bets some fraction of its
capital that the next bit will be 0 and the remainder of its capital that the next
bit will be 1. The capital bet on the bit that appears next is doubled, and the
remaining capital is lost. The condition d(w) = d(wo);rd(m) ensures fairness: the
martingale’s expected capital after seeing the next bit, given that it has already
seen the string w, is equal to its current capital. The fairness condition and an
easy induction lead to the following observation.

Observation 2.1. Let k € N and let d : {0,1}* — [0,00) be a martingale. Then

> d(u) =28d(N).

uef{0,1}F

An s-gale is a martingale in which the capital bet on the bit that occurred is
multiplied by 2°, as opposed to simply 2, after each bit. The parameter s may
be regarded as the unfairness of the betting environment; the lower the value of
s, the faster money is taken away from the gambler. Let d : {0,1}* — [0, c0) be
a martingale and let s € [0, 00). Define the s-gale induced by d, denoted d®), for
all w e {0,1}* by

d(s) (w) — 2(5—1)|w|d<w).
If a gambler’s martingale is given by d, then, for all s € [0,00), its s-gale is d(*).

Let S € C, s €[0,00), and let d : {0,1}* — [0,00) be an s-gale. d succeeds on
S, and we write S € S*°[d], if

limsupd(S [ n) = oco.

n—oo

d strongly succeeds on S, and we write S € SS[d], if

str

liminf d(S | n) = oco.

n—oo

An s-gale succeeds on S if, for every amount of capital C, it eventually makes
capital at least C'. An s-gale strongly succeeds on S if, for every amount of
capital C| it eventually makes capital at least C' and stays above C forever.

Let d : {0,1}* — [0,00) be an s-gale. We say that d is constructive (a.k.a.
lower semicomputable, subcomputable) if there is a computable function d :
{0,1}* x N — Q such that, for all w € {0,1}* and ¢ € N,

1. d(w,t) < d(w,t +1) < d(w), and
2. tlim d(w,t) = d(w).

Let R € C. We say that R is Martin-Ldf random, and we write R € RAND,
if there is no constructive martingale d such that R € S°°[d]. This definition of
Martin-Lof randomness, due to Schnorr [Sch71], is equivalent to Martin-Lo6f’s
traditional definition (see [Mar66l, [LVIT]).

The following well-known theorem (see [MMO04]) says that there is a single
constructive martingale that strongly succeeds on every S ¢ RAND.
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Theorem 2.2. [MMO04| There is a constructive martingale d such that SSo.[d] =
RAND®.

Let 8:{0, 1}* x N — Q be the computable function testifying that d is construc-
tive.

The following theorem, due independently to Hitchcock and Fenner, states
that d(*) is “optimal” for the class of constructive t-gales whenever s > t.

Theorem 2.3. [Hit03,[Fen02] Let s > ¢ € R*, and let d be a constructive t-gale.
Then S*®[d] C S®[d®)] and SZ[d] € S[d)).

str str

By Theorem 23] the following definition of constructive dimension is equivalent
to the definitions given in [Lut03b, [(AHLMO04]. Let X C C. The constructive
dimension and the constructive strong dimension of X are respectively defined

cdim(X) = inf{s € [0,00) | X C Soo[d(s)H7
¢Dim(X) = inf{s € [0,00) | X C SZ[d®)]}.

str
Let S € C. The dimension and the strong dimension of S are respectively defined

dim(S) = cdim({S}),
Dim(S) = cDim({S}).

Intuitively, the (strong) dimension of S is the most unfair betting environment
s in which the optimal constructive gambler d (strongly) succeeds on S. The
following theorem — the first part due to Mayordomo and the second to Athreya
et. al. — gives a useful characterization of the dimension of a sequence in terms
of Kolmogorov complexity, and it justifies the intuition that dimension measures
the density of computably enumerable information in a sequence.

Theorem 2.4. [May02, [AHLMO04] For all S € C,

dim(S) = liminf R(ST n)’ and Dim(S) = limsup

n—oo n n—oo

K(S [n).

One of the most important properties of constructive dimension is that of
absolute stability, shown by Lutz [Lut03b], which allows us to reason equivalently
about the constructive dimension of individual sequences and sets of sequences:

Theorem 2.5. [Lut03b] For all X C C,

cdim(X) = sup dim(S), and cDim(X) = sup Dim(S).
Sex Sex

3 Previous Work

The next theorem says that every sequence is Turing reducible to a random
sequence. Part 1 is due independently to Kuéera and Géacs, and part 2 is due to
Gécs.
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Theorem 3.1. [Kué85, [Kuél9, (GAc86] There is an OTM M such that, for all
S € C, there is a sequence R € RAND such that

1. S <t R via M.
2. pi(S,R) = 1.

Let X C C. Define the code cost of X by

cr(X) = sug)( Par, (S, Me(S)) | (VS € X) Ma(M(S)) = S}.

inf
M., M4eOTM | g¢

cp(X) is the optimal lower compression ratio achievable with reversible Turing
reductions on sequences in X. The next theorem is due to Ryabko [Rya86].

Theorem 3.2. [Rya806] For every X C C, cp(X) = cdim(X).

Theorem achieves weaker compression results than the main results of this
paper, Theorems and 23] Theorem [3.2] does not include p™ or cDim, and it
requires optimizing over all OTMs. However, unlike Theorem (2], in which only
the decompression is computable, the compression achieved in Theorem is
computable, by the definition of cr.

4 Results

We now state the new results.

An OTM that computes a sequence S, together with a finite number of oracle
bits that it queries, is a program to produce a prefix of S. Thus, the query
usage of the Turing machine on that prefix cannot be far below the Kolmogorov
complexity of the prefix. This is formalized in the following lemma, which bounds
the compression ratio below by dimension.

Lemma 4.1. Let SR € C and M € OTM such that S <t R via M. Then
p (S, R) > dim(S), and p};(S, R) > Dim(S).

The next theorem is the main result of this paper. It shows that the compression
lower bounds of Lemma [£.1] are achievable, and that a single OTM M suffices
to carry out the reduction, no matter which sequence S is being computed.
Furthermore, the oracle sequence R to which S reduces can be made Martin-Lof
random.

Theorem 4.2. There is an OTM M such that, for all S € C, there is a sequence
R € RAND such that

1. S <t R via M.
2. py;(S, R) = dim(S).
3. pi; (S, R) = Dim(S).

Finally, these results give a new characterization of constructive dimension.
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Theorem 4.3. For every sequence S € C,
dim(S) = p~(S), and Dim(S) = p™(9),
and, for all X C C,

edim(X) = sup p~(S), and cDim(X) = sup p*(S).
Sex Sex

Proof. Immediate from Lemma 1] and Theorems and O

5 Conclusion

We have shown that every infinite sequence is Turing reducible to a Martin-
Lof random infinite sequence with the optimal compression ratio possible. Since
this optimal ratio is the constructive dimension of the sequence, this gives a
new characterization of constructive dimension in terms of Turing reduction
compression ratios.

The Turing reductions of Theorems 3.1l 3.2, and [£2]satisfy the stronger prop-
erties of the weak truth-table reduction (see [S0a87]), which is a Turing reduction
in which the query usage of the reduction machine M on input n is bounded by
a computable function of n. For example, 2n + O(1) suffices. Thus, constructive
dimension could also be defined in terms of weak truth-table reductions.

As noted in the introduction, for the sequences S and R in Theorems [B1]
and [£2] it is not necessarily the case that R <t S. In other words, though the
decompression is computable, it is not computably reversible in all cases. For
instance, if S is computable, then R £t S, since no sequence R € RAND is
computable. For this reason, Theorem does not imply Theorem [3.2] which
allows for the reduction to be computably reversed, subject to the trade-off that
the compression requirements are weakened.

The compression of Theorem may not be computable even if we drop the
requirement that the oracle sequence be random. If the sequence S in Theorem
satisfies dim(S) > 0 and Dim(S) > 0, then for all P € C (not necessarily
random) and M € OTM satisfying S <t P via M, p;,(S,P) = dim(5), and
pi,(S, P) = Dim(9S), it follows that dim(P) = Dim(P) = 1. This implies that
the reversibility of decompression — whether P <p S — is related to an open
question posed by Miller and Nies when considering Reimann and Terwijn’s
question concerning the ability to compute a random sequence from a sequence
of positive dimension. Question 10.2 of [MNO05] asks whether it is always possible,
using an oracle sequence S of positive dimension, to compute a sequence P with
dimension greater than that of S.
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Abstract. In Abstract geometrical computation for black hole compu-
tation (MCU °04, LNCS 8354), the author provides a setting based on
rational numbers, abstract geometrical computation, with super-Turing
capability. In the present paper, we prove the Turing computing capa-
bility of reversible conservative abstract geometrical computation. Re-
versibility allows backtracking as well as saving energy; it corresponds
here to the local reversibility of collisions. Conservativeness corresponds
to the preservation of another energy measure ensuring that the num-
ber of signals remains bounded. We first consider 2-counter automata
enhanced with a stack to keep track of the computation. Then we built
a simulation by reversible conservative rational signal machines.

Keywords: Abstract geometrical computation, Conservativeness, Ra-
tional numbers, Reversibility, Turing-computability, 2-counter automata.

1 Introduction

Reversible computing is a very important issue because it allows on the one
hand to backtrack a phenomenon to its source and on the other hand to save en-
ergy. Let us note that quantum computing relies on reversible operations. There
are general studies on reversible computation [LTV98] as well as many model
dependent results: on Turing machines [Lec63l Ben73, Ben8§| and 2-counter
machines [Mor96] (we do not use these), on logic gates [FT82] [Tof80], and
last but not least, on reversible Cellular automata on both finite configurations
[Mor92, Mor95, [Dub95] and infinite ones [DL95, IDLI7, [DL02 [Kar96l [Tof77] as
well as decidability results [Cul87, Kar90, Kar94] and a survey [TM90].
Abstract geometrical computation (AGC) [DL0O5b, [DLO5d comes from the
common use in the literature on cellular automata (CA) of Euclidean lines to
model discrete lines in space-time diagrams of CA (i.e. colorings of Z x N with
states as on the left of Fig.[l) to access dynamics or to design. The main char-
acteristics of CA, as well as abstract geometrical computation, are: parallelism,
synchrony, uniformity and locality of updating. Discrete lines are often observed
and idealized as on Fig.[ll They can be the keys to understanding the dynamics
like in [[Ta01) pp. 87-94] or [BNRII] [JSS02]. They can also be the tool to design

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 163-[IT2 2006.
© Springer-Verlag Berlin Heidelberg 2006
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CA for precise purposes like Turing machine simulation [LN9Q]. These discrete
line systems have also been studied on their own [MT99, [DMO02].
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Fig. 1. Space-time diagram of a cellular automaton and its signal machine counterpart

Abstract geometrical computation considers Euclidean lines. The support of
space and time is R. Computations are produced by signal machines which are
defined by finite sets of meta-signals and of collision rules. Signals are atomic
information that correspond to meta-signals and move at constant speed thus
generating Euclidean line segments on space-time diagrams. Collision rules are
pairs (incoming meta-signals, outgoing meta-signals) that define a mapping over
sets of meta-signals. They define what happens when signals meet. A configura-
tion is a mapping from R to meta-signals, collision rules and two special values:
void (i.e. nothing there) and accumulations (amounting for black holes). The
time scale being RT, there is no such thing as a “next configuration”. The fol-
lowing configurations are defined by the uniform movement of signals. In the
configurations following a collision, incoming signals are replaced by outgoing
signals according to a collision rule.

Zeno like acceleration and accumulation can be brought out as on Fig.[2 of
Sect.2l Accumulations can lead to an unbounded burst of signals producing
infinitely many signals in finite time (as in the right of Fig.[2)). To avoid this,
a conservativeness condition is imposed: a positive energy is defined for every
meta-signal, the sum of the energies must be preserved by each rule. Thus no
energy creation is possible; the number of signals is bounded.

To our knowledge, AGC is the only computing model that is a dynamical
system with continuous time and space but finitely many local values. The closest
model we know of is the Mondrian automata of Jacopini and Sontacchi [JS90]
which is also reversible. Their space-time diagrams are mappings from R” to a
finite set of colors representing bounded finite polyhedra. Another close model is
the piecewise-constant derivative system [AMO95, [Bou99]: R™ is partitioned into
finitely many polygonal regions, trajectories are defined by a constant derivative
on each region and form sequences of (Euclidean) line segments.

In this paper, space and time are restricted to rational numbers. This is possi-
ble since all the operations used preserve rationality. All quantifiers and intervals
are over Q, not R.
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The Turing computing capability of conservative signal machines is proved
in [DLO5al [DLO5D] by simulating any 2-counter automaton since Turing ma-
chines and 2-counter automata compute exactly the same functions. To build
a reversible version of the simulation, we have to cope with the inherent irre-
versibility of counter automaton (the result of Morita [Mor96] is not used here
because it does not fit well with our approach): branching (there is no way to
guess the previous instruction) and subtracting (0 comes from both 0 and 1).

To cope with this we add stacks to store information for reversibility. A stack
over an alphabet {1,2,...,1} is encoded by a rational number o such that: ziz
encodes the empty stack, otherwise 1-51-1 <o<1. After pushing a value v on a stack
o the new stack is {77. The top of the stack is [ (I+1)o] and (I+1)o—|(I+1)0]
encodes the rest of the stack. This more or less corresponds to a base [4+1 decimal
number manipulation as can be found in e.g. [Bou99).

This simple memory scheme can be implemented inside a reversible conser-
vative rational signal machine. We then finish the simulation by adapting the
construction from [DL05D, [DL05a] by adding the storing of current line number
before passing to the next and of the previous value of a counter whenever it
reaches 0.

The definition of signal machines can be found in Sect.2l Section[3] deals with
2-counter automata and their enhancement with stacks. Sectionf] shows how the
stacks are implemented. In Sect.[l the different pieces are gathered in order to
achieve the simulation. Section[] gives a short conclusion.

2 Abstract Geometrical Computations

Abstract geometrical computations are defined by the following machines:

Definition 1. A rational signal machine is defined by (M,S,R) where
M (meta-signals) is a finite set, S (speeds) a mapping from M to Q and R
(collision rules) a partial mapping from the subsets of M of cardinality at least
2 into the subsets of M (speeds must differ in both domain and range).

Each instance of a meta-signal is a signal. The mapping S assigns rational speeds
to meta-signals. They correspond the slopes of the segments in space-time dia-
grams. The collision rules, denoted p~—p™, define what happens when two or
more signals meet.

The extended value set, V', is the union of M and R plus two symbols: one for
void, @, and one for an accumulation (or black hole) #. A configuration, c, is a
total mapping from @ to V such that the set {z € Q|c(z) # @ } is finite.

A signal corresponding to a meta-signal p at a position z, ie. c¢(z) = pu, is
moving uniformly with constant speed S(u). A signal must start (resp. end)
in the initial (resp. final) configuration or in a collision. These correspond to
condition @ in Def.2l At a p~—p™ collision signals corresponding to the meta-
signals in p~ (resp. p™) must end (resp. start); no other signal should be present
(condition [B]). A black hole corresponds to an accumulation of collisions and
disappears without a trace (condition [).
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Fig. 2. Light-cone, a simple accumulation and three unwanted phenomena

Let S,,;, and S,,,, be the minimal and maximal speeds. The causal past,
or light-cone, arriving at position x and time ¢, J~(x,t), is defined by all the
positions that might influence the information at (z, t) through signals, formally:

J- (I7t) = { (.T/,t/) ‘ T = Sma:v(t_t/) < ! ST - szn(t_t/) } .

Definition 2. The space-time diagram issued from an initial configuration cg
and lasting for T, is a mapping ¢ from [0,T] to configurations (i.e. a mapping
from Q x [0,T] to V) such that, ¥(z,t) € Q x [0,T] :

1. Vtel0,T], {z € Q| ci(x) # @ } is finite,
2. if ci(x)=p then 3t;, t€[0,T) with t;<t<ty or O=t;=t<ty ort;<t=t;=T s.t.:
— V'€ (tisty), co(z+ S =) =p ,
—t; =0 orcy,(z;) € R and p € (¢, ()T where z; =+ S(p)(t; —t)
—ty=Torcy(ry) € Rand p € (c¢;(x5))” where vy = x+S(p)(ty —t) ;
3. if ci(x)=p~—p' € R then e, 0<e, Vt'€[t—e, t+e]N[0,T], Va'€[r — e, 2+ €],
— cv(2') € p~Upt U{0},
_ N pweEpP andt <tandx' =xz+ S —1t)),
YueM, Ct/(-T )_,U' = V {N c p+ and t < t' and 2’ = ac—i—S(,u)(t’ —t));
4. if ci(x) = ¥ then

— e >0,V(,t) ¢ J (z,t), (|z—2'|<e and |t—t'|<ec ) = cv(z) =0
—Ve>0,{ («,t) e J (a,t) | t—e<t/<t Acy(z') € R } is infinite.

In the illustrations of space-time diagrams, time increases upwards.
2.1 Conservativeness

The three space-time diagrams on the right of Fig.Pl provide examples un-
compatible with Def.[2 at the time of accumulation. In each case, the number of
signals is bursting to infinity and black holes are not isolated. To prevent this,
the following restriction is imposed.

Definition 3. A signal machine is conservative iff there exists an energy from
meta-signals to positive integers, E : M — N*, such that the total energy of the
system, i.e. the sum of the energies of all present signals, is constant.

One can check easily that the total energy is constant iff for each rule the sum
of the energies of incoming meta-signals and the sum of outgoing ones are equal.
It follows automatically that given a conservative signal machine and an initial
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configuration, the number of signals in any following configuration, as well as
the number of accumulations, is bounded (by the total energy divided by the
least atomic energy). A simple sub-case of conservativeness is when all the meta-
signals have the same energy and the numbers of in and out meta-signals are
always equal.

2.2 Reversibility

A dynamical systems is said to be reversible when from any configuration it
is possible to generate all the previous configurations. Moreover, the inverse
dynamical system should be of the same nature.

Concerning signal machines, the “inversion” of an isolated signal is the same
signal with opposite speed. Regarding collision, one has to guess its position and
the in-coming signals from the out-going ones. Collisions resulting in nothing are
impossible to guess going backward, and they cannot be conservative. Collisions
resulting in only one signal are also impossible to predict. Reversibility holds if
and only if the (partial mapping) M is one-to-one and always yields 2 or more
out-going meta-signals. The inverse signal machine is the same with the rules
reversed.

Definition 4. A signal machine is reversible if and only if R is one-to-one and
maps only on sets of cardinality at least 2.

Let us point out this is true as long as there is no accumulation! The way an
accumulation disappears is like a (second order) collision resulting in nothing.
Moreover if its location could be guessed, there are infinitely many way to scale
it since there is no absolute scale for space nor time.

3 2-Counter Automaton with Stack

A 2-counter automaton is a finite automaton coupled with two counters, A and
B. The possible actions on any counter are add/subtract 1 and branch if non-
zero. Such an automaton can be described with a six-operations assembly lan-
guage with branching labels as on the left part of Fig.[] (see [Min67] for more
on 2-counter automata). The configuration of a 2-counter automaton is defined
by (n,a,b) (the line number and the values of the counters).

Two-counter automaton are intrinsically irreversible: subtracting 1 yields 0
for both values 0 and 1 and before a labeled instruction the instruction can be
the one on the previous line or a branching to this label.

To achieve reversibility two stacks are added: one, X;, records the instruction
number (i.e. it records the values of the instruction counter) and another one,
Y., record the previous value (0 or 1) of any counter that holds zero after a
subtraction. We write x.X to indicate pushing z on S or that z is the top of the
stack. The dynamics is described on Fig.[ for instructions on A. The ones for
B are similar. Discarding the stacks, one gets the usual dynamics. The inverse
dynamics is automatic (as long as the sequence was generated legally, otherwise
things like undoing adding 1 from a zero counter might happen).
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Instruction at line n Associated action
A ++ (n, a,b, X, X ) F (n+1,a+1,b,n.%5;, X.)
A-—- (nya+2,0,%,%. ) (n+1,a+1,b,n%;, X.)
A - (n, 1,0, 5, 2. )F (n+1, 0,b,n.%;,1.5.)
A-—- (n, 0,0, 2, 2.)F(n+1, 0,b,n.%;,0.X.)
IF A'=0m (n, 0,0, 2, 2.)F(n+1, 0,b,n.%;, E)
IF A'=0 m (nya+1,0,2:,2.)( mya+1,b,n.%;, X.)

Fig. 3. Dynamics of a 2-counter automata with memory stacks

4 Stack Implementation

Since we are dealing with rational numbers, it is very easy to implement
an unbounded stack of natural numbers 1 to [ in the following way: l+12 encodes
the empty stack. Let o be a rational number encoding of a stack (0<o<1). After
pushing a value v on top of a stack o, the new stack is ﬁ‘l’ . This ensures that, as
soon as the stack is not empty, ljl <o<1 and distinct from , i17 ie{1,2,...,1}.
The top of the stack |(I4+1)o] and rest of the stack is (I+1)o — |(I4+1)c].

To implement this in a signal machine, a scale is defined (because the space is
continuous and scaleless) and then the push operation is implemented. We are
not interested in the pop and test of emptiness because our 2-counter simulation
only pushes values. The pop corresponds to the inverse of push and is thus
implicitly built.

The rational o is encoded with a zero-speed signal mem. The scale is defined
with zero-speed signals markg, marky,..., mark;. They are regularly positioned,
never move and defined positions 0, 1, ..., [. Thus the normal position of mem
is between marky and marky. To push v, mem is translated by v (lower part of

Fig.Ml). Then this position is scaled by l+11 (upper part of Fig.[) to get ‘l'jr'f

The process starts at the arrival of Store,.

Translating is very easy: mem and store, are parallel. Their distance encodes o.
Their movement stops when the first one, sto—rey> , reaches mark,. The signal catch
is then issued to stop mem as in the middle of Fig.dl This collision is distance
v away from the original position of mem. This is ensured by the definition of
speeds (we leave to the reader to verify this linear equation system based on the
speeds given in Fig.[). When this point is reached, a scaling remains to be done
Scaling by l-&l-l’ to go from o+v to z+f’ fix has to travel (c+v)— ‘l’jrrf = (a+v) 141
units, and mem and mem have to travel (o+v) + ‘ﬁf = (o+4v) éﬁ
if the speeds of mem and mem have the same absolute value then the speed of
fix must be zfrz times the one of mem (notice in Fig.Hl that —2 = 3412)

If the stack is empty, then backward collision between mem and fix happens
between marky and mark;. So that there is a (backward) collision between mem
(regenerated from marky and mem) and catch. There no such a rule, it can be
defined to have, for example, mem fixed and catch exiting on the left.

It is easy to check that the rules are invertible.

Let us note that, with slight modifications, sm and ack could come from/be

sent left or right. It is also possible to carry extra information (like a next line

units. Thus
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Meta-signal Speed
/ mark; 0
PR

5 aV m -3
£ / mem 0
/ mem 3
-
@ store; -3
el K
S store; 3
s catch 1
AN fix —2
'77@,,7 ack 3
Rules

{mem, store, } — {fmem, store, }

{marko, mem} — {marko, mem}

{store,, mark, } — {mark., catch}
{mem, catch} — {mem, fix}
{mem, fix} — {mem, ack}

N\ /7

A
wi [ B\%

€m
o {marki, ;Fev} — {;Fev, marki}
qE) W),e v < 1, {stoTU), marki} — {marki, stoT;}
o gl ~ ,,,N {m,marki}%{marki,M}
_rEv _(E“ _(E“ 5 {marki,m(_em}—>{m<_em,marki}
1S S 1S 1S \ {mark;, fix} — {fix, mark; }

{ack, marki} — {marki, ack}

Fig. 4. Implementation the stack for I = 4 and push(3)

number) through the storing process. This is done by having a special set of
store;, store;, catch, fix, and ack for each possible piece of information.

5 Reversible Computation

The idea is to use the construction provided in [DLO5D] to simulate any 2-counter
automaton with a conserving signal machine (which cannot be detailed here).
Figure[l shows how the counters are encoded using two fixed signals zero and
one as a scale. A signal amounting for the current line zigzags between these
signals. Figure[d presents the code of a simple 2-counter automaton and some
simulations. When a simulation stops, a signal stop appears and bounces between
zero and one. In the reversible version, it exits the configuration on the right.

33 22 11 0 0

Fig. 5. Encoding positions of counters

Figure[d show how everything is interconnected. Before going to the next
configuration, the number of the just carried out instruction is stored on the
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A'=0 notZ

A++
globB !=0 loop

A'=0 fin
loopB--

A++

A'=0 glob
notZ A--

B++

finstop

a=0 b=0

a=1 b=0

a=0 b=1

a=2 b=0

Fig. 6. A 2-counter automaton and its simulations for three different initial values

¥
iy

a=0

b=0

Fig. 7. The reversible simulations for same automaton and values
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left while recording the next instruction number. Each time there is a subtract
1 generating a 0, the previous value of the counter is stored on the right (cases
(1,0) and (0, 1)) whatever counter is concerned.

6 Conclusion

As far as there is no accumulation, reversible conservative rational abstract geo-
metrical computation has exactly the same computing capability as Turing ma-
chines (because rational numbers can be implemented exactly).

Two-counter automaton are exponentially slower than Turing machines. This
is not important since we are only interested in computational issues. Never-
theless, it is easy to simulate reversibly (but without conservativeness) Turing
machine in such a way that the number of collisions is proportional to the number
of TM iterations. It would be interesting to do so to study the complexity.

It is possible to apply the iterated shrinking construction of [DLO05D, [DL.05a]
which preserves reversibility so that the black hole models can now be embedded
in a reversible setting. We do not do it here for lack of room on one side and
on the other side this would provoke an accumulation which is clearly not a
reversible phenomena.
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Abstract. LJQ is a focused sequent calculus for intuitionistic logic, with
a simple restriction on the first premisss of the usual left introduction
rule for implication. We discuss its history (going back to about 1950,
or beyond), present the underlying theory and its applications both to
terminating proof-search calculi and to call-by-value reduction in lambda
calculus.
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1 Introduction

Proof systems for intuitionistic logic close to natural deduction are well-known
to be related to computation. For example, ordinary typed A-calculus, with beta-
reduction, is the classic model of computation for typed functional programmes
with call-by-name (CBN) semantics; likewise, a system of uniform proofs for
Horn logic is a coherent explanation of proof search in pure Prolog, as argued
by (e.g.) [23]. The focused calculus LJT of Herbelin [I7] (with antecedents in
work [20], [3] by Joinet et al) is an intuitionistic sequent calculus equivalent
to natural deduction (in the sense that its cut-free proofs are in a natural 1-1
correspondence with normal deductions); it also has a well-developed theory of
proof-reduction with strong normalisation [I7], [10], [I2]. It can thus be seen to
fulfil both these important roles, in being a basis both for proof search (where
the proofs are of interest in themselves [9]) and for functional program evaluation
with CBN-semantics. Work by the second author [21], [22] is developing the first
of these ideas for a wide range of type theories.

The purpose of the present paper is to consider a different focused calcu-
lus LJQ, as named by Herbelin [I6] and with similar antecedents [20], [3]. We
present some aspects of its history and its applications both in structural proof
theory and in A-calculus, with connections in the first instance to automated

* Thanks are due to James McKinna and Christian Urban for useful suggestions, to
Hugo Herbelin and Sara Negri for stimulating questions, to José Carlos Espirito
Santo for his unpublished [14] and to Jérg Hudelmaier for a copy of his thesis [I8].
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reasoning and in the second to call-by-value programming language semantics.
Fuller details will appear elsewhere.

Vorob’ev [34] (detailing ideas published in 1952) showed (Theorem 3) that, in
a minor variant of Gentzen’s calculus LJ for intuitionistic logic, one may, without
losing completeness, restrict instances of the left rule LD for implication to those
in which, if the antecedent A of the principal formula ADB is atomic, then the
first premiss is an axiom. Independently, Hudelmaier [I8] showed that one could
further restrict this rule to those instances where the first premiss was either
an axiom or the conclusion of a right rule; the result was proved in his [I8] and
described in [19] as folklore. The same result is mentioned by Herbelin in [16]
as the completeness of a certain calculus LJQ, described simply as LJ with the
last-mentioned restriction.

It is convenient to formalise such restrictions in terms of a sequent calculus
LJQ’ with two forms of sequent; letting I" range over multisets of formulae, we
have the ordinary sequent I' = A to express the deducibility of the formula A
from assumptions I, and the focused sequent I' — A to impose the restriction
that the last step in the deduction is by an axiom or a right rule (i.e. with the
succedent formula principal). A natural deduction interpretation is straightfor-
ward. Note that the focused sequent pV g — pV ¢q is not derivable; the last step
of its derivation can only be a right-introduction step.

The rules of the calculus are then as presented below, in Sect. 2l We use the
name LJQ' rather than LJQ both to indicate the explicit focusing (use of two
kinds of sequent) and the extra focusing (in the premisses of right rules for V and
A). In later sections, when we consider a term calculus to represent derivations,
we revert to the generic name LJQ for this kind of calculus.

For example, the rule LD’ has, as conclusion and second premiss, ordinary se-
quents, but as first premiss a focused sequent, capturing the restriction on proofs
discussed by Hudelmaier (given that the focused sequents are exactly the axioms
or the conclusions of right introduction rules). However, further restrictions are
allowed: our right rules for disjunction and conjunction also have focused pre-
misses. This represents a strengthening of Hudelmaier’s folklore result.

LJQ as described in [16] originates in linear logic, in work by Danos et al [3] with-
out mention of disjunction and conjunction. This in turn goes back to the thesis
[20] of Joinet. Focusing itself is a technique pioneered by Andreoli [I] (but one of
the points of our paper is a demonstration of its origins in much earlier work).

Such calculi are of interest not just because of the restricted proof search
imposed by the focusing but because the completeness of LJQ (or of LJQ’)
has as an easy corollary the completeness of more specialised “depth-bounded”
calculi (as devised e.g. by [34], [I8], [5]) in which proof search has limited (e.g.
linear) depth (a.k.a. “height”); [33] gives a convenient account of the G4ip
calculus, as it is there called.

These focused calculi are complementary to other focused calculi like Herbe-
lin’s LIT, as studied in [I6], [17], [24], [32], [33], [9], [10], [12].

The present extended abstract outlines the theory (Sect. ), presents some
variations (Sect. B), summarises some applications (Sect. M), presents the
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calculus with term annotations (Sect.B) (including a strongly normalising reduc-
tion system for LJQ and a preservation theorem relating LJQ to Moggi’s cal-
culus A¢) and summarises some related work (joint with Delia Kesner: Sect. [@]).

2 LIQ

Basic syntactic conventions are as in [33]; in particular, P is a metavariable for
“proposition variables” and I" indicates a multiset of formulae. The symbols p
and ¢ are distinct proposition variables. The rules of LJQ’ are as given below
in Fig. [

LL I'— A

Il = A o a2 IP—P
I')ADB — A F,BéCL , A, I'= B ,
I ASB = C I' — ASB
rA=c I'B=C r—A
I'AVB=C I — AgV Ay
rAB=C r—-A r—B_,

IAANB = C I' - AAB

Fig. 1. Rules of LJQ’

Expressed in terms of our notation, the right rule for conjunction in the cal-
culus LIJQ of [I6] would be
I'=A I'=1B
I' - AAB

and similarly for disjunction; the definition of “pure” derivations in [I8] could be
expressed in similar terms. The rule Der is named after the dereliction rule in
linear logic; the latter rule has (used from conclusion to premiss) a similar effect,
enabling a transition between a sequent where a certain formula is optional to
one where it is required. The restriction to proposition variables P in Ax has
the effect that the natural deduction interpretations of derivations are in long
normal form. Use of arbitrary axioms I', A — A would give a different notion of
derivability, e.g. pV ¢ — pV ¢ would be derivable. A formula is irreducible when
it is of the form P or BDC. To save space, proofs omit treatment of absurdity,
conjunction and disjunction; details will appear in the full paper. Results as
stated apply to the full calculus.

Lemma 1. All sequents of the following form are derivable:

1. I'A,ADB = B;
2. I'yA — A for irreducible A;
3. I'A = A.
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Proof: The three parts are handled by a simultaneous induction on the sizes of
ADB, A and A respectively. Each part is allowed to depend on its predecessor
(up to the same size) and on itself and its successors (at smaller sizes). 0

The condition “for irreducible A” is needed once absurdity, disjunction and con-
junction are included in the language; if we omit them all, then the condition
can be omitted. Weakening rules, some Inversion rules and Contraction rules
are routinely shown to be admissible.

Theorem 1. The following Cut rules are admissible:

]LﬂlAF%BC I — A AF:BC I'=A AI'=B

/ 1 ! 2 ! 3
rr —B I’ =B I, =B

Proof: Simultaneous induction on cut rank (size of cut formula A, height of first
derivation dj, height of second derivation ds), with case analysis. O
Note that p — p and p, pDqg = ¢ and ¢ — ¢ and ¢ = q are all derivable but that
p,pDOq — q is not derivable, hence the rules

I - A AI'=B I'=A AI' - B I's=A AI'=B
r,r— B r,r —B r,r' - B

are not admissible.

Corollary 1. The following rules are admissible:

I'=A AI' - B I - A ATI'—-B

C
I =B * I, =B °

Proof: Using Der. a
Corollary 2. The following rules are admissible:

I''A= B I''AobB=A I''B=C
RD LD
I' = ADB I'ADB = C

Proof: The first is derivable using RD’ and Der. The second can be achieved,
using Lemma [I] for the premiss A, ADB = B, as

A, ADB = B I''B=~C

I'’ADB= A A ADB, ' = C

I'ADB, ', ADB = C
I''ADB = C

Cs
Cs -
Contr

It follows from Corollary[2 and Lemmalll (3) that this calculus LIQ is as strong
as G3ip. Since a derivation therein becomes a G3ip derivation if we ignore the
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distinction between the two kinds of sequent (and remove instances of Der), the
two calculi are equivalent.

3 Variations

Several variations (and combinations of the variations) on the above are possible.

The first is to include the principal formula ADB in the antecedent of the
second premiss of LD’. This is preferable when we come to consider a term
calculus, in Sect. [l below; from the point of view of derivability it makes no
difference.

The second removes the focusing from the premisses of the rules RA and RV
(this gives us the calculus LIQ of Herbelin [16]). Completeness of the calculus
so modified is an immediate corollary of the completeness of LJQ’, since the
focused versions (as we have presented them) are derivable using the unfocused
versions and the Der rule.

The third is a multi-succedent version LIJQ* (a variant of this appears in
[16], page 78). We use two kinds of sequent as before; but this time, because of
the need for a multiple succedent, we have a semi-colon to separate the focused
formula (the stoup) from the rest of the succedent. The rules of LIQ* are as in
Fig. 2l (— indicates an empty multi-set).

LL* F_)A;ADer* Az*
r,l=A4A I'= A A I'P— P;A
[ASB— A~ I'B=A AT = B )
I'ADB= A I' - ADB; A
A= A F’B:>AL\/* I'= A B, A .
I'AVB = A I' - AVB;A

F,A,BéAL/\ I — A;A F—>B;AR
I''ANB= A I' - ANB; A

*

Fig. 2. Rules of the multi-succedent calculus LIQ*

The crucial Cut rules are

I - A A A,F’—>B;A’C I - A A AT = A
1

/ . / / / Cs
I, I" — B;A A rr'=AA4

I'=AA AT = A
rr=A.A

and these are admissible by a routine argument similar to that already given.

C3
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4 Applications

4.1 Completeness of G4ip

The calculus G4ip was introduced by Hudelmaier [I8], who gives a completeness
proof that is essentially the following. For brevity we omit consideration of ab-
surdity, conjunction and disjunction. Formulae are weighted as follows: w(P) = 0
and w(ADB) = 1+ w(A) + w(B). Sequents I" = A are then ordered using the
multi-set ordering (on the multiset I, A); in effect, this allows us to refer to the
weight of a sequent. The rules are as follows.

Azx. AT'= B
PI'= P I = ADB
P,B, = E D>B,C, =D B, =E
L0D LoD
P,PoB,I = E (COD)SB,I' = E

Note that every inference has as its conclusion a sequent with greater weight
than each premiss; so root-first proof search is terminating, in a depth bounded
by the weight of the sequent being proved.

Proposition 1 (Completeness of G4ip)

1. If ' — E is derivable in LIQ', then I’ = E is derivable in G4ip.
2. If I' = FE is derivable in LIQ', then I' = E is derivable in G4ip.

Proof: By simultaneous induction on the sequent weight, using case analysis on
the last step of the derivation. For (1), the last step is either an axiom (in which
case we are done) or an RD’ inference, where the inductive hypothesis (2) can
be used. For (2), the last step is either a dereliction, in which case (1) (for the
same weight) is used, or an LD’ inference with principal formula ADB. In the
latter case, if A is an atom P, then the first premiss is an axiom, with P in I
the inductive hypothesis (2) applied to the second premiss followed by an L0D-
inference provides the required G4ip derivation. Otherwise, with A = CDD and
I' = (C>D)>B, I, the premisses are I", (CDD)DB — C2>D and I, B = E.
The inductive hypothesis (2) provides a G4ip derivation of I, B = E. The first
premiss must be the conclusion from I'',(CD>D)>B,C = D, whose derivabil-
ity in LJQ’ easily implies that of the less weighty sequent I”, DDB,C = D.
The induction hypothesis (2) provides a G4ip derivation of this, and an LDD
inference provides a G4ip derivation of I'', (CDD)2>B = E. O

An almost identical argument, using LJQ* from Section Bl demonstrates the
completeness of the multi-succedent version of G4ip in [5].

4.2 Completeness of Dragalin’s GHPC

Dragalin [4] presented a multi-succedent sequent calculus GHPC for intuition-
istic predicate logic, with the feature that the first premiss of the left rule for
implication was single-succedent. This feature also appears in LIQ* in Section
Bl An easy argument based on the completeness of the calculus LIQ* shows the
completeness of GHPC; every inference (except by Der) in LIQ* becomes an
inference in GHPC, and Der can be simulated by Weakening in GHPC.
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4.3 Calculi for (Intuitionistic) Guarded Logic

Guarded first-order classical logic is of interest for its ability to interpret modal
logics. The “guarded” restriction on formulae is that universal quantifiers are
allowed only in the form Vx(PDA), where x is a list of variables, P is an atom,
A is a formula with F'V(A) C FV(P) and all the variables bound by the quan-
tifier are free in P, i.e. guarded by the atom P; there is a similar restriction on
existential quantifiers. No function symbols are allowed. In such a situation, the
free variables in P (and hence in A) are a combination of those in x and possibly
others. So, we indicate by Pxy (resp. Axy) an atom (resp. formula) all of whose
free variables are in x,y and by Pzy (resp. Azy) the result of substituting z for
x therein. The notation (Vx:Pxy)Axy then abbreviates Vx(PxyDAXy).

It is of interest to see whether this specialised form of quantification leads to
a specialised inference rule. We treat this in the intuitionistic case; full details
of this (treating also the existential quantifier) and the classical case are given
in [I1], including cut-admissibility proofs. The relevant inference rules are

Pzy,I', (Vx:Pxy)Axy, Azy = B I, Pzy = Azy
Pzy, I, (Vx:Pxy)Axy = B I' = (Vx:Pxy)Axy

where the variables z are fresh (i.e. disjoint from the free variables of I', Axy)
in the RV’ rule. We regard the atom Pzy in the conclusion of the LY’ rule as a
key that unlocks the guard on Axy.

The first of these may be considered to be the composition of a standard LV
rule and a LD rule, as in

Ax
Pzy, I, (Vx:Pxy)Axy, PzyDAzy = Pzy Pzy, I, (Vx:Pxy)Axy, Azy = B o
Pzy, I, (Vx:Pxy)Axy, PzyDAzy = B
Pzy, I, (Vx:Pxy)Axy = B

LY

with the same restriction as in LJQ that the first premiss of the LD inference
have its succedent principal. Since this succedent is (by the guarded restriction)
an atom Pzy, that means it must occur in the antecedent, as indicated. Thus,
the LJQ restriction occurs also in this context, of intuitionistic guarded logic.

4.4 Negri’s Conservativity Theorem

Negri [26] showed conservativity of the intuitionistic propositional theory of
apartness over the theory of equality defined as the negation of apartness. The
first complete proof used the calculus G3ip as basic; this was simplified in [27]
once the completeness of the calculus G4ip (extended with rules for apartness)
was demonstrated (in [§]). The use of G4ip was explained in [27] as “allowing
a better control on derivations”. In retrospect, it appear that the use of the
LJQ calculus would have sufficed.

! Personal communication from Sara Negri (Summer 2004).
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5 LJQ with Terms

In this section we describe LJQ as the typing system of a term syntax, which
we then use to establish a connection between LJQ and the call-by-value \-
calculus Ao of Moggi [25]. For brevity, we consider in this section implication
only, and the main distinction between LJQ and LJQ’ can therefore be ignored;
so, hereafter we just use the name LJQ.

5.1 A Term Calculus for LJQ
This term syntax is described as follows:

V,VI'  u=x| e M| C(V,z. V')
MyN, P o= 1V | 2(V,y.N) | CalV.N) | Cy(M, 2.N)

The terms C;(—, —.—) are explicit substitutions, to be distinguished from the
meta-notation M{x = N} standing for “M with = replaced by N”. Binding
occurrences of variables are those immediately followed by “.”. A term without
any occurrence of a C; is said to be cut-free. Values are cut-free terms of the
form V.

The typing rules, shown in Fig. Bl are naturally derived from Fig.[Il Note that
the rules Az and RD’ with focused conclusions are those that type values. There
are three changes, all more appropriate for the consideration of proof-terms.

The first change allows Ax to have an arbitrary formula as principal; by
Lemma [I] this is acceptable in the implicational case.

The second change is that LD’ now allows the use of the formula ADB in the
proof of its second premiss, thus widening the space of proofs(-terms), as in Sect.
[Bl For instance, when establishing a connection with A-calculus, this enables the
proper representation of Church numerals; otherwise they would all (except 0)
be mapped to the same proof-term.

Ax F—>V:AD
er
'z:A—z:A I=1V:A
I'x:A= M:B , I'z:ADB — V:A I',x:ADB,y:B = N:C __,
D

I' - \x.M : ADB I'x: ADB = z(V,y.N): C

I'-V:A I''e:A—V':B r-v:A I''m:A= N:B
1 2

r—ci(V,zV'):B I' = Cy(V,z.N): B

I's>M:A I''t:A= N:B

3
I' = C3(M,z.N): B

Fig. 3. LJQ with terms
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The third change is that we include the cut rules as primitive; in contrast
to those earlier, they are context-sharing (i.e. additive) rather than context-
splitting (i.e. multiplicative or context-independent). This removes the need to
formulate the admissibility of Contraction separately from the admissibility of
cuts, the former being an easy sub-case of the latter.

(B) C5(1 Ax.M,y.y(V, 2.P)) — C3(C3(1 V,2.M), 2.P)
if y ¢ FV(V)UFV(P)
Cs(T @, y.N) — N{y ==z}
Cs(M,y.1y) — M
Cs(z (VyP) z.N) — 2(V,y.C3(P,z.N))
Co(Ca(1 V', gy (V,2.P)), 2.N) — Cs(1 V', yy(V, 2.C5(P,.N))
if y ¢ FV(V)UFV(P)
Cs5(Cs3(M,y.P),z.N) — C3(M,y.C3(P,z.N))
if the redex is not one of the previous rule
Cs(T Ay.M,z.N) — C2(A\y.M,z.N)
if N is not an x-covalue (see below)
C1(V,z.x) — V
C1(V,z.y) — y
C1(V,z. y. M) — My.Co(V,z.M)
Co(Vyz 1 V) — T1C1(V,z.V")
Co(V,z.x(V',2.P)) — C5(1 V,z.2(C1(V,z.V'), 2.C2(V,z.P)))
Co(V,z.x' (V') 2.P)) — 2'(C1(V',2.V), 2.C2(V,z.P))
Ca(V. 2.(Cs(M, y.P))) — C3(Ca(V, 2. M), y.Ca(V, 2.P))
n  Azy(z,z.2) — oy

N is an z-covalue iff N =1 x or N is of the form z(V, z.P) with x ¢ FV(V)U FV(P)

Fig. 4. LJQ-reductions

The reduction rules for the calculus are shown in Fig.[dl This reduction system
has the following properties:

It reduces any term that is not cut-free;
It satisfies the Subject Reduction property;
It is confluent;

It is Strongly Normalising;

A fortiori, it is Weakly Normalising.

GU Lo

As a corollary of 1, 2 and 5, we have the admissibility of Cut. It is interesting
to see in the proof of Subject Reduction how these reductions transform the proof
derivations and to compare them to those used in the proof of Theorem[}—details
will be in the full paper. Apart from the differences between the inference rules
already mentioned, there are also differences between the proof-transformations.
The reduction system here is more subtle, because we are now interested not only
in its weak normalisation but also in its strong normalisation and its connection
with call-by-value A-calculus.
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The main reduction rule (B), breaking a cut on an implication into cuts on its
direct sub-formulae, is now done with C5 rather than with C5. The reason is that
we use C3 to encode each (B-redex of A-calculus and C5 to simulate the evaluation
of its substitutions. Just as in A-calculus, where substitutions can be pushed
through (-redexes, so may Cs be pushed through C5, by use of the penultimate
rule of Fig. @ (which is not needed if the only concern is cut-admissibility).

Similarly, the last rule, (), which has nothing to do with cut-elimination, is
needed to account for n-conversion in (call-by-value) A-calculus. It is interesting
to see its meaning in proof theory: it generates an axiom on an implication, given
a proof on the same sequent built from axioms on each of its direct sub-formulae,
and then left and right introductions of the implication. In fact, recursive appli-
cation of the reverse transform is precisely what is used to prove that one can
safely restrict LJQ (in the implicational case) to atomic axioms.

5.2 Connection with Call-by-Value A-Calculus

We will now be precise about what we call CBV A-calculus. In [30], Plotkin
introduces Ay, a calculus whose terms are exactly those of Church’s A-calculus
and whose reduction rule, called (v, is merely (-reduction restricted to the
case where the argument is a value, i.e. a variable (typed by an axiom) or an
abstraction (typed by implication introduction).

However, the equational theory produced by Sy -conversion is shown [30] to be
incomplete with respect to some canonical call-by-value semantics called Con-
tinuation Passing Style. Therefore, Ay, was later extended [25] to A¢ with a
let . = ... in...-construct (like our Cut-constructs for LJQ) and additional
reduction rules; [31] shows, in effect, that the equational theory matches the
CBV-semantics. Terms of A\¢ are defined as follows:

M,N,Pu=z | e.M|MN |letz=Min N

We use V' as a meta-variable ranging only over values. The reduction rules of
Ac are as follows:

Az. M)V — M{z=V}

letx=Vin M — M{z=V}

M N — letz=M in (z N) (M not a value)
V N — lety=Nin (Vy) (N not a value)
etz =M inz — M

lety=(letx=Min N)inP— letz=Min (lety=Nin P)

The reduction ny can usefully be added: Ax.(V &) —,, V ifax g FV(V)
In the presence of By, the following rule has the same effect:

Az (yx) —ny Y fz#y

We define the translation .” from LIQ-terms to Ac by induction on the struc-
ture of terms:
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x =z
(Az. M)’ = \z.MP
(1vy =V
(z(V,y.M)) =lety=xV’in M
(Cs(N,z.M))" = let z = N” in M”
(Ca(V.w. M) = M {x =V}
(V.2 V) =V {z=V"}
We define the translation .f from A\¢ to LJQ by a similar induction, using an

auxiliary translation . from values to values (a measure shows that the defini-
tions are well-founded).

.Tfn =T

(Az.M)* = . M?

1% S %

(let y =z V in P)* = z(VH,y.PY)

(let y = (Az.M) V in P)* = Cs(Az.M?, z.2(V?, y. P?))

(let z=V N in P)* —(lety =N in (let z=V y in P))*
if NV is not a value

(let z= M N in P)* = (let z = M in (let z =2 N in P))*

if M is not a value
(let z=(let z = M in N) in P)* = (let z = M in (let z = N in P))?
(let y =V in P)? Cs(VE, y.PY)
(M N)* (let y = M N in y)*

Notice that if M is a Oy /Ca-free term of LIQ, M*% = M and that for any term
M of Ao, M——* M*® . Now we can state (using —* for the reflexive transitive
closure of — | etc) the following:

Theorem 2 (Preservation Theorem)

1. For any terms M and N of Ac, if M — N then M*—* N¥.
2. For any terms M and N of LIQ, M——* N iff M°——* N”.

Hence, if a term M of LJQ is given the CBV-semantics of M”, LIQ inherits
from A¢ a semantics that captures exactly its equational theory.

Ongoing work includes refining the connection above and generalising it to a
framework that would also account for the call-by-name discipline, by using a
calculus introduced by Espirito Santo [14].

6 G4ip with Terms

Bringing some of the above ideas together, we can regard G4ip itself as the
typing system for a term calculus. The associated reduction system for cuts
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also has the strong normalisation property. Details are in [6]. The main point of
interest is the avoidance of auxiliary operations (corresponding to admissibility
lemmas) in favour of uses of instances of the explicit substitution operation.

7 Conclusion

We have presented, proved complete and shown some applications of a strongly
focused calculus LIQ’, incorporating and extending the restrictions on deriva-
tions explicit in the calculus LIQ of Herbelin [I6], implicit in the work on
“purification” in Hudelmaier [I8] and with early traces in the work of Vorob’ev
[34]. These applications range from sequent calculi for automated proof search
to CBV-semantics of A-calculus.
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Abstract. We introduce and study a version of Krivine’s machine which
provides a precise information about how much of its argument is needed
for performing a computation. This information is expressed as a term of
a resource lambda-calculus introduced by the authors in a recent article;
this calculus can be seen as a fragment of the differential lambda-calculus.
We use this machine to show that Taylor expansion of lambda-terms (an
operation mapping lambda-terms to generally infinite linear combina-
tions of resource lambda-terms) commutes with Bohm tree computation.

1 Introduction

After having introduced the differential lambda-calculus in [I], we studied in [2] a
subsystem of the differential lambda-calculus which turns out to be very similar
to resource oriented versions of the lambda-calculus previously introduced and
studied by various authors [3/405]: the resource lambda-calculus. It is a finitary
calculus in the sense that it enjoys strong normalization, even in the untyped
case.

Resource lambda-calculus as the target language of the complete Taylor expansion
of lambda-terms. Our viewpoint on this resource lambda-calculus is that it is
the sublanguage of the differential lambda-calculus where the completTaylor
expansions of ordinary lambda-terms can be written.

Indeed, the only notion of application available in this resource calculus con-
sists in taking a term s (of type A — B if the calculus is typed) and a finite
number of terms si,...,s, (of type A) and applying s to the multiset consist-
ing of the terms s;, written multiplicatively s; ... s,. This application is written
(s) (s1...8n). In differential calculus, this operation would correspond to taking
the nth derivative of s at 0, which is a symmetric n-linear map, and applying
this derivative to the tuple (s1,...,Sn)-

Defining a beta-reduction in this calculus (as in the original differential
lambda-calculus) requires the possibility of adding terms, because the analogue

* This work has been supported by the ACI project GEOCAL.
! By complete, we mean that all applications in the lambda-terms are expanded.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 186-[I97] 2006.
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of substitution is a notion of formal partial derivative whose inductive defini-
tion is based on Leibniz ruldd, and the expression (s) (s1...sy) is linear in s,
S1,-..,8p; the connection between algebraic linearity and this syntactical notion
of linearity is discussed in the introduction of [I]. The logical significance of this
derivative, and the linear logic analogue of this resource lambda-calculus are
discussed in [6], where differential interaction nets are introduced. The striking
fact is that this new structure appears in this linear logic setting as new opera-
tions associated to the exponentials, completely dual to the traditional structural
operations (weakening, contraction), and to dereliction.

In constrast, the usual lambda-calculus has a notion of application which is
linear in the function but not in the argument, for which we used the nota-
tion (M) N (parenthesis around the function, not around the argument). The
connection between these two applications is given by the Taylor formula.

Taylor expansion and normalization. In [2], we explained how to Taylor expand
arbitrary lambda-terms (of the usual lambda-calculus) as (generally infinite) lin-
ear combinations of resource lambda-terms with rational coefficients. We showed
moreover that, when normalizing the resource terms which occur in such a Tay-
lor expansion, one gets — generally infinitely many — finite linear combinations
of normal resource terms (with positive integers as coefficients) which do not
overlap; so it makes sense to sum up all these linear combinations. Moreover,
the numerical coeflicients “behave well” during the reduction, in a sense which
is made precise in the corresponding statement, recalled as Theorem [l in the
present paper.

1.1 Overview

We show that this sum s of normal resource terms obtained by normalizing the
Taylor expansion of a lambda-term M is simply the Taylor expansion of the
Bohm tree of M (the extension of Taylor expansion to Bohm trees is straight-
forward). Thanks to the results obtained in [2], this reduces to showing that a
normal resource term appears in s with a nonzero coefficient iff it appears with
a nonzero coefficient in the Taylor expansion of the Bohm tree of M. The “only
if” part of this equivalence is fairly straightforward, whereas the “if” part re-
quires the introduction of a version of Krivine’s machine which also provides an
appealing computational interpretation of the result.

Krivine’s machine. Usually, Krivine’s machine [7] is described as an abstract
environment machine which performs the weak linear head reduction on lambda-
terms: given a term M which is beta-equivalent to a variable z, starting from the
state (M, 0, 0) (empty environment and empty stackd), after a certain number of
steps, the machine will produce the result (z, E, () where the resulting variable
x is not bound by the environment E.

2 In [6], it is shown that Leibniz rule is more pecisely related to the interaction between
derivation and contraction.
3 The stack is there as usual for pushing the arguments of applications.
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This computation can be understood as a special kind of reduction of lambda-
terms (mini-reduction, aka. linear head reduction [8J9]) which cannot be de-
scribed exactly as a beta-reduction because, at each reduction step, only the
leftmost occurrence of variable in the term is substituted. As an example, con-
sider the term My = (Az (x) (x) y) Az z. After one step of linear head reduction,
we get My = (Ax (Az 2) (x) y) Az z. Observe that the argument and the lambda
of the main redex are still there, and that the function still contains an occur-
rence of the variable z. Now the leftmost variable occurrence is z and the term
M reduces to My = (Az (Az () y) (x) y) Az z. The leftmost occurrence of vari-
able is z again and we get M3 = (Ax (A\z (Az 2)y) (z) y) Az z which reduces to
My = (Ax (A2 (A\zy)y) (z) y) Az z. We arrive to a term My whose redexes are all
K-redexed] and reduces to the variable y.

This is exactly this kind of computation that Krivine’s machine performs,
with the restriction that one does not reduce under the lambda’s, in some sense
(whence the word “weak”). We extend Krivine’s machine in two directiondd.

— First, we accept to reduce under lambda’s.

— Second, when Krivine’s machine arrives to a state (z, E, II) where the envi-
ronment E does not bind x and I7 is a non-empty stack, it classically stops
with an error. Here instead we continue the computation by running the ma-
chine on each element of I7. This corresponds, in the linear head reduction
process, to reducing within the arguments of the head variable when a head
normal form has been reached.

We call K this extended machine. When fed with a triple (M, E, ) where E does
not bind the free variables of M, this machine produces the Béhm tree of M (all
finite approximations being obtained in a finite number of steps).

A more informative version of the machine. Then we define a version K of that
machine where a “tracing mechanism” is added. The idea is to count precisely
how many times the various parts of the term M have been used, starting from
the state (M,D,0), for reaching the state (z, E’,0) (when one knows that M
is equivalent to the variable x). This information is summarized as a resource
term which has the same shape as M (or, equivalently, appears in the Taylor
expansion of M with a nonzero coefficient). For example, in the example of My,
the corresponding resource term is (Ax (z) (x)y) (A\z 2)?, which appears with
coeflicient % in the Taylor expansion of M.

But there is no reason for limiting our attention to lambda-terms equivalent
to a variable: when M reduces to a Bohm tree B, we just add a parameter to our
Krivine’s machine, which is a resource term w occurring in the Taylor expansion
of B. Then K(M, @, 0, u) produces a resource term s which appears in the Taylor
expansion of M and, in some sense, counts how much of M the machine uses for

4 A K-redex is a redex (Axz M) N such that = does not occur free in M. In My, the
outermost redex is not a K-redex, but becomes a K-redex after reduction of the
internal K-redexes.

5 These extensions are fairly standard and are part of the folklore.
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producing w. This resource term s will depend on M and on u: the larger will
be u, the larger will be s.

This machine also gives us a proof for the “if” part of our main result (see
the beginning of this “Overview” section), because u appears with a nonzero
coefficient in the normal form of the resource term s produced by the machine.

2 Ordinary Notions

We use the word “ordinary” for qualifying the usual lambda-calculus (as opposed
to the resource lambda-calculus to be introduced later), and we adopt Krivine’s
notations: application of M to N is written (M) N, and (M) N ... N, stands
for (((M)N1)...) Np.

Béhm trees. An elementary Béhm tree (EBT) is a normal term in the lambda-
calculus extended with the constant {2 subject to the following equations:

(2) M = 2 and Az 2 = 2. In other words: {2 is an elementary Bohm tree and
if x,x1,...,x, are variables and By, ..., By are elementary Bohm trees, then
Ax1...2p (x) By ... By is an elementary Bohm tree. The following clauses define
an order relation on EBT's:

— 2 < B for all EBT B;
- A1z, () By... By <CiC=MXxy...2, () Cy...Cx with B; < Cj for
all j.

A (general) Bohm tree is now defined as an ideal of elementary Béhm trees, in
other word, it is a set B of EBTs which is downwards closed and directed (and
hence non-empty). We define now a family of functions from lambda-terms to
EBTs.

— BTo(M) = £
— BTor1(Azr..oxp (@) My . My) = Axy ... xp (2) BT (My) ... BT (My);
— BTn_H()\l'l e Tp (()\yP) Q) M1 .. M]C)
=BT, (A\z1...2, (P[Q/y]) M1 ... My)

Tt is straightforward to check that BT, (M) is a non decreasing sequence of EBTs.
Then the Béhm tree of M is the downwards closure of the set {BT,,(M) | n € IN},
which is an ideal of EBTs.

Krivine’s abstract machine. If f : S — S’ is a partial function, a € S and b € 5,
we denote by f,—p the partial function g : S — S’ which is defined like f but
for a, where it is defined and takes the value b.

By simultaneous induction, we define the two following concepts: a closure is
apair I' = (M, E) where M is a lambda-term and E is an environment such that
FV(M) C Dom E and an environment is a finite partial function on variables,
taking closures or the distinguished symbol free as value. We use Dom. E for
the subset of Dom E whose elements are not mapped to free. We need also an
auxiliary concept: a stack is a finite list IT of closures.
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We define a sequence of functions from states to EBTs.

- KO(F7 H) = ‘Q;

— Kpyi(z, E, IT) = K, (E(x), ) if x € Dom.(FE);

— Kpg1(z, B, IT) = (2) K (11, 0) ... Ky (T, 0) where IT = (I, ..., 1}),
if E(z) = free;

— Knt1(Az M, E,0) = Az K, (M, Epfree, 0) (assuming that ¢ Dom(E) and
that x does not appear free in any of the terms mentioned in E);

— Kny1(Ae M, E, I ::IT) = K, (M, By, IT) (with similar assumptions for x);

— Knt1((M)N,E, IT) =K, (M, E, (N, E):: IT).

Observe that the definition is correct in the sense that, in all “recursive calls” of
the function K, the closures are well formed (the domain of their environment
contains the free variables of their term).

Let S = (I,II) be a state. One checks easily that (K, (S))nenw is a non
decreasing sequence of EBTs. We define K(S) as the downwards closure of the
set {Ky(S) | n € IN}; this set is a B6hm tree.

We define another total function T, from closures to lambda-terms. Given a
closure I' = (M, E), we set T(I") = M [T(E(x))/%] ,cpom, p- This is a definition
by induction on the height of closures, seen as finitely branching trees. We extend
this mapping to states: T(I, (I1,...,I)) = (T(I) T(IY) ... T(I3).

The main, standard, property of Krivine’s machine is that K(S) = BT(T(S5))
for any state S. This “soundness” result shows in particular that Krivine’s ma-
chine computes the Bohm tree of lambda-terms: BT (M) = K(M, E, (}), where £
is any environment mapping all the free variables of M to the value free.

3 Resource Notions

Notations. Let E be a set. A multiset on E is a function m : £ — IN. The
support supp(m) of m is the set of all a € E such that m(a) # 0. The multiset
m is finite if supp(m) is finite. The number m(a) is the multiplicity of a in m.
We denote by Mg, (F) the set of all finite multisets on F.

3.1 The Resource Lambda-Calculus

We give a short account of the resource lambda-calculus, as developped in [2].
We recall the syntax and terminology of [2]. As usual we are given a countable
set of variables.

Simple terms and poly-terms

— If x is a variable, then x is a simple term.

— If x is a variable and t is a simple term, then Azt is a simple term.

— If t is a simple term and T is a simple poly-term, then (¢) T' is a simple term.

— A simple poly-term is a multiset of simple terms. We use multiplicative
notations for these multisets: 1 denotes the empty poly-term, if ¢ is a simple
term, we use also ¢ for denoting the simple poly-term whose only element is
t, and if S and T are simple poly-terms, we use ST for the multiset union
(sum) of S and T.



Bohm Trees, Krivine’s Machine 191

We use the greek letters o, 7... for simple terms or poly-terms when we do not
want to be specific. We use A for the set of all simple terms, A' for the set of
all simple poly-terms and A() for one of these two sets when we don’t want to
be specific.

Linear combinations and reduction. We use Q* (the rig of non-negative rational
numbers) as set of scalars. If A is a set, we use Q*(A) for the free Q™-module
generated by A. If a € QT (A), we use Supp(a) for the set of all @ € A such that
aq # 0. We use IN(A) for the elements of Q1 (A) whose coefficients are integers.

A redex is a simple term of the shape r = (Ax s) S. It reduces to 0 € IN(A) if
the cardinality of the multiset S is distinct from the number of free occurrences
of  in s, and otherwise reduces to

0:(s,8) = Z s [817...7Sd/.%‘f(1)7...,l‘f(d)] € IN(A)
feBGy

where S = s1...84 and z1,...,xzq are the d free occurrences of x in s. In this
expression, &4 stands for the group of all permutations on the set {1,...,d}.

This notion of reduction extends to all simple (poly-)terms, using the fact that
all constructions of the syntax are linear. For instance, if s1,...,s, € A and for
each 4, s; reduces to s; € IN(A), then the simple poly-term s; ... s, reduces to
[Tie, s; € IN(AY.

This notion of reduction is a relation ~ from A(") to IN(A("); it is extended
to a relation from QT (A(") to itself by linearity (the linear span of ~+ in the
product space QT(AM) x QT(AM)). This relation is confluent, and strongly
normalizing if we only consider integer coefficients. We use Ag for the set of all
normal simple terms, and NF for the normalization map IN(A(")) — ]N(Aé”),
which is linear.

Taylor expansion of ordinary lambda-terms. Let us give an intuition of the re-
source lambda-calculus, explaining why it is related to the idea of Taylor ex-
pansion. Usually, when f is a sufficiently regular function from a vector space
E to a vector space F (finite dimensional spaces, or Banach spaces, typically),
at all point * € E, f has nth derivatives for all n € IN, and these deriva-
tives are maps f(™ : E x E® — F with the same regularity as f and such
that ) (z,uy,...,un) = fO(x) - (u,...,u,) is n-linear and symmetric in
Ui, . .., Uy. When one is lucky, and usually locally only, the Taylor formula holds.
Around 0, it reads

Fa) =30 L F0) )
n=0 "

If we want to Taylor-expand lambda-terms, which after all are functions, we need
to extend the language with explicit differentials, or more precisely a construction
of differential application of a term M to n terms Ny, ..., N,, as we did in [I]
(a simplified version of that calculus is now available in [10]). The idea is that
if M represents a function f from E to F' and if Ny, ..., N, represent n vectors
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Ul,...,u, € E, then this new construction D"M - (Ny,...,N,) will represent
the function from E to F which maps = to f(™(z) - (u1,...,u,), and therefore
this construction is linear and symmetric in the N;’s.

The Taylor expansion of a single lambda-calculus application (M) N would

then read
oo

> i' (D"M - (N,...,N))0
n=0

If we want now to Taylor expand all the applications occurring in a lambda-
term, we see that the usual lambda-calculus application in its generality will
become useless: only application to 0 is needed. This is exactly the purpose
of the construction (s) sy ...s, of the resource lambda-calculus; with the nota-
tions of the differential lambda-calculus, the expression (s) sy ...s, stands for
(D"s - (S1,...,8n))0.

So the resource lambda-calculus is a “target language” for completely Taylor
expanding ordinary lambda-terms. The expansion of a term M will be an infinite
linear combination of resource terms, with rational coefficients (actually, inverses
of positive integers). Let us use M* for the complete Taylor expansion of M. By
what we said, this operation should obey (M) N =" 1 (M*) (N*)™ as well
as r* = x and (Ax M) = Az M*. From these equations, we obtain, applying the
multinomial formula, that

. 1
M* = Z m(s) s

seT (M)

where 7 (M) C A (the set of resource terms which have “the same shape” as
M) is defined inductively by 7 (z) = {z}, T(\a M) = {\zs | s € T(M)} and
T(M)N)={(s)S|seT(M)and S € Mg,(T(N))}. The positive number
m(o) associated to each (poly-)term o is called its multiplicity coefficient; see
the definition and properties of these numbers in [2]. We can recall now the main
result proven in that paper.

Theorem 1. Let M be an ordinary lambda-term.

1. If s, € T(M) and s and s are not a-equivalent, then Supp(NF(s)) N
Supp(NF(s")) = 0.
2. If s € T(M) and u € Supp(NF(s)), then the coefficient NF(s), of u in

NF(s) (remember that this coefficient must be a positive integer) is equal to
m(s)/m(u).

Proving this result involved a coherence relation on simple terms for the first
part, and some considerations on groups of permutations of simple term variables
for the second part.

Given an ordinary lambda-term M, it makes sense therefore to apply NF to
each of the simple terms occurring in its Taylor expansion, defining NF(M*) =
ESQT(M) m%S) NF(s). Indeed by Theorem [ if w is a normal simple term, there
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is at most one s € T (M) such that NF(s), # 0.Moreover, if such a simple term
s exists, the coefficient of u in the sum above is

NF(M™), =

by Theorem [I] again.

We want to prove that this sum is equal to BT(M)", the Taylor expansion of
the Bohm tree of M. To give a meaning to this notion, we need first to define
7 (B) when B is an EBT: the definition is the same as for ordinary lambda-terms,
with the additional clause that 7(£2) = (). For instance 7 ((z) 2) = {(z)1}.
Observe that B < C' = T(B) C T(C).

We generalize this notion to arbitrary Bohm trees: 7(B) = Jgcg 7 (B) (this
is a directed union since B is an ideal). Of course, all these resource terms
are normal. Given a Béhm tree B, it makes sense finally to define its Taylor
expansion, as we did for ordinary lambda-terms: B* = 3=, _7g)(1/m(b))b.

3.2 Resource Closures and Resource Stacks

We adapt now the concepts of closure and stack to the framework of the resource
lambda-calculus, introducing multi-set based versions thereof. We stick to our
multiplicative conventions for denoting multi-sets.

— A resource environment is a total function e on variables, taking resource

closures or the symbol free as values. We extend pointwise the multi-set
notations to resource environments, e.g. (ee’)(x) = e(z)e/(z) (equal to free
when one of these two values is equal to free). For an environment e, we
require moreover e(x) = 1 for almost all variables =, where 1 is the unit
resource closure (see below the definition of resource closures).
If x is a variable and c¢ is a resource closure, we denote by [z — ¢] the resource
environment which takes the value 1 for all variables but for x, for which it
takes the value c. If e is a resource environment, e \ « denotes the resource
environment which takes the same values as e but for « where it takes the
value free. We use Dom, e for the (co-finite) set of all variables where e does
not take the value free.

— A resource closure is a pair ¢ = (T, e) where T is a simple resource poly-term
and e is a resource environment, or is the special unit closure 1. Intuitively,
this special closure is “equal” to any closure of the shape (1, e) where e maps
all variables to free, to the unit closure 1 or to any closure of the shape we
are now describing.

Poly-term multiplication is extended to closures in the obvious way: the unit
closure 1 is neutral, and (T, e)(T",¢’) = (TT’, ee’).

A resource closure (T,e) will be said to be elementary if the multi-set T
has exactly one element. All resource closures are product (in many different
ways, usually) of elementary resource closures. We use the letters ¢, ¢, ...
for general resource closures and ~y,~’... for elementary resource closures.
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Finally, a resource stack m is a finite sequence of resource closures.

A resource state is a triple (¢, e, ) where ¢ is a simple resource term, e is a
resource environment and 7 is a resource stack. In such a resource state, the pair
(t,e) will be considered as an elementary resource closure.

By mutual induction, we define 7 (E) and 7 (I"), the set of all resource environ-
ments and resource closures of shape E (ordinary environment) and I" (ordinary
closure) respectively:

— T(E) is the set of all resource environments e such that
o if E(x) = free, then e(x) = free;
e otherwise and if F(x) is defined, then e(z) € T (E(x));
e if E(z) is undefined, then e(x) = 1.
—IfI'=(M,E), then T(I") = (Mgn(T(M)) x T(E)) U {1}.
This extends to standard stacks and resource stacks in the obvious way, defining
m € T(IT). Last we set T ([, 1) =T (") x T (II).
As we did for the ordinary lambda-calculus, we associate to each resource
closure ¢ a (generally not simple) resource poly-term Tp(c) € IN(A') by the
following inductive definition

1 ife=1
TD(C) - {811,...,xn (T, TD(E(ml))a AR TD(G(In))) if ¢ = (T’ 6)

where z1,...,x, is any repetition-free sequence of variables which contains all
the variables of Dom. e which are free in T or satisfy e(xz) # 1 (in particular,
this expression is equal to 0 if there exists a variable x not free in 7" and such
that e(x) # 1).

Due to the basic properties of partial derivatives explained in [2], the expres-
sion above of Tp(c) does not depend on the choice of the sequence of variables
LlyeeoyTp-

Observe that when c is elementary, Tp(c) can be seen as a resource term.

Last, we extend this definition to resource states (v, ) where 7 = (c1, ..., cg)
is a resource stack (v and the ¢;’s are therefore resource closures, and we know
moreover that 7 is elementary), setting

Tp(v,m) = (- (Tp(7)) To(e1) - --) To(ex) € IN(A)

4 A Resource Driven Krivine’s Machine

We define a new version K of Krivine’s machine which, fed with an ordinary
closure I', an ordinary stack IT and a normal resource term u, will return a pair
(v,m) € T(I,IT) where ~y is an elementary resource closure, or will be undefined.

We use the symbol “1” for the result of the function when it is undefined. As
before, we define by induction on n an increasing sequence of partial functions
Ky and we set K = [J;7 ; Ky.

The base case is trivial: RO(F, II,t) = 1, always.

The inductive step is by case on the shape of the first element of the closure
I' = (M, E) (remember that we assume that FV(M) C Dom E).



Bohm Trees, Krivine’s Machine 195

— If M = x is a variable, we have two subcases.
o Assume first that € Dom.(E). If K,,(E(z), II,u) =1,

then RnH(F, IT,u) = 1 and otherwise, let (v, 7) = Ky, (E(x), IT, u), then

y ify==x
Knt1(M, E,II,u) = (z,e,m) where e(y)={ free if E(y) = free
1 otherwise.

e Otherwise, we have z € Dom(FE) and E(x) = free. The stack II is a

sequence (I1,...,I%) of ordinary closures.
« Ifu=(--(x) Vi---) Vi and for each j = 1,...,k and v € supp(V;),
there exists an elementary resource closure «;(v) such that

Ka(15,0,0) = (3;(0),0), then

~

Kn+1(M7 E’ H’ u) = (Qf, €, ﬂ—) where e(y) = {free if E(y) = free

1 otherwise.

and where m = (c1,...,cx) with ¢; = Hvesupp(‘/})’Yj(v)‘/}(U) (this
product has to be understood as a product of resource closures, in
the sense defined above — remember that V}(v) is a positive integer,
the multiplicity of v in the multiset V}).
x Otherwise, RnH(M,E,H, u) =1.
— Assume now that M = Ax N. Without loss of generality, we can assume that
E(z) = 1. Again, we have two subcases.
e Assume first that IT = () is the empty stack.
If u = Az v and K, (N, Ezfree, 0,v) = (¢, €,0) with e(x) = free, then

~

Kn+1(M7 Ea (07 ’LL) = ()\If, €ris1, (D)

and otherwise, Rn+1(M7 E,0,u)=1.
e Assume next that IT = I':: IT'. If K, (N, Epp, IT',u) = (¢, e,7’) with
e(x) # free, then

~

K1 (M, E, IT,u) = (Ax t, ez, e(z) ")

and otherwise, Rn.H(M7 E,0,u)=1.
— Last assume that M = (P)Q. If K, (P, E,(Q, E) = II,u) = (t,e,(T,€') =),
then

~

Kni1(M, E, IT,u) = ((t) T, ee’, )
and otherwise, Rn_H(M, E,Q,u)=1.
The following lemmas summarize the main properties of this machine.

Lemma 1. Let I' be an ordinary closure, II be an ordinary stack and u be a
simple resource term. R

If K(I', I1,u) is defined, then u is normal and K(I',II,u) is a resource state
(v, ) which belongs to T (I, II).
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Lemma 2. Let I' be an ordinary closure, II be an ordinary stack and u be a
normal simple resource term.
For each n € IN, we have the following equivalence:

we T(Kn(L D)) iff Kn(I I, u) is defined

Lemma 3. Let I' be an odinary closure, II be an ordinary stack and u be a
normal simple resource term.
Let n € IN. If K, (I, IT,u) = (v, 7), then u € Supp(NF(Tp(y,7)))

5 Normal Form of the Taylor Expansion

Using the lemmas proven so far and some natural properties relating substitution
in ordinary and resource lambda-calculi, we can prove the main theorem of the

paper.
Theorem 2. Let M be an ordinary lambda-term and let u be a normal simple

resource term. Then u € T(BT(M)) if and only if there exists s € T (M) such
that w € Supp(NF(s)). Moreover, when this simple term s exists, it is unique.

From this result and from Theorem[I] we can derive the announced commutation
property.
Corollary 1. Let M be an ordinary lambda-term. One has

1

BT(M)" = NF(M*) = ) n(s)

seT (M)

NF(s)

6 Concluding Remarks

By Theorem 2] there exists a partial function E : A x Ay — A such that
E(M,u) is defined if and only if v € T(BT(M)) and then takes as value the
unique simple term s € 7 (M) such that v € Supp(NF(s)). In the proof of that
theorem, one sees how this function E can be defined, using a modified ver-
sion of Krivine’s machine (an implementation of that machine is available at
http://iml.univ-mrs.fr/ regnier/taylor/).

When BT(M) is a variable «, the situation is particularly simple: we have
T(BT(M)) = {*} and E(M,«) is the unique s € 7(M) which has a non-zero
normal form, and the normal form of s must be m(s)*. In that particular case, it
is interesting to observe that the “size” of s (easy to define by a simple induction
on s) is the number of steps in the reduction of M to x by Krivine’s machine,
which seems to be a sensible measure of the complexity of the reduction of M.

The map S o E: Ax Ay — IN seems therefore to provide more generally a way
of measuring the complexity of the reduction of lambda-terms. The interesting
point is that this measure is associated to the algebraic property stated by
Theorems 2] and [11
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Abstract. In [6], K. Weihrauch studied the computational properties of
the Urysohn Lemma and of the Urysohn-Tietze Lemma within the frame-
work of the TTE-theory of computation. He proved that with respect to
negative information both lemmas cannot in general define computable
single valued mappings. In this paper we reconsider the same problem
with respect to positive information. We show that in the case of posi-
tive information neither the Urysohn Lemma nor the Dieudonné version
of Urysohn-Tietze Lemma define computable functions. We analyze the
degree of the incomputability of such functions (or more precisely, of the
incomputability of some of their realizations in the Baire space) accord-
ing to the theory of effective Borel measurability. In particular, we show
that with respect to positive information both the Urysohn function and
the Dieudonné function are 33-computable and in some cases even X3-
complete.

Keywords: Computable Analysis, Borel Measurability, Urysohn
Lemma, Urysohn-Tietze Lemma.

1 Preliminaries

We assume that the reader is familiar with the basic concepts of computable
analysis as outlined in [5] and of effective Borel measurability as introduced
in [1] and [2]. For the reader’s convenience, we recall however in the following
some basic concepts and definitions. Notations and terminology that are not
standard will be explicitly introduced and carefully explained. As to the theory
of representations, we use the approach of [5], except that the Cantor space is
replaced by the Baire space, as in [I].

Definition 1. IN* (]N]N) is the set of all finite (infinite) sequences of natural
numbers.

Fory e N*UINYN and n € IN, the expression “n € y” means that y lists n, thus
there are yo € IN* and y; € N* UINY such that y = yony: .

13

Given any p € NI, p[n]” denotes the initial segment of p of length n € IN.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 199-208] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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For any giwen word w € IN*, let “wIN™ 7 denote the set {p € NN : w = p[m]},
where m = length(w). Recall that such set is an open ball in the Baire space.
Since any p € NN s a function p: IN — IN, the symbol “p(n)” denotes the n-th
number listed by p.

Definition 2 (Naming systems). Given a set S, a notation (a representa-
tion) v of S is a surjective function v :CIN — S (v :C NN S).
A represented set is a pair (S,7y) where S is a set and 7y is a representation of S.

For the sake of clarity, given a represented set (S,6) and an element z € S, we
may use & itself to label all its §-names. Thus, p, € INY is a §-name of z, where
6 is clear from the context.

From now on the definitions and results refer to a generic computable complete
metric space M = (M, d, Q,v,,) (see [5]), unless otherwise specified. For the sake
of generality, we assume that M # () and dom(v,) = IN.

A will be the class of all the closed sets in the topology generated by d.

As a particular case, R is the computable metric space (IR, d’, Q,v,,), where d’
is the Euclidean metric and v, is a notation for the set of the rational numbers
which is given by some recursive enumeration of Q itself.

Definition 3. Let a computable metric space M = (M,d,Q,v,) be given. The
set of all balls B(q, o) with q € Q and a € Q" is a base for the topology generated
by d. We call the elements of this set noted open balls of M. Each noted open ball
is uniquely determined by its center and its radius, thus one can define through
a pairing function a notation v,, for this base. Let dom(v,,) be the (whole) set
INY, so that 0 denotes no ball (in this context 0 means “no information”).

The ball v, (n), for n > 0, will be denoted by “I:;/I 7,

Definition 4 (Standard representation). é,, is the standard representation
of M associated with M: for p € NN et

6M(p):m€M<:>{n>O:n6p}:{n:x€I:I}.

As usual, p denotes the standard representation associated with IR, and in the se-
quel INT will always be represented by the standard representation ¢, associated
with the Baire computable metric space B.

Definition 5 (Effective Borel measurability). A function F :C NT — NN
is called X0-computable, for k > 1, if there is a computable function G :C
NY - NN ymapping each 52?(3)-name of any O € XY (B) to some 522(3)-name
of a set V € X9 (B) such that F~1(0) =V N dom(FYY.

Let represented sets (S;,6;), for i = 0,1, and a function f :C S; — Sy be
given. Any function F :C NN — INN s said to be a (61, 80)-realization of f
when f61(p) = 6oF (p) for all p € dom(f61). The function f is said to be X%-
computable with respect to representations (81,68) (written “X9-computable
w.r.t. (61,60)7), for k > 1, if it has a 9 -computable (61, 80)-realization. Notice
that for k=1 the function f is (61,80)-computable as defined in [5].

! For the representations 6508 050 (m) See .
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To prove that the function f is 22—computable with respect to the represen-
tations 61,6y one can show, by Corollary 3.9 in [I] and Definition [, that f
has some (81, 6p)-realization F such that F = Fj o ... o F,, for some n € I,
F:C NN — IN"™ is 39 -computable for 1 <i <nand k= ki +...+k, —n+1.

Definition 6 (Reducibility). Let F :C NN — N gnd G :C NN — INT pe
two given functions. F is (computably) reducible to G (written “F <. G”) if
there are two computable functions A :C NY - NN gnd B :C NN — NN such
that

F(p) = A(p,G o B(p))

for all p € dom(F).

Let represented sets (S;,6;), for 1 < i < 4, be given and let functions f :C
S1 — S3, g :C S3 — Sy be given. The function f is said to be (computably)
reducible to g with respect to representations (61,82, 03,064) (written “f <. g
w.r.t. (61,02,03,64)7) if there are a (61,64,082)-computable function a :C Sy x
Sy — So and a (61, 63)-computable function b :C Sy — S3 such that

f(x) = a(z, g o b(z))

for all x € dom(f). Recall that for S; = Sy = NN we let 6, = 65 = o, and
so we omit the reference to the representations 61,02. Thus, we speak simply
of reducibility w.r.t. (83,04), because, by the first notion of reducibility, f can be
identified with some of its (6,8, )-realizations. The same holds of S = Sy = IN™.

By applying Proposition 5.2 of [I] to Definition [6, we deduce that if f <. g
w.r.t. (61,02,03,04) and g is E%H—computable w.r.t. (63,04), then f is E%H—
computable w.r.t. (61, 62).

Definition 7 (Completeness). For any k € IN let Cj, : NN — INN be the
function:

0 IngVng_13Ing_2...Qny : p{n, Nk, Ng—1..., 1) # 0
Ci(p)(n) = {1 otherwise

where Qny = Iny if k is odd, and Qny = Vn, else.

Given represented sets (S;, 6;), fori=0,1, a function f :C S1 — Sp is 22+1—
complete w.r.t. (61,60) if it is 22+1—computable w.r.t. (61,80) and Cy, <. f w.r.t.
(61,60)-

The rationale behind Definition [7 is the following fact, which is a consequence
of the application of Theorem 5.5 of [I] to Definition B given any function
g :C S3 — Sy, one has that g <. C w.r.t. (63,84) if and only if g is 22+1—
computable w.r.t. (83, 84). Moreover, by Theorem 5.5 and Proposition 8.5 of [I],
for any k € IN, the function Cy is X9, |-computable but not X-computable.

Definition 8. Consider the set:

Fev = {F:C NN - NN . F is (B, B)-continuous and dom(F) is a Gs-set}.
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In the following, let n :C NN — pow pe any standard representation of F“¥
(see [F]) satisfying the universal Turing machine (utm-) property, the parameters
(smn-) property, and the fact that any computable function F € F*“ has some
computable n-name.

As usual, we write “n,” as an abbreviation for "n(p) gz

2 Urysohn Lemma

We show that with respect to positive information there is a 39-computable
Urysohn function v mapping any pair of disjoint closed sets in a given metric
space to some continuous real function satisfying certain properties. The function
u is defined in terms of a map associating any given closed set A with some
continuous function o such that A = 0~1[{0}]. We adapt proofs contained in [5]
and [6], using techniques from the effective Borel measurability theory. By these
techniques we also achieve some completeness results.

For closed sets, positive information consists in the following representation:

Definition 9. ¢ is the representation of the class A of the closed subsets of
M defined in the following way: for p € IN™ Jet

1/J+(p):A6A<:>{n>0:n6p}:{n:AﬁI:LA;é@}.

The representation ¥, is largely used in the literature, although denoted by
different symbols (e.g. by “6<” in [3], while for the computable metric spaces IR
it coincides with “¢0.” in [B]). The next representation is very used as well, and
it is well-defined by the Main Theorem of [5]:

Definition 10. Let é,,, be the representation of the set C(M) of all total con-
tinuous real functions f : M — IR defined as follows for all p € dom(n):

b (0) = f € C(M) & n, € F“*is a (6, p)-realization of f.

Lemma 1. There is a X3-computable function o : A — C(M) w.r.t. (V4 ,0,m)
mapping any closed set A C M to some continuous function o, : M — IR such

that A = o7 *[{0}].

Proof. For any non-empty closed set A let d, be the distance function of A:
d,(z) =inf{d(z,y) : y € A} for all x € M. Let:

0,(z) = {min{lydA(m)} i A0

1 otherwise.

One can define a computable function H :C INT x N — IN™ which outputs a
list (of all the v,-names) of the rational upper bounds of o, (x), given as input

2 By using a pairing function in INY, F““ can be considered as a set of functions with
(finitely) many arguments. The utm- and the smn-property of  immediately extend
to this case.
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any ¥i-name of the set A and any ,,-name of a point x € M. To accomplish
this, just consider the following property which holds for all e € Q™

0,(r)<ece>1V(IceQ,acQ i Blc,a)NA#DAd(z,c)+a<e).

Similarly, it is easy to define a computable function G :C NN x NN NN
which outputs all rational lower bounds of 0, (), given as input a list (of all the
vy,-names) of the noted open balls not intersecting A and a ¢,,-name of z. To
do this consider that for any € € Q™

<o, () e<IA(FceQ,acQ :Blc,a)NA=0Aa—d(z,c)>e).

There is a X9-computable function L mapping any given v -name p, of A to
some enumeration L(p,) € INN of the set {n : I, N A = ()} (possibly empty).
Put L(p,) = limg(L;(p,))jen, where:

Li(py)(n) = {" i ¢ palj] W

0 otherwise.

The function limp is $9-computable by Proposition 9.1 of [1] and Ap.(L;(p)) en
is computable. Therefore by Corollary 3.9 of [1], L is X3-computable.

Hence, there is a computable function £(p1,p2,ps) which outputs a p-name
of o, (z) on input (p,, L(p,),r,), where r_ is any §,,-name of z. By the smn-
property, there is a computable function S such that

’rIS(pA,L(pA))(T:c) =&, L(Pa)sT,)-

S(p,,L(p,)) is a &,,,-name of o, and the mapping \p,.S(p,, L(p,)) is X9-
computable by Corollary 3.9 of [I]. O

In general, a map o satisfying Lemma [ is not necessarily 39-complete. For ex-
ample, for M = {z} (the singleton metric space), even if o cannot be (¢4, 6, )-
continuous, it has a (¢4, 8,5 )-realization mapping computable objects to com-
putable ones. This means, by the Invariance Theorem of [I], that C; £. o.
Nevertheless, the next proposition shows that in some cases ¥9-completeness
obtains:

Proposition 1. For M = 1R, it obtains C; <. o w.r.t. (V4,0pp)-

Proof. We give the proof for IR, but the method can be applied to other com-
putable metric spaces with similar features. Let p € NN be given. Then consider
the closed set A C IR:

A={n:3Im (p{n,m) #0)}.

Let G : IN™ — IN™ be any computable function such that ¢ (G(p)) = A. For
any n € IN, one can directly check if there is an m such that p(n,m) # 0, and
if so, n € A, whence o,(n) = 0. Otherwise, if such an m does not exist, then
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n ¢ A and o, (n) # 0. It is sufficient in this case to compute a p-name of o, (n)
and verify that this is not a p-name of 0. More formally, if O is a (Y4, 6nx)-
realization of o, OG(p) is a 6ypx-name of o,; given any 6,,-name r of n, we
check computably (by the utm-property) whether p(n,,, (7,)) # 0 (observe
that there is a computable sequence {r, },ew of p-names such that p(r ) =n
for all n € IN). O

Theorem 1. There is a X3-computable function u :C A x A — C(M) w.r.t.
(Vi 4, b ), mapping every disjoint pair of closed subsets of M to some total
continuous functionu, , : M — R such that u, ,(x) =0 forz € A, u, ,(z) =1
forx € B, and 0 < u, ,(x) <1 otherwise.

Proof. For any closed set A let o, be defined as in the proof of Lemma [l
Consider the function u, , for A, B € A:

04

0, + oy

UA,B

Lemma [l together with Corollary 3.9 and Proposition 3.8(3) of [I] give then the
result for u: (A, B) — u,, . |

Considering again the singleton metric space, one can show that in general the
function u of Theorem [l is not X3-complete. Nevertheless, the following propo-
sition shows a case in which u is X3-complete:

Proposition 2. For M = IR, it obtains C1 <. u w.r.t. (Y4, ¥4,0pm)-

Proof. Again, the proof is valid for other cases of metric spaces similar to IR.
Let p € N be given. For any n € IN define the closed sets A,, B, C IR:

Ay, ={n+2-*+2) : 3Im < k (p(n,m) #0)},
By, = {n—2"+2) :¥m < k (p(n,m) = 0)}.

Then put A = |J,eny An and B = U, e Bn- Let G, G’ be two computable
functions such that ¢, (G(p)) = A, ¥4 (G'(p)) = B. Let u, , € C(M) be such
that u, ,[A] = {0}, u, ,[B] = {1}. Given n € IN, if there is an m for which
p(n,m) # 0 then n € A, whence u, ,(n) = 0. But if such an m does not exist,
then n € B and u, ,(n) = 1. |

3 Dieudonné’s Function for the Urysohn-Tietze Lemma

In [6], Weihrauch observes that Dieudonné’s approach to Urysohn-Tietze Lemma
is not computable with respect to negative information.

We analyze again Dieudonné’s solution, but for the case of positive informa-
tion, and by the tools of effective Borel measurability.

First, we give the concept of positive information for continuous partial real
functions according to [5] (the corresponding notion with respect to negative
information is fundamental in [6]):
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Definition 11. Let C" (M) be the set of all continuous partial real functions
f:C M — IR with closed domain and let 5:/“1? be the representation of such set
defined in the following way:

5:@1 p,q) = f < npis a (b, p)-realization of f and dom(f) = ¥+ (q).

Lemma 2. Let f : M x A — R be some continuous bounded real function,
with A C M closed, such that the function h = Az.inf{f(z,y) : y € A} is
continuous. Then there is a function mapping f to h which is X9-computable
w.r.t. ((5P 1)

MMIR’ MJR) :

Proof. By the sake of simplicity, consider (p,¢,) as a 6;Mm—name of f when 7, is
a (Oyy, Oy, p)-realization of f and ¥4 (g, ) = A. Let r, and ryy be any 6,,-names of
points x € M, y € A, respectively. Through (p, 75, 7,) it is possible to compute a
p-name of f(x,y) using the utm-property. Obviously, a € Q is bigger than h(x)
if and only if there exists some y € A such that f(x,y) < a. Given then a list s
of all rational numbers bigger than h(x), a list ¢ of all rational numbers smaller
than h(x) is obtained using limp similarly to (1), except that we need suitable
adjustment in order to take account of the case in which h(z) € Q. Since the set
A may be uncountable and the function lim, is X9-computable, ¢ may not be
computable on the given inputﬁ. Therefore the smn-property is bound to depend
also on such argument. But the information coded in ¢ depends on z, whereas by
applying the smn-property we want to find a é,,,,-name of h which depends only
on (p,q,). Hence, what we actually do is that we compute an “oracle” K(p,q,)
for the function h which is defined on suitable initial segments of §,,-names,
and such that £(K(p,q,), ) is a p-name of h(z), for some computable function
£(p1,p2).

By definition of computable metric space (see [5]), the set {u € IN* : uIN™ N
dom(é,,) # 0} is r.e.: let {ug,u1,uz,...} be a 1-1 computable enumeration of
it. Similarly, let {ng , w;IA , ng ,...} be an enumeration, through ¢,, of the set
{we IN*: 6, [wINN] N A # 0}.

For j € IN let M be a machine which computes a function K; such that
K;(p,q,)(n,m) = 1 if M can prove in j steps that for all I < j the least
upper bound of p (), [um]NIN X w4 ]N]N]) is smaller than v (n). Otherwise
K;(p,q,)(n,m) = 0. Then K((p,q,)) = lime(K;((p,q,)))jen provides the de-
sired oracle. O

Theorem 2. There is a X9-computable function t w.r.t. (6:,113,76MJR) mapping

each partial continuous real function f :C M — [1,2] with closed domain and
min(f) = 1, max(f) = 2 to some continuous total extension g : M — [1,2].

Proof. Let dom(f) = A. Consider the Dieudonné function f +— g, where g is
defined by:

ifxe A

otherwise.

f(x)
g(z) = § infyea{f(y)d(z,y)}

Al

3 Nevertheless, observe that s can be actually computed by considering some countable
dense set in A which is known by ¢, see [3].



206 G. Gherardi

The function g is a total extension of f and min(f) = min(g) = 1, max(f) =
max(g) = 2. Moreover, g is continuous, as proven by Dieudonné in [4]. Let (p,q,)
be a 5:/Im—name of f. We show that there is a £9-computable function mapping
(p,q,) to some 8, -name of g. Let H be a function such that H(p,q,) is a
Oy -name of the function Az.infyca{f(y)d(z,y)}, for x € M. Lemma [2] gives
us a suitable X9-computable H (observe that a 8,,,,z-name of the function
Az, y).f(y)d(x,y) can be computed using the utm-property).

By the proof of Lemma [I] we know that d,(x) is computable given ¢, and
some list (of all the v,,-names) of the noted open balls not intersecting A. By the
same proof we know that there is a suitable X9-computable function L which
provides such a list given ¢,. The map \p, q,).(H(p,q,),L(q,)) is therefore
39-computable.

We then define a Turing machine M (p1, p2, ps, p4), which, on the input

((Pyaa), Hip,qu)s L(q,);7,),

computes a p-name of g(z), with r, a 6,,-name of x € M. For the sake of
simplicity in the description of the algorithm, we show how to compute a list of
open rational intervals in IR with decreasing diameters and whose intersection
is the singleton {g(x)}. From this, it is easy to compute a p-name of g(x). To
define M we partly modify the original proof of the continuity of g given by

Dieudonné. Let )
i) = lnfyeA{df((ym))d(%y)}.

The intuitive idea is to apply always f to x, unless we realize at some stage
that = ¢ A. If so, the computation goes on applying i to x. The problem is to
handle the process carefully, so that if we realize at a certain stage that the wrong
function (i.e. f) has been applied to =, we are still in time to compute a name
of g(x) = i(x). This means that despite of having applied the wrong function,
we have listed on the output tape only names of balls containing i(x). If we
succeed, we do not need to know at the beginning of the computation whether
x € A or not, in order to make a choice between f and i. Such a knowledge
may not be computably achievable with the information coded in the input and
it is (partially) dependent on z. On the contrary, we want to find, by the smn-
property, a possible name for a realization of the Dieudonné function, and this
must be independent from .

We define M by induction on the number of stages. At stage 0 the machine
outputs nothing.

Stage s > 0) Suppose M has listed only v -names of balls containing g(z).
Now M must write the name of a noted open ball B" C IR such that g(x) € B"

and diam (B]R) < 27°. Let u be the initial segment of 7, that has been consid-

ered until now by M. Suppose any ball mentioned in w intersects A. Therefore
we are sure that u is an initial segment of some 8,,-name of some point in A.
Then M applies, by the utm-property, 7, to r_ until it finds some n € r;,q,

such that f {Ijﬂ C I, C IR, where diam (I;Z) < 27(s+2),
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If such a ball I::/I exists, let I::/I = B(c,a) for ¢ € Q,a € QT. Suppose M finds

)
also another noted open ball I,l:l = B(e, ) such that « € I,I:I C I:I, I,I:I NA#D,
and
a—d(c,e) — 0> 40.

If x € A then both I:L/I and I,LVI exist. Now we see how to find a suitable ball B
containing g(z) (independently on whether z € A or not). Let C = AN1I) and
D=A-C. Sincew e} L' [N A#0and diam (1) = 28, there is a
y € C such that d(x,y) < 26. But for any y € D:

d(z,y) > d(y,c) —d(c,e) —d(e,x) > a —d(c,e) — 5> 40.

Therefore:
4,(@) = do (z) = i {d(z. ). )

Moreover, for y € C'N I,I:I one has f(y)d(z,y) < 453, whereas for y € D it holds
f(y)d(z,y) > 4p. So

;gg{f (y)d(z,y)} = yigg{f (y)d(z,y)}- (3)

Recall that for any y,z € C: |f(y) — f(2)| < 2762 thus f(z) — 276+ <
f(y) < f(2) +27(+2) Therefore, chosen a z € C, for any y € C:

(£(:) =270 ) d(a.y) < FW)d(,y) < (£(2)+270) d(a.y),

hence
(F(2) =270) inf {d(a.)} < inf {f()d(2. )}

and
inf (()d(.y)} < (£(2) +2707) inf {d(a.y)).

By (2), d, (z) = infyec{d(z,y)}, and so by (3) we conclude:
(F) =270 d, () < inf (F)d(.p)} < (£(2) +2702) dy (@), ()

which proves that |g(z) — f(2)] < 276*2). Indeed if g(x) = f(x) then |g(x) —
f(2)| < 27+2) by our hypothesis that f [I:I} C I, and diam (I::) < 27(s%2),
Otherwise, by (4):

f(z) - 9= (s+2) < innyA{df((yl?)d(xvy)} = g(z) < f(2) 4+ 9= (s+2),

Let v € Q be the center of I::. Then |y — g(z)| < |y — f(z)| + |f(2) — g(z)| <
2=(+1)_ The machine M puts then B' = B(ry,2- (1),
Suppose otherwise that either I:L/I or I,LVI is not defined. Then x ¢ A and M



208 G. Gherardi

recognizes this, sooner or later, through L(g,). By induction hypothesis, any
ball mentioned in the output tape at stage s — 1 contains g(x). Using the com-
putability of |, the value i(x) is computable via the utm-property applied to
(H{p,q,),r,) and (q,, L(q,),r,). So M computes i(z) until it finds some ball
with diameter smaller than or equal to 27° and writes its name on the output
tape.

M proceeds to compute i(z) similarly at any other stage u > s.

Let now &(p1, p2, p3, p4) be the function computed by M. By the smn-property
there is a computable function S such that

ns((p,qA>,H(p,qA>,L(qA)) (Tz) = §(<p7 QA>7 H<p, qA>7 L(qA)7 r,)-
Then the function (p,q,) — S((p,q,), H{p,q,), L(q,)) is £J-computable. O

Moreover it obtains:

Proposition 3. The Dieudonné function t is not computable: in some cases it
is 39-complete (w.r.t . (6;m,6MR)).

Proof. Consider the computable function f : IR x R — IR such that f(z,y) =
|z — 1| + 1 for all z,y € IR. This function f has a computable 6 -name, say
r e NN, Let 2, = (0;n), yn = (1;n), 2, = (2;n) for all n € IN and take a
computable function H : N — INN such that for any p € INT:

U+ (H(p)) = {xn, yn : n € N} U {zy, : 3m(p(n, m) # 0)}.

Put ¢, (H(p)) = A. Then (r, H(p)) is a 6, -name of f|,.
Consider the Dieudonné extension g of f| 4. For any n € IN, if there is an m such

that p(n,m) # 0 then g(z,) = fla(zn) = f(2,) = 2. If there is no such m then
g(zn) = flA(yn)d(ynvzn) = f(Yn)d(Yn,zn) = 1. o
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Enumeration Reducibility with Polynomial
Time Bounds
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Abstract. We introduce polynomial time enumeration reducibility (<pe)
and we retrace Selman’s analysis of this reducibility and its relationship
with non deterministic polynomial time conjunctive reducibility. We dis-
cuss the basic properties of the degree structure induced by <ye over the
computable sets and we show how to construct meets and joins. We are
thus able to prove that this degree structure is dense and to show the
existence of two types of lattice embeddings therein.

1 Introduction

Polynomial time enumeration reducibility K,9 was defined by Selman in
[Sel78] as a variant of enumeration reducibility (<.) in terms of the non con-
structive formulation of the latter given in [Sel71]. Selman showed that <
differs from the constructive polynomial time bounded variant of enumeration
reducibility ( <XF) introduced by Ladner et al. in [LLS75]. However Selman also
showed that <. and gljp coincide over the class of sets computable in expo-
nential time. Now, <X¥ is an effective operator based reducibility in the sense
that there exists a computable enumeration of effective operators {&, | n € w}
such that for any sets A and B, A<YP B iff A = &,(B), for some n € w. Ac-
cordingly the degree structure induced by this reducibility over the computable
sets is amenable—sed] [Cop97]—to many of the techniques used in the liter-
ature of the well known polynomial time bounded deterministic reducibilities.
The fundamental definition of <. is however not effective operator based and
we possess no reformulation of this definition to suggest otherwise. Indeed, as the
reader will observe, an effective operator based definition of <. would appear
highly implausible. Thus the study of its degree structure requires by definition
a different approach. The primary purpose of the present paper is to elaborate
on this point. In particular, we show that, with the use of results from [Sel7§]
joins and meets can be constructed in a uniform manner and that, accordingly,
two results on lattice embeddings due to Ambos Spies [AS85Db| [AS87] apply in
the context of the <. degrees. However, from a more general viewpoint, this
work also shows that there are two distinct and viable degree structures cor-
responding to the polynomial time bounded variants of enumeration reducibil-
ity. Moreover, the reader should note that the fact—as indicated above—that
these degree structures coincide over the class of exponential time sets raises the

! Note that Copestake uses the pseudonym <& for <I'F.
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© Springer-Verlag Berlin Heidelberg 2006



210 C.M. Harris

possibility of the existence of some structural property distinguishing the asso-
ciated degrees within the <. degree structur@.

2 Background and Preliminaries

Basic Notation and Assumptions. Let X = {0,1}. Our basic elements are
finite strings over X, the set of which we denote by X*. s,t,x,... denote such
strings and |s| denotes the length of string s. Sets of strings are denoted by
A, B,C,... and classes of sets by A, B, C,... The complement of A in X* is de-
noted A and the cardinality of any set S is written || .S|. st is the concatenation
of strings s and ¢, sA is the set {st | t € A} and A® B is the set 04U 1B.
The semicharacteristic function of A is defined to be the function s4 such that
Dom(sa) = A and sa(z) =1 for all z € A. The characteristic function of A is
written c4. We assume the standard length lexicographical ordering on strings
(<L) and we assume the reader to be conversant with the identification of X*
with w induced by <j, (so that, for example ¢ = logs makes sense). For any
(total) functions f, g : w — w we say that f is O(g) if there exists a constant ¢
such that f(n) < c-g(n) for all n € w. We extend this notation in an obvious way
to time bounds. P denotes the class of polynomials in one variable. We assume
the fixed enumeration {p;(n) | i € w} in P to be defined by p;(n) = n’ + i for
all 7 € w. We assume the reader to be already familiar with the basic notions of
(time related) complexity theory and with the (oracle) Turing machine model
used in the time bounded context. Accordingly, we use P (NP) to denote the
class of sets computable (acceptable non deterministically) in polynomial time
and EXP to denote the class of sets computable in exponential time. More
generally for any total function ¢ : w — w, DTIME(¢(n)) denotes the class of
sets computable in time O(¢(n)). Note that we assume an effective enumeration
{Vi]i€w} of NP such that V; is non deterministically computable in time
pi(n). We say that A is polynomial time many one reducible to B (A<F B) if
A = f~1(B) for some total function f computable in polynomial time. We say
that (total) g is polynomial time constructible (p-constructible) if there exists
p(n) € P such that g(s) is computable in p(|g(s)|) steps for all s € X*.

Coding Finite Sets and Pairs of Strings. We assume { D, | s € X*} to be
a polynomial time computable and invertible/decodable enumeration of all finite
subsets of X* (see for example the coding scheme in [Har06] Subsection 4.2.2).
Also, for any finite set D we define Dt and D~ to be the sets {s | 0s € D}
and {s|1s € D} respectively.

To keep notation succinct we use ( , ) to denote polynomial time computable
and invertible bijections (I) from X* x X* to X* and (II) from w x X* to X*
(where w is identified with {0}*). Note that the context always disambiguates
the meaning of this notation.

Enumeration Reducibility and Non Determinism. Assuming the identi-
fication of X* with w mentioned above, let A, B be any subsets of X* and let

2 If NP = EXP this is trivial since NP is the zero degree in this structure.
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f, g be any partial functions from X* into X*. We suppose the reader to be fa-
miliar with deterministic Turing reducibility <t between partial functions and
its non deterministic counterpart <yt (for the latter see for example [Coo04]
Section 11.1 or [Har0O6] Section 2.2.1). Accordingly, for any sets A, B we say
that A is Turing reducible to B (A<t B) if ca<rcp. We say that A is com-
putably enumerable in B (A c.e.in B) if there exists a partial function f<rcp
such that A = Ran(f) or, equivalently, if sy <tcp, and we say that A is
computably enumerable (c.e.) if f is partial computable or, equivalently, if s4
is partial computable. We say that A is enumeration reducible to B (A<,B) if
there exists a c.e. set W such that, for all s € X%,

se A iff (Fte X)[(s,t)eW & D, C B] (2.1)

and we say that partial function f is enumeration reducible to partial function
g (f<eg) if Graph(f)<.Graph(g). McEvoy showed in [McE84] that, f<.g iff
f <nxTg for any such functions f and g. It follows that A is enumeration re-
ducible to B iff s4 <nxrsp. In contrast to this, we say that A is (setwise) non
deterministic Turing reducible to B (A §¥B) if sa<nrcp.Now, a straightfor-
ward argument shows that f<rtg iff f<yrg provided that Dom(g) is com-
putabla). This means that A c.e.in B iff A<} B and, in particular, that the
class of c.e. sets comprises precisely those sets acceptable by a non determin-
istic Turing machine. This also means that Selman’s definition of enumeration
reducibility [Sel71] is tantamount to saying that A<,B iff

(VX € ¥*)[B<EX = A<TX] (2.2)

Turing Reducibilities and Polynomial Time Bounds. Let A and B be
any subsets of X*. We suppose that the reader is conversant with the notion
of a polynomial time (p-time) bounded Turing machine (in which the underlying
program essentially contains a step counting polynomial clock). We say that a
Turing reduction is p-time bounded or, is (effected) in p-time if there is a p-time
bounded oracle Turing machine that witnesses the reduction. Accordingly we
say that A is p-time Turing reducible to B (A<E B) if A<t B (i.e. ca<rcp)
in p-time. We say that A is (setwise) non deterministic p-time Turing reducible
to B (A<YF B) if A<Y¥ B (ie. sa<nxrcp) in p-time. Moreover, using a stan-
dard result due to Cook [CooTl1] and Karp [Kar72] we can stratify the latter in
terms of computation length and <%.. Thus, given any ¢q(n) € P, we say that
A is size q(n) non deterministic p-time reducible to B (A §¥i B) if there exists
R<E B such that for all z € X*, x € A iff Jw[|w| < ¢(|z]) & R(z,w)]. We
say that A is non deterministic p-time conjunctive reducible to B (A<NF B)
if s4 <nTsp in p-time. The reader will observe that the present definitions of
§¥P and SCNP are straightforward reformulations of the definitions found in the
literature, for example in [LLS75]. Moreover, Ladner et al. and Selman essen-
tially showed that both reducibilities can be defined in terms of enumeration

3 See Theorem 2.4.5 and Corollary 2.4.6. of [Har(6)] or, for the case when g is total,
the intuitive argument in Section 11.1 (pages 174-5) of [Coo04].
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type operatordd. Accordingly, using the notation defined above (see page 2I0),
we know that A <P B iff there is a polynomial p(n) and set V' € NP such that,
for all s € X",

seAd e BteX)(|t|<p(s|) & (s,t)eV & D} CB & D; CB) (2.3)

Likewise A<XP B iff there is a polynomial p(n) and set V € NP such that, for
all s € X,

seAd s GteX)(lt<p(s) & (s,;t)eV & D, CB) (2.4)

Moreover, we can define <NF| the non deterministic version of <F via ([24) by
simply replacing the conjunct “D; C B” by “t € B”. We use ¥, v to denote the
set of putative azioms induced by the polynomial p(n) and the set V' € NP in
the sense that

v = {0 |t <p(s]) & (s,t) €V} (2.5)

and we refer to such sets as mp-operators. It is important to note that that
W, v € NP for any polynomial p(n) and V' € NP. We assume a fixed effective
enumeration of np-operators {®, | n € w} defined such that &, = ¥, v, for
n = (i, j). Notice that for any n € w and s,t € X*,if (s,t) € &, then [t| < p,(]s]).
Of course, according to the above definitions, these operators can be used in three
different ways. We thus specify ¥,y to be an np-T-operator if ¥, witnesses
23) and we write A = @gV(B) for this reduction. We specify np-c-operators
and np-m-operators in a similar manner and we use the notation A = ¥y ,,(B)
and A = W;:‘V(B) respectively in this case. When no ambiguity arises we drop
the superscripts. Accordingly, for r € {T,c,m} we can view {&, |n €w} as
an enumeration of np-r-operators such that A<NF B iff A = &,(B) for some
n € w.

Notational Conventions. Our notation is based on that found in [AS99]. Thus
for example we use REC to denote the class of computable sets and, for (R,s) €
{(P,T),(NP,c)}, we use (RECY, <) to denote the degree structure induced
by <BF . We also refer to the latter as the computable r-s-degrees. Likewise we
use af, bY, ... to denote individual degrees and we drop super/subscripts if the
context is unambiguous.

s 1 Ys v

3 Basic Properties of <,

We noted in Section [2] that, for any A, B C X*, A<,B iff s4<nyTsp whereas
A<NP B iff s4<nTsp in p-time. Moreover, this analogy is borne out by the
operator orientated formulations of these reducibilities given by ([21]) and (24).
Therefore <Y can be seen as a polynomial time bounded variant of <. How-
ever, as Selman showed in [Sel78|, there exists another distinct polynomial time

4 See [LLSTH] page 120, [Sel78] page 454 or [Har06] Lemmas 4.2.8-4.2.9.
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bounded variant of <, whose definition reflects the non constructive formula-
tion of the latter given by (22). Selman gave this variant the name polynomial
time enumeration reducibility (<p.). We proceed below by introducing this re-
ducibility. We then follow Selman’s argument by defining a constructive version
(<pe) and by explaining the equivalence of the two. We present Selman’s re-
sults on the comparison of SEIP with <,. and we discuss some of the basic
properties of the degree structure induced by <.

Definition 3.1 ([Sel78]). For any A, B C X*, A is said to be polynomial time
enumeration reducible to B (A<peB ) if

(VX C 29)[B<IPX = A<EPX] (3.1)

The reader will observe the analogy that we mentioned above between this def-
inition and the non constructive definition of <, given by (Z2). We proceed by
defining approximations to <.

Definition 3.2 ([Sel78]). For any A, B C X*, and polynomial q(n), A is said
to be q(n) time enumeration reducible to B (Agge B)if

(VX C 2*)[B<YL X = A<KPX] (3.2)
It is obvious that <, can be derived from the above approximations.

Lemma 3.1 ([Sel78]). <,c = (\,p Sge .

In the constructive approach, in contrast, we begin by defining the appropriate
approximations. For the sake of succinctness we define the latter directly in terms
of np-operators.

Definition 3.3. For any A, B C X*, and polynomial ¢(n), A is said to be con-
structive q(n) time enumeration reducible to B (A<] ., B) if there exists an
np-operator ¥, v (see (Z1))) and k > 0 such that, for all s € X*,

s€EA & (FteX) (s,t)eW,y & DFf CB & Dy CB
& Vz(z€ Dy = qll2]) < k-log |s|) |

Note that we also refer to this as a pe’-reduction for q(n) of A to B.

Note 3.1 ([Sel78]). Viewed as a non deterministic p-time Turing reduction,
Agge, B can be described as follows. Suppose that machine N witnesses Agge,
B. Then for any input s, if s € A there exists an accepting computation of N5 (s)
such that all negative queries z in this computation satisfy ¢(|z]) < & - log |s|.

Note that, for simplicity, we refer to such z as relevant negative queries.

Definition 3.4 ([Sel78]). For any sets A and B, A is said to be constructive
polynomial time enumeration reducible to B (A<pe' B ) if Agge,B for every
polynomial q(n). In other words,

— q
Spe’ - ﬂqEP Spe’
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Note 3.2. For any polynomials p(n), g(n), set V'€ NP and number k > 0, we
define the set

Uoar = 180 [ (s,t) €Wy & Vz(z € Dy = q(l2]) <k-logs|) }

to be a pe'-operator for q(n) with index (p(n),V,k) and we note that W;fevq &
is obviously in NP. We assume a fixed computable enumeration {®, | n € w}

of pe’-operators such that &, = Wpe for n = (i,4,1, k). Accordingly it is

Vi.pi,k
now easily seen that, for any fixed polynomlal q(n) there exists an enumeration
{®, | n € w} of pe’-operators for g(n) such that, for any A, B C X¥*, A<} B

iff A=, (B) for some n € w—i.e. that <he I8 effective operator based.

The next step in Selman’s argument is to show that §ge =<}, forallg(n) €
P. Note firstly that <°1 2 <} is intuitively obvious. Indeed suppose that
A< - B and B<N};X Then by definition there exists binary R <t X such
that “for all z € X*, z € B iff Jy[ly| < q(Jz]) & R(z,y)]. Thus the query
“2 € B? can be determimstically computed with oracle R in O(29(%D) steps.
However, for any input x € X* any relevant negative query z in the reduction
A<}, B satisfies g(|z]) < k-log|z| for some fixed k > 0. Thus A<FFR via
an appropriate simulation derived from the original reduction Agge, B since
all relevant negative queries can be deterministically computed relative to R
in time O(2¥1°8") = O(n*). Since R<E X it follows that A<JF X. On the
other hand, in order to prove gge C §ge, it suffices to prove the contrapositive
% 2 %o+ This is our next result.

Lemma 3.2 ([Sel78]). For any A,B C X* and q(n) € P, if AL}, B then
there exists C<1A® B such that B<NP C and A%_ NPC. (And so C witnesses
the fact that AZ3.B.)

Proof. See the proof of [Sel78] Theorem 10 or [Har(6] Lemma 4.3.12. a
The equivalence of <,. and <. is now evident from the above results.
Theorem 3.1 ([Sel78]). <pe = <pe

Corollary 3.1. For any sets A and B if A%pe B then there exists C<tA® B
such that B<YFC' whereas ALYF C. In particular C is computable if A and
B are both computable.

Proof. If A£,cB then, by Theorem Bl A%y B. Thus, by definition, A£7,
B for some g(n) € P. Therefore, by Lemma [B2] there exists a set C<1tA® B
such that B<JPC but ALYPC. O

Note 3.3 (The pe-operator problem). We saw in Note 3.2 that the relation
<oe 18 effective operator based for all g(n) € P. However, despite Theorem [3.]]
if XgpeY all that we know is that, for all g(n) € P there exists a pe’-operator
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& for g(n) such that A = &(B). This might mean, in the worst case, that we
need an infinite list of pe’-operators as witness to the single reduction X <,.Y".
(Of course in practice there are many cases in which only a single operator is

required, for example if x € X iff loglogz € Y for all z € X* or whenever
X<NPy )

Selman showed in Theorem 6 of [Sel78] that <,. is a maximal transitive
subrelation of <NP over £* and we can deduce from Selman’s argument and
Corollary B1] that this property also holds over REC. In contrast Ladner et al.
constructed in Lemma 4.3 of [LLSTH] sets A, B,C € DTIME(2%") such that
A<YP B<EP C whereas A «YF C' thus proving that <JPis not transitiv
In particular for us this means that <. is properly contained in §¥P over
classes of relatively low time complexity. On the other hand it is easily seen
that <P C <NP C <P and also that <NF C <. (the latter by Theorem [B.]
since 0bv1ously <NP C Nyep Sper) On the other hand, in Theorem 11 of
[Sel78] Selman constructed sets A and B (in elementary tlm(?ﬂ such that A <p.
B (via the pe-reduction z € A iff loglogz € B) whereas A<M B . Thus
<P is properly contained in <,.. However Selman also showed that this is
not the case over EXP. Indeed, suppose that A<,.B and B € EXP. Then
B € DTIME(2¢™) for some g(n) € P. Now, it follows from the assumption
that A<,.B and Theorem B.Il that A<7, B. Suppose that ¢ is a pe’-operator
for g(n) witnessing this reduction. Then, by definition, for any (s,t) € & we
know that (Vz € D; )[q(|z]) <k -log|s|] for some fixed k > 0. Thus “z € B?”
can be computed in O(2F1°8lsl)y = O(|s|*) steps for all such z. It is therefore
straightforword to construct an np-c-operator @ witnessing A<NF B (see the
proof of [Sel78] Theorem 12 or [Har06] Proposition 4.3.25). Furthermore, taking
into account that EXP is closed under <,. we obtain our next result.

Proposition 3.1 ([Sel78]). §§P and <pe coincide over EXP.

Let (REC,., <)—which we also refer to as the computable pe-degrees—denote
the degree structure induced by <,. over REC. Then notice that Proposi-
tion B0 tells us that (REC?P,§> and (REC,,, <) are identical over EXP.
Now, as mentioned earlier a number of results concerning (RECYY, <) were
proved by Copestake in [Cop97]. But what can we say about (REC,e, <)?
Well, firstly it is easily seen that the latter is an upper semilattice with NP
as zero degree (just as for (RECY' | <)). Moreover, (REC,, <) is not a lattice
and is not distributive. (These properties are proved in Theorem 4.4.3 and Theo-
rem 4.4.5 of [Har(06] using straightforward adaptations of similar arguments used
in [AS85al, [AS99].) Also the computable pe-degrees display branching properties

® Note that in [Sel71] Theorem 2.7 Selman had shown that <. is a maximal transitive
relation of the relation “c.e.in” or, in other words (as we saw in Section 2)) <}.

5 In fact the construction is such that A <% B<,.C and so it also follows—by tran-
sitivity of <t and <pe—that A< cB and B£T C (see [Har06] Corollary 4.3.20).
Thus this proof also shows the separation of <% and <,. in both possible ways.

" This is clear from Selman’s construction. See [Har06] Lemma 4.3.23 for an approxi-
mate time analysis.
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(see [Har06] Proposition 4.4.7) similar to those displayed by the computable p-
T-degrees. This brings us to the question of whether joins and meets can be
constructed in the pe-degrees in a manner similar to that developed for the
p-T-degrees, in particular by Ambos-Spies. Bearing in mind the “pe-operator
problem” stated above, this question requires a slight change of methodology. It
is also the principal subject of the work presented below.

4 Join and Meet Lemmas

In this Section we present two results taken from Ambos Spies’ work [AS85al
AS85b], [AS87] which we will adapt to the context of the pe-degrees. The reader
will notice that we do this directly in the case of the meet lemma below. The
join lemma on the other hand has more general scope and is adapted to the
present context in Section Bl We begin by a reminder of the notion of recursively
presentable class and related issues.

Notation. We use P, to denote the class {X | X Cw & X € P} under the
indentification of w with the unary language {0}*.

Definition 4.1. A class C of computable sets is recursively presentable (r.p.)
if C is empty or there exists a computable set U C w x X* such that C = { U, |
n € w}, where Uy, =qer {5 | (n,s) € U}. Note that C<P U for all C € C and
observe that we call U a universal set for C. A class D is closed under finite
variants (c.f.v.) if, for all sets A and B, if A € D and B = A then B € D also.

Our next result is proved by modifying the proof of Lemma 2.1(c) in [AS85b].

Lemma 4.1. Let C and D be r.p. classes of computable sets. Define
[C.Dlyp ={A|(3C €C)(3D e D) (C <xTA<L'D)}

Then [C,D]yp is recursively presentable and closed under finite variants.

Note 4.1. Any finite class of computable sets is recursively presentable. In par-
ticular, the class [{A}, {B}|yp is r.p. and c.f.v. for any A, B C X*.

Notation. Let f:w — w be a strictly increasing function. The n'" iteration f"
of f is defined inductively by: fO(m) = m and f**'(m) = f(f*(m)). We use
the denotation I} =qer {2 € X* | f7(0) < |z| < f**1(0)} and we call this the
(n+1)%t f-interval. Since f is strictly increasing { I} | n € w} is a partition of
% (e. Z* = U {I] | new} and I, N I] = 0 for all m # 1). For any set
a C w the notation I/ is used as shorthand for the set |J {I} |n€a}.

Note 4.2 ([AS85b]). If f:w — w is p-constructible and strictly increasing
and a € P, then I/ € P, and therefore for any X C ¥*, I/ n X <P X.

Note 4.3 ([AS85b]). Any computable function ¢ :w — w is dominated by a
strictly increasing p-constructible function f in the sense that (¥Vn)[g(n) < f(n)].
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Lemma 4.2 (Join lemma [AS85b]). Let Cy,Cy be computable sets and let
Co, Cy be r.p and c.fu. classes such that Co U Cy ¢ Co and Cy ¢ Cq. Then
there is a computable function gy :w — w such that the following holds. If g is
a strictly increasing computable function that dominates gy and o is an infinite
and co-infinite set of natural numbers then (CoNIE)UC, ¢ CoUC; .

Lemma 4.3 (Meet lemma [AS85b]). For any computable set B there is a
computable function g1 such that g1(n) > n and the following holds. If g is
a p-constructible and strictly increasing function which dominates g1, and if
a,f €P, and C C X* is computable, then

degp((BNI5,n5)©C )= degp (BN I5,) © C) N deg, (BN I55) & C) (4.1)

Proof (Sketch). Given B, let g; be the stepcounting function of some determin-
istic Turing machine computing B such that g1(n) > n. Fix ¢g,«, and C as
in the premise of the Lemma. Now, it is easily seen that the pe-degree on the
L.H.S. of 1) is below both of the pe-degrees mentioned on the R.H.S. of the
latter. Thus we only need to show that for any X C X%,

[X<pe(BNI3,) B C & X<pe(BNIEs) & C = X<pe(BNIS, 005 @ C |

Accordingly, the proof now proceeds in a similar manner to that of Lemma 3.4 of
[AS87] except that we replace p-T-reductions by pe’-reductions. Indeed, by the
same argument—and bearing in mind that pe’-reductions are just specialised
np-T-reductions—we find that for any ¢(n) € P, if (I) X <], (BnI3,) ®C
and (IT) X<}, (BNIj;) @ C, then (M) X <X* (BN I3, ,5) ® C. Moreover,
on any input s, all queries made in reduction (III) are either queries made in
reduction (I) or queries made in reduction (II) on input s. So suppose that
k' k" > 0 witness respectively the fact that the np-T-reductions (I) and (II)
are pe’-reductions for ¢(n) in the sense of Definition Then we know that
q(]z]) < k' -log|s| for alld relevant (see Note [B)) negative queries of reduction
(I) and that q(|z|) < k" -log|s| for all relevant negative queries of reduction
(IT). But this means that any relevant query in reduction (III) satisfies

qlzl) < q(lz) +q(|z]) < K -logls| + k" -logs| = (K" + k") -log|s|

Now, since s was chosen arbitrarily we know that k = k’ + k" witnesses the fact
that (IT1) is in fact a pe’-reduction for ¢(n), i.e. that X<} (BN IJ, ,5) @ C.
Now suppose that X <,(BNI3,) ® C and X <,c(BNIj;) © C. Then, by
Theorem Bl we know that (I) and (II) apply for all ¢(n) € P. Thus we know,
by the above argument, that (III) also applies for all g(n) € P. Therefore, by
applying Theorem B.1] once more we obtain that X <,e(B N 1I3,,5) @ C. This
proves the Lemma. (See Lemma 4.5.7 of [Har06] for a more formal proof.) O

8 In a more formal argument using operators (as defined in Note B2) all possible
negative queries satisfy this condition.
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5 Lattice Embeddings

Ambos-Spies’ join and meet lemmas provide us with the background tools for
the construction of lattice embeddings in the pe-degrees. As the reader will
observe, the join lemma is used indirectly in that it relies on the fact that
np-T-reductions are effective operator based (something we cannot guarantee
for pe-reductions—see Note [33)), and Corollary Bl to perform the necessary
diagonalisation. In other words it uses what is essentially a corollary of the (non
constructive) definition of pe-reducibility. On the other hand, the construction
of meets relies heavily on the constructive formulation of pe-reducibility (see
the proof of Lemma [3) in combination with the methods used to construct
joins. We begin by presenting the basic construction of joins and meets in the
pe-degrees and, in so doing, we prove that the computable pe-degrees are dense.
We then go on to state two of Ambos-Spies’ lattice embedding theorems which
are applicable in the present context due to our ability to construct joins and
meets in the manner described below.

Theorem 5.1. If A,B are computable sets such that A<y.B then there exist
computable sets By,B1 such that A<peBo, Bi<peB and By ® Bi =pe B.

Proof. Fix A,B C X* such that A <peB. Then, since B £, A, by Corol-
lary B there exists computable C' C X* such that A<YPC but BLIFPC.

Note that, by Lemma [l the following classes of sets Cy and C; are recur-
sively presentable and closed under finite variants:

Co =at {E|E<FFC}
Ci =4t {FE|B<XPE<NBaC)

Now without loss of generality suppose that B C 0X* and C C 1X*. Therefore
(BNE)UC =F (BNE)®C for any set E. (For example, B&C = BUC.)

Then BUC ¢ Cy because BUC =%, B& C and BLYF C, whereas C ¢ C;
(again because B £¥P (). Now, let go be the computable function stipulated by
LemmalL2 and let g be a p-constructible strictly increasing function dominating
go (such functions always exist—see Note [£3]). Therefore, by Theorem we
have

Ey =aet (BNI§,)®C ¢ CyuUCy
Er =qet (BNI5,,)®C ¢ CoUC

Now also define By =gt (BNI3,)® A and By =qet (BNI3,,,) ® A. Then since
I§,,13,,, € P (sce Note[L2) we know that (BNIY,)<h B and (BNI3,. )<}
B so it follows that A <,e By, B1 <pe B (since <P C<,. and A<,.B by
hypothesis).

We now show that By and By lie strictly (pe-) in between A and B. Accord-
ingly fix ¢ € {0,1}.

e Suppose that B<p.B;. Clearly B, <} E; (as A<YFC) and so B<YV E;
by definition of <,.. However this contradicts the fact that E; ¢ C; (since
obviously Ei§¥PB @ 0).
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e Suppose that B; <,cA. Observe that B N Izgm §§1 B; and it thus follows

that BN Ié’wﬂ- <pe A. However this implies, by definition of <. that BN
1§, <A C (since  A<JF C). Therefore E; = (BN 1j,,) ® C<{’C in

wti
contradiction with the fact that E; ¢ Cj.
We conclude that A<cBg, B1 <peB. Clearly also By @ B; =, B. a

Corollary 5.1 (Density and splitting). For any (computable) pe-degrees a
and b such that a < b there exist pe-degrees bg and by such that a < bg,b; < b
and b= boUby. In other words the (computable) pe-degrees are dense and every
pe-degree splits.

Theorem 5.2 (Meet reducibility). For any (computable) pe-degrees a and
b such that a < b there exist pe-degrees ap and ay such that a < ag,a1 <b
and a = agNay. Thus the (computable) pe-degrees are meet reducible.

Proof. Let a,b be (computable) pe-degrees such that a < b and let A C 1X*
and B C 0X* be sets such that A € a and B € b. Alsolet C C 1X* be
a computable set such that A<YFC whereas BngC’ (using Corollary [B1).
Apply LemmaZ (the join lemma) to Cop = B, C1 =C, Co={X | X <JF C}
and C; = { X | B <§P X <JP B&C'}. Also apply LemmalL3| (the meet lemma)
to B (i.e. as B in the wording of the Lemma). Let go, g1 be the respective
functions guaranteed by Lemma[f2land Lemma3land let g be a p-constructible
function dominating both gy and ¢;. Then we follow the same reasoning as in
the proof of Theorem 5.1l where now we have

Ey =at (BNI{,)®C ¢ CoUCy
Er =qet (BNIi,)®C ¢ CoUCy

and we define By =qer (BNI,)® A and By =gef (BNIJ,,,) ® A which ensures
that A<peBo, B1 <peB. We combine this with a straightforward application of
Lemma [£3 Whence we are able to conclude the present Theorem (using the
fact that (BN IJ,~40) ®A = 0@ A=, A) by taking

ap = deg,.((BNIJ,)®A) and a; =deg, ((BNI{,,) D A) O
Corollary 5.2. Any non-zero (computable) pe-degree b bounds a minimal pair.

With the above results in mind we can now see that two different types of
lattice embeddings proved by Ambos-Spies to exist in the p-m and p-T-degrees
[AS85al [AS85D| [AS87] also exist in the pe-degrees.

Theorem 5.3. Let £ = (L, <) be any countable distributive lattice. Let a and
b be computable pe-degrees such that a < b. Then there exist lattice embeddings
fo, f1: L — [a,b] of L into the interval [a, b] such that fo maps the least element
0 of L (if any) to a and fi1 maps the greatest element 1 of L (if any) to b.

Indeed, to prove Theorem (.3} we proceed in a similar manner to the proof of
Corollary 4.3 in [AS85b] except that we apply the join lemma (Lemma 2] in
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the indirect manner exemplified in the proof of Theorem Bl (See the proof of
Theorem 4.6.7. in [Har00] for details.) Similar observations apply to our final
result below, with regard to the proof of Theorem 7.1 in [AS87].

Theorem 5.4. Let £ = (L, <) be any finite distributive lattice which is nowhere
complemented (i.e. no a € L — {0,1} has a complement). Let a and b be
computable pe-degrees such that a < b. Then there exists a lattice embedding
f: L —la,b] of L into the interval [a,b] such that f maps the least element 0
of L (if any) to a and the greatest element 1 of L (if any) to b.
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Abstract. We describe two representations for real numbers, signed
digit streams and Cauchy sequences. We give coinductive proofs for the
correctness of functions converting between these two representations to
show the adequacy of signed digit stream representation. We also show
a coinductive proof for the correctness of a corecursive program for the
average function with regard to the signed digit stream representation.
We implemented this proof in the interactive proof system Minlog. Thus,
reliable, corecursive functions for real computation can be guaranteed,
which is very helpful in formal software development for real numbers.

Keywords: Real computation, Coinductive proof, Signed digit streams,
Computability, Minlog.

1 Introduction

Computers are widely used for scientific applications in different fields, such as
mathematics, physics, engineering and so on. The modeling of problems in above
areas with a desirable accuracy requires considerable amount of computational
effort. As the computational complexity increases, the risk of round off errors
also increases. No matter how much precision is offered, these computations
are not guaranteed to produce reliable results. Such unreliable computational
results obtained may be useless to real-life problems, even may cause serious
consequences.

Therefore, a mathematical model of exact computation is highly desirable.
This applies in particular to computations concerned with real numbers. In the
current computer model of real numbers through floating point numbers, the
computer memory stores the approximations of (possibly irrational) real num-
bers, which truncate at a fixed rate precision. The probability that this yields
inaccurate results is high, especially if these numbers are used as intermediate re-
sults. Hence, it is necessary to have more accurate representation of real numbers
and algorithms to implement the computations using these representations.

Aiming at the above purpose, a wealth of alternative approaches are pro-
posed, including interval arithmetic, stochastic arithmetic, multiple-precision
arithmetic and exact arithmetic. Exact real arithmetic is a method of performing
arithmetic operations whose results are guaranteed to be completely accurate,
based on potentially infinite data structures such as streams. There are a number
of alternative representations used for exact real arithmetic, such as any integral

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 221-230} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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base with negative digits, base 2/3 with binary digits, nested sequences of ratio-
nal intervals, Cauchy sequences, continued fractions ([§]), base golden-ratio with
binary digits, and linear fractional transformations ([6]). Meanwhile, many al-
gorithms have been proposed for real computations using these representations.
However, few give formal proofs for the algorithms. More recently, Chirimar
and Howe ([4]) represented real numbers by Cauchy sequences and implemented
real analysis in Nuprl based on the type theory. Plume ([I3]) gave algorithms
for the basic arithmetic operations, transcendental functions, integration, and
function minimum and maximum. Only informal proofs of correctness for some
algorithms were shown. Formalisation of real numbers using corecursive streams
as a coinductive type was discussed in [5], [3], [I] in the logical framework Coq.
Lenisa ([I1]) introduced set-theoretic generalizations of the coinduction proof
principle in the view of bisimulation. However, the usual coinduction, based on
bisimulation, is not expressive enough for the equality on real numbers, due to
the redundancy of representation. In contrast, our approach is based on classical
set theory and conventional mathematical reasoning.

Coinduction is a method of growing importance in reasoning about functional
languages, due to the increasing prominence of lazy data structure. What is more,
the proof of coinductive assertions is easy to implement in proof assistants like
Minlog, Coq and so on. The average function for signed digit streams in this
paper has been implemented in the Minlog system. See also [14] for other proof
developments in Minlog based on the Cauchy sequence representation of real
numbers.

1.1 Contributions

The main contributions of this paper are:

(a) We define (in Section 2) a general lemma on closure properties of coin-

ductively defined relations.

— (b) We define (in Section 3) coinductive representations of real numbers by
signed digit streams and Cauchy sequences.

— (c) We give (in Section 4) coinductive proofs for the correctness of functions

converting between the representations in (b).

(d) We give (in Section 5) coinductive proofs for the correctness of the

average function for signed digit stream representation.

2 Coinduction

In this section we introduce the concept of coinduction from a classical set-
theoretic point of view. We prove a general lemma on closure properties of coin-
ductive sets, which will be useful later.

2.1 Coinductive Relations as Largest Fixed Points

Let A be a set and p(A) := {X|X C A} its power set. An operation @ : p(A4) —
p(A), is monotone iff X CY implies #(X) C ¢(Y).



Coinductive Proofs for Basic Real Computation 223

For any X,Y C A, it is well-known that any monotone operation @
has a least and a largest fixed point, X¢ and X% respectively, that is,
D(Xp) = X, P(X?) = X?, and for any other fixed point Y C A of @ (i.e.
P(Y)=Y) we have Xg CY C X?. The sets X¢ and X? can be defined by

Xo =YY CAd(Y)CY}
X?:= | J{Y[Y CAY C oY)}

It is easy to see that the monotonicity of @ implies the required properties of
qu and qu.

In the following, we will concentrate on the largest fixed point, X?. By defi-
nition of X%, we have for any set Y C A that Y C #(Y) implies Y C X?. This
principle is called coinduction.

In applications, the operation @ is usually described by a formula F[X, a] as
&(X) := {a € A|F[X,a]}. In this case the monotonicity of ¢ is guaranteed by
the condition that X does only occur positively in F[X, a]. For our purposes
it will suffice to consider formulae of the form F[X,a] := X(f(a)) Aa € B,
where f : A — A is a fixed function and B is a fixed subset of A, hence,
(X)) :=f~HX)NB.

In this particular case the coinductive principle reads (setting X2 := X?),

VaeA (a€eY = f(a) €Y Aa € B)

inds g(Y
coind;,p(Y) Vae A (a€eY =aec X/B)

The closure condition, X% C ¢(X?), then reads

clyp(XHP) Vae Ala e XPB = f(a) e XI'B na e B).

Because in fact X? = @(X?), the reverse of this implication holds as well. We
will simply say that X/ is coinductively defined by cl p.

2.2 Closure Properties of Coinductive Relations

Consider r C A, which is coinductively defined by BC A and f: A — A (that
is, r = X/ in the notation above; we write interchangeably r(a) for a € r).

(r) Va € A(r(a) = B(a) A r(f(a))) (1)

We are interested in the question under which conditions 7 is closed under a given
function. The following lemma takes care of a slightly more general situation.

Lemma 1. Giveng: X - X, h: X — A,s CX, s.t. forallx € X, if s(x) then
1. s(g(x))

2. f(h(z)) = h(g(x))

3. B(h(x))

Then Vz € X(s(m) = r(h(x)))



224 T. Hou

Proof. Set 7(a) := 3z € X (s(x)Aa = h(z)Ar(a)). We need to show that () holds
when 7 is replaced by 7. It is given that s(z) = B(h(x)), that is, B(a) holds. By
(@ we know that r(a) = r(f(a)). It is also given that f(a) = f(h(z)) = h(g(x))
and s(z) = s(g(x)). Therefore, 3g(z) € X (s(g(x)) A f(a) = h(g(z)) Ar(f(a))),
that is, 7(f(a)) holds. Hence, by coinduction

() Ya (17((1) = B(a) A ?(f(a)))
rCr Ya (17((1) = r(a))
follows 7 C r.

Now assume s(x). Set a := h(z). Then 7(a) implies r(a) since 7 C r, that is,
r(h(z)). Hence we have shown Vz € X (s(z) = r(h(z))). O

Corollary 1. Let r C A be coinductively defined by f and B and assume that
foralla,be A

1. f(h(a,b)) = h(f(a), f (b))
2. r(a) Ar(b) = B(h(a,b))

Then Ya,b(r(a) Ar(b) = r(h(a,b))).

Proof. By Lemma [0l where X = A x A,s = r xr,g = f x f (that is,
g9(a,b) = (f(a), f(b)))- 0

3 Coinductive Representations of Real Numbers by
Signed Digit Streams and Cauchy Sequences

In this section we show how to represent real numbers by streams of signed digits
(-1,0,1) and Cauchy sequences of rational numbers using coinductively defined
representation relations. We will prove that these representations are equivalent
to the usual ones involving the notion of infinite sum and limits from analysis.

If X is a set, then [X] denotes the set of infinite streams of elements in X (i.e.
(X] = X™). If 2s = (xo : 21 : 22 : ...) € [X], then we set
head(xzs) = xg, tail(xs) = (x1 : @2 1 23 :...).

3.1 Coinductive Representation by Signed Digit Streams

Let SD := {—1,0,1} be the set of signed digits and [SD] the set of signed digit
streams. Let ds = (dp : dq : d2 : ...) be a signed digit stream. Then the real
number 7 in the interval [-1, 1] that is represented by ds will be

r = Z dl . 2—(n+1) (2)
n=0

In order to represent all real numbers r, we use an exponential factor 2* where
k € ZZ as follows.

r=28.%"d;- 27" (3)

n=0
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Hence, we define the set of signed digit stream representations of real numbers
as SDR := [SD|x Z.

In order to be able to convince ourselves that the above representation is
correct, a function SDToReal, based on @), converting from signed digit streams
to real numbers is needed.

Definition 1. For every k € ZZ, we define

SDToReal : SDR — R, SDToReal(ds, k)= 2" Z d; -2~ (D)

n=0

According to Definition [II we have the following lemma.
Lemma 2. For every k € ZZ,

SDToReal(ds, k) = 2" - head(ds) + SDToReal(tail(ds), k — 1).
Especially, SDToReal(ds,0) = (head(ds) + SDToReal(tail(ds),0))/2, when
k=0, that is, r € [-1,1].

Lemma[]suggests the following coinductive definition of a relation ~C SDRx IR,
with the intended meaning (ds, k) ~ r < SDToReal(ds, k) = r.

Definition 2 (Coinductive definition of (ds,k) ~ r). We coinductively
define a relation ~C SDR x IR by

(~) (ds, k) ~ 71 = |r| <28 A (tail(ds),k — 1) ~r —2""1 . head(ds)  (4)
For the case k = 0, for short, we use the following coinductive definition.

Definition 3 (Coinductive definition of ds ~" z). We coinductively define
a relation ~ C [SD] x [-1,1] by

(~) ds ~ x < |z < 1Atail(ds) ~ 2 -z — head(ds) (5)
We can prove the correctness of above coinductively defined representation re-
lations by the following lemmas.

Lemma 3. For every « € |[—1,1], ds ~ z < SDToReal(ds,0) = z.
Proof. =>: That is to show
VneWN ds~ x= |SDToReal(ds,0) — x| < 2'~" (6)

By induction on n.

n =0 : by Definition B, we can get ds ~ z = |z| < 1. By Definition [ it
is easy to see that SDToReal(ds, k) € [-2%,2%] = SDToReal(ds,0) € [-1,1].
Hence, |SDToReal(ds,0) — x| <2 =270 that is (@) holds.

n=mn+1: Now assume ds ~ & = |SDToReal(ds,0) — z| < 2'~™ holds, we
need to show that ds ~" & = |SDToReal(ds,0)—xz| < 21~ (1) holds. By Defini-
tion B we can get ds ~ 2 = tail(ds) ~ 2 - & — head(ds).
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By LH., we know that |SDToReal(tail(ds),0) — (2 - x — head(ds))| < 2'~". By

Lemma [ we know 2 - SDToReal(ds,0) = head(ds) + SDToReal(tail(ds),0).

Hence, |SDToReal(ds,0) — z| = |2- SDToReal(ds,0) — 2 -x|/2 =
|SDToReal(tail(ds),0) + head(ds) — 2 - x|/2 < 21" /2 = 21=("+1) Therefore,

(@) is proved.
<=: By coinduction. Set Y := {(ds, z)|SDToReal(ds,0) = x}. We need to
show Y C~ . By the principle of coinduction it suffices to show

1. f(ds,z) €Y, that is, (tail(ds),2-x — head(ds)) € Y
2. (ds,z) € B, that is, |z] <1

Condition 1 holds by Lemma[2l We have |z| < 1, so condition 2 holds. O
Lemma 4. For every k € Z,r € R, (ds, k) ~r = ds ~ ok,

Proof. We apply Lemma [Il We define g, f,h by g((ds,k),r) = ((tail(ds),k —
1),7 — 2871 - head(ds)), f(ds,x) = (tail(ds),2 - x — head(ds)), h((ds,k),r) =
(ds,27% . 7). Now we need to show that the three conditions in Lemma [T hold.

Condition 1 holds by cl, c(~), where C((ds, k),r) := |r| < 2*. It is easy to
see f(h((ds, k),r)) = (tail(ds),2=*=V .r — head(ds)) = h(g((ds, k), r)). Hence,
condition 2 holds. We know B(h((ds, k),r)) = [27% - r| < 1, that is, condition 3
holds. Therefore, by Lemmalll we get (ds, k) ~r = ds ~ 27k, O

Lemma 5. For every k € Z,x € [-1,1], ds ~' z = (ds, k) ~ 2F - .

Proof. For lack of space, the proof which is similar to Lemma Ml is omitted. O
3.2 Coinductive Representation by Cauchy Sequences

We call a sequence s = (zsg : zs; : ...) of rational numbers (zs; € Q) an
I-Cauchy sequence if VnVm > n.|xs, — x8m,| < 2!=" where xs; represents the
i-th element of the Cauchy sequence. We set CR = [Q] x ZZ. We coinductively
define a relation ~°C CR x IR with the intended meaning (xs,1) ~¢ r < xs is

an l-Cauchy sequence converging to .

Definition 4 (Coinductive definition of (zs,l) ~° r). For every (xs,l) €
CR,r € R, we define a relation ~°C CR x R by

(NC) (s, l) ~Cr = \head(ms) — 7"‘ < 2L A (tail(ms)J _ 1) ~C P (7)
We can prove the correctness of this definition by the following lemma.

Lemma 6. For every (zs,1) € CR,7 € R, (ws,l) ~°r & Vn.|zs, —r| <2077,

Proof. Similar to the proof of Lemma [Bl O
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4 Adequacy of the Signed Digit Stream Representation

We consider the Cauchy sequence representation of real numbers as the stan-
dard one. We call any other representation adequate if there are computable
back-and-forth translations between these two representations. The concept of
computability on infinite streams can be explained by means of ’Oracle Turing
machine’ (Alan Turing ([15])). More recent accounts of the complexity of stream
functions are studied by e.g. Ko ([10]) and Weihrauch ([I6]). Hence, in order to
show that the signed digit stream representation is adequate, we need to provide
computable functions SDTC : SDR — CR and CTSD : CR — SDR, such
that for all r € IR,

1. V(ds,k) € SDR ((ds, k) ~r = SDTC(ds, k) ~°r)
2. V(zs,1) € CR ((xs,l) ~¢r = CTSD(xs,l) ~r)

Definition 5. For every k € IN, we define

SDTC' :IN x Q x [SD] — [Q)]
SDTC' (k,q,ds) = (¢ + 2"~ - head(ds))
. SDTC (k —1,q+ 25" - head(ds), tail(ds)).

Then we set SDTC(ds, k) := (SDTC' (k,0,ds), k +1).

The definition of SDT'C" is an instance of a well-known corecursion scheme for
defining infinite streams. More general schemes of corecursion are discussed, for
example, in recent work of Buchholz ([2]).

Lemma 7 (Convert from SD to Cauchy)
Vds, k,r, q|(ds, k) ~ r = (SDTC' (k,q,ds), k + 1) ~° q +1]

Proof. We use Lemma [Tl

We define g, f,h by g((ds,k),r) = ((tail(ds),k — 1),r — 2871 - head(ds)),
f(zs,1),r) = ((tail(zs),l—1),r), h((ds, k),r) = ((SDTC'/(k,q,ds), k—|—1),q—|—r).
Now we need to show that three conditions in Lemma [ hold.

Condition 1 holds by cl,c(~¢), where C((ws,l),7) := |head(xs) — r| < 2.
We can get f(h((ds,k),r)) = ((SDTC’/(k —1,q+ 281 head(ds), tail(ds)), k),
q+r) = h(g((ds,k),r)). Hence, condition 2 holds. We know B (h((ds,k),r)) =
|head(SDTC' (k, q,ds)) — r| < 251, that is, condition 3 holds. Therefore, by
Lemma [l we get Vds, k,r, q[(ds, k) ~ r = (SDTCy(q,ds),k +1) ~“q+r]. O

Since from the third element of an [-Cauchy sequence, it is easy to decide in
which part of the interval r is, according to Lemma [6] function CTSD can be
defined as follows.
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Definition 6. For every n € IN, we define
CTSD':IN x CR — SDR
CTSD ' (n, (xs,1)) = (do : ds, k + 1)

where k max(l, 1+ logz2|y|)

y = head(zs) —n

0 if ly] < 2+t
dy =4¢ -1 ify < —ok—1
1 if y > 2kt

ds = fst(CTSD ((n+ 25" - head(ds)), (tail(zs),l — 1)))

Then we set CTSD(zs,1) := CTSD'(0, (xs,1)).
Lemma 8 (Convert from Cauchy to SD)

Vas, L, r,n[(zs,1) ~r = CTSD' (n, (zs,1)) ~ 7 —n]
Proof. By an application of Lemma [Tl similar to the proof of Lemma [7l O

Lemma [7] and Lemma [8 show the coherence between models of representations
and their implementations. Hence, the adequacy of signed digit stream repre-
sentation is proved.

5 Average of Signed Digit Streams

The average function plays an important role as a tool to get other computable
functions, e.g. [7]. In the following we define the average function on real numbers
in the interval [-1, 1]. Then we give the coinduction proof of its correctness.

In order to calculate the average of two signed digit streams, a carry function
that takes two digits as the input should be defined as follows( ag = head(a),
by = head(b), a1 = head(head(a)),b; = head(head(b))).

1 ifao—Fbo:Q

0 ifao—Fbo:O

-1 if ag+ by = —2
carry(a,b) =< 1 ifag+bo=1Aa;+b >0

0 ifag+bp=1Aa;1+b: <0

-1 ifag+byp=—-1ANay+b; <0

0 ifag+byp=—-1Na1+b >0

The average of signed digit streams is defined via an auxiliary function:
Definition 7 (Corecursive definition of function avA). For every a,b €
[SD], we define the auziliary function avA as follows.

avA: [SD] — [SD] — [SD]
avA (a,b) = (head(a) + head(b) — 2 - carry(a,b) + carry(tail(a), tail(b)))
avA(tail(a),tail (b))
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Using avA, the average function can be easily defined by:

Definition 8 (Average function av). For every a,b € [SD], we define average
fuction av : [SD] — [SD] — [SD], av(a,b) = carry(a,b) : avA(a,b).

We can prove the correctness of the auxiliary function of average by the following
lemma.

Lemma 9 (Auxiliary function of average). For every a,b € [SD],x,y €
[-1,1],a~ 2 Ab~ y= avA(a,b) ~ = +y — carry(a,b).

Proof. According to Corollary [ define f,B,h by f(a,z) = (tail(a),
2 -z — head(a)), B(a,z) = |z < 1, h((a,2),(byy)) = (avA(a,b),
x +y — carry(a,b)). We need to show
1. tail(avA(a,b)) = avA(tail(a), tail (b))
2. 2-(z+y—-carry(a,b)) —head(avA(a,b)) = (2-x—head(a))+(2-y—head(b)) —
carry(tail(a), tail (b))
3. |z +y—carry(a,b)| <1

Obviously, condition 3 holds. By Definition [1, it is easy to find that
tail(avA(a, b)) = avA(tail(a), tail(b)).

Condition 1 is proved. Using Definition[7lto calculate head(ch(a b)), condition
2 is also proved. Therefore, by Corollary[ll we get a ~ zAb~ y = avA(a,b) ~
x +y — carry(a,b). |

The correctness of the average function is proved as follows.

Lemma 10 (Average function). For every a,b € [SD], z,y € [-1,1], a
zAb~ y=av(a,b) ~ (z+y)/2.

Proof. By Lemmal[d we can get a ~' TAb ~ "y = avA(a,b) ~ z+y—carry(a, b)
By Definition B we can get avA(a,b) ~ = +y — carry(a,b) = tail(av(a, b)) ~

r+y— head(av(a b)). Obviously, |(z + y)/2] < 1. By Definition B} we can get
tail(av(a, b)) ~ = +y — head(av(a, b)) = av(a,b) ~ (z+y)/2. ]

6 Conclusion and Future Work

Using a general lemma on closure properties of coinductively defined relations,
we have coinductively proved the correctness of the basic arithmetic operation
average and operations that convert between signed digit streams and [-Cauchy
sequences. Parts of these proofs have been implemented in the Minlog system.
This shows that coinductive proofs are very helpful in developing correct func-
tions for real computations. We hope the coinductive methods will further nar-
row the gap between theory and practice in the formal development of reliable
software systems.

As future work within this topic, we intend to perform coinductive proofs of
multiplication and division functions for the signed digit stream representation.
Also left to future research is to compare the efficiency of different proof methods
in finding logical errors which normal testing can not discover.
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Abstract. We propose a new complexity measure of space for the BSS
model of computation. We define LOGSPACEw and PSPACEw complex-
ity classes over the reals. We prove that LOGSPACEw is included in
NCZ N Pw, i.e. is small enough for being relevant. We prove that the
Real Circuit Decision Problem is Pg-complete under LOGSPACEw re-
ductions, i.e. that LOGSPACEw is large enough for containing natural
algorithms. We also prove that PSPACEy is included in PARg.

Keywords: BSS model of computation, weak model, algebraic complex-
ity, space.

1 Introduction

The real number model of computation, introduced in 1989 by Blum, Shub and
Smale in their seminal paper [BSS89], has proved very successful in providing
a sound framework for studying the complexity of decision problems dealing
with real numbers. A large number of complexity classes have been introduced,
and many natural problems have been proved to be complete for these classes.
A nice feature of this model is that it extends many concepts of the classical
complexity theory to the broader setting of real computation; in particular a
question Pg # NPg has arisen, which seems at least as difficult to prove as the
classical one, and several NPgr-complete natural problems have been exhibited.

It has been soon pretty obvious, however, that all features of the classical
complexity theory could not be brought to this setting. In particular, the only
complexity measures considered so far were dealing with time, and not, say,
space: in 1989, Michaux proved in [Mic89] that, under a straightforward notion
of space, everything is computable in constant space. Therefore, no notion of
logarithmic or polynomial space complexity exists so far over the reals. A way to
deal with this situation has been to define parallel complexity classes in terms
of algebraic circuits, such that the NC]% and the PARg classes.

This model of computation has also long been criticized for being unrealistic:
the assumption that one could multiply two arbitrary real numbers in constant
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semantics and types.
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© Springer-Verlag Berlin Heidelberg 2006
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time was the usual target, that Koiran faced in [Koi97] by defining a notion of
weak cost that increases the cost for repeatedly multiplying or adding numbers.

Inspired by his approach, we propose here a new measure of space for the
real number model, denoted as weak space, such that a repeated sequence of
multiplications or additions on a number increases its size. Our notion allows
us to define a logarithmic space complexity class, that falls within NCDQQ. We
also prove that this class is large enough for containing natural algorithms: in
particular, we prove a Pgr-completeness result under LOGSPACEy, reductions.

The paper is organized as follows: in Section [2, we recall concepts and no-
tations from the BSS model of computation. We define machines, circuits, and
some major complexity classes. In Section [3 we briefly recall Michaux’s result,
and sketch a proof. In Section [, we briefly introduce Koiran’s notion of weak
cost, and state some of the major results related to this notion. Then, we intro-
duce our notion of weak size in Section [B, and state our results.

2 A Short Introduction on the BSS Model

In this section, we list the notations used in the paper, and recall some basic no-
tions and results on the BSS model. A comprehensive reference for these notions
is [BCSS9Y].

2.1 Notations

For an integer ¢ € Z we define its height as [log(|c|+1)]. The height of an integer

is the number of digits of its binary encoding. We also define R* = J,, .y R™.

2.2 Real Machines

We consider BSS machines over R as they are defined in [BSS89, [BCSS9S].
Roughly speaking, such a machine takes an input from R* | performs a number
of arithmetic operations and comparisons following a finite list of instructions,
and halts returning an element in R* (or loops forever). Such a machine can
be seen as a Turing machine over R. It essentially consists in a finite directed
graph, whose nodes are instructions, together with an input tape, an output tape,
and a bi-infinite work tape, equipped with scanning heads. The instructions can
be of the following types: Start, Input (reads an input value), OQutput (writes
an output value), Computation (performs one arithmetical operation on two
elements on the work tape), Constant (writes a constant parameter A; € R),
Branch (compares two elements, and branches accordingly), Shift, Copy and
Halt.

For a given machine M, the function ¢y, associating its output to a given input
x € R* is called the input-output function. We say that a function f : R* — R*
is computable when there is a machine M such that f = .

Also, aset L C R*, or a language is decided by a machine M if its characteristic
function xr, : R* — {0,1} coincides with ¢py.

This model of computation allows one to define complexity classes. In partic-
ular, Py is the set of subsets of R* that are decided by a real machine that works
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in deterministic polynomial time. Similarly, NPg is the set of subsets of R* that
are decided by a real machine that works in nondeterministic polynomial time
i.e, ¢ € R* is accepted if and only if there exists y € R* of polynomial size such
that the machine accepts (z,y).

2.3 Configurations

Definition 1. Configurations
— A configuration of a machine M is given by an instruction q of M along
with the position of the heads of the machine and three words Winpy: € R*,
Wwork € Ry, Woutpur € R* that give the contents of the input tape, of the
work tape and of the output tape.
— A transition of a machine M is a couple (c;, cj) of configurations such that,
whenever M s in configuration c;, M reaches c; in one computation step.

Definition 2. Configuration Graph

For a given machine M and a given set C of configurations of M, we define the
configuration graph of M on C to be the directed graph with vertezes all elements
in C, and edges all transitions of M between elements in C.

2.4 Algebraic Circuits

We introduce the notion of algebraic circuits, that allows to denote parallel
computations and to define complexity classes below Pg.

Definition 3. Algebraic Circuit

An algebraic circuit C is a sequence of gates (G1,...,Gp) of one of the following
types:

1. Input gates: G; = x;, takes the input x; from R,

2. Arithmetic gates: perform the operation * to the outputs of gates G; and G,

Jl<iandxe€{+,—, ./},
3. Constant gates: G; = A;, A; € R,
4. Sign gates: If Gj > 0 then Gy =1 else G; =0, j < i.

If a circuit has n input gates, we can suppose that they are the first ones,
G1,...,Gy. If moreover the last node G, is a sign node, we shall say that C
is a decision circuit.

An algebraic circuit is a finite directed graph with no loops: its size is the number
of gates, and its depth is the length of its longest path, starting from an input
gate.

Algebraic circuits extend the classical notion of boolean circuit to the BSS
setting, and allows one to define the NCg hierarchy of complexity classes:

Definition 4. NCg
For all i € N, NCy, is the class of real decision problems decided by a P-uniform
family of circuits of polynomial size and of depth bounded by O(log'(n)), and

NCg = [ J NC.

€N



234 P. Jacobé de Naurois

As remarked by Poizat in [P0i99], in the definition above the uniformity of the
family can be considered relative to the classical Turing model. Hence, a P-
uniform family of algebraic decision circuit is such that there exists an finite
enumeration of all the constant gates in the family. There exists then a P time
Turing machine which, on input n, k, outputs a discrete description of the k"
gate of the n'! circuit of the family.

Proposition 1. [Cuc92]
NCz C Pg.

3 Michaux’s Result

This section is devoted to a brief exposition of Michaux’s Result [Mic89], which
states that a straightforward measure of space fails in differentiating one algo-
rithm from another. In this section, we will use the following notion of space as
a complexity measure:

Definition 5. Unit Space

Let M be a machine over R, and let ¢ be a configuration of M. We define
USize(c), the unit size of ¢ to be number of non-empty cells on the work tape
at configuration c. Assume that on an input (x1,...,x,), the computation of M
ends within t computation steps. The computation follows a path cq,...,c;. We
define the unit space used by M on input (z1,...,x,) to be

USpace(M, (x1,...,2,)) = Jnax USize(c).

Assume that the running time of M is bounded by a function t. We define the
unit space used by M on input size n to be
USpace(M,n) = max  USpace(M, (z1,...,2p)).
(z1,...,xn)ER™

This notion of unit space is essentially the same as the classical notion of space
for Turing machines. While in the classical Turing model this notion gives rise
to a whole hierarchy of complexity classes like LOGSPACE, PSPACE, interlaced
with the time hierarchy, this is not the case in the real setting. In order to precise
a bit how unit space behaves on the reals, let us begin with the following well
known technical result.

Lemma 1. Let M be a real machine with parameters A1,..., Am, whose run-
ning time is bounded by a function t. Let n € N. On any input x1,...,x, € R?,
at any computation step k < t(n), any non-empty cell on the work tape, say
e, contains the evaluation of a rational fraction fi, € Z(X1,..., Xntm) on
(acl,...7xn7A17...7Am).

Proof. Details arguments can be found in [Mic89, [Poi95, [K0i97]. We only sketch
a proof here. The key argument is that, at any computation step k, the content of
any cell ¢; is obtained from the input values and the parameter values by a finite
sequence of arithmetical operations. Therefore, the value in e; is the evaluation
of a rational fraction fi, € Z(X1,..., Xn+m) o0t (T1,...,Zn, A1,..., Ap).
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Proposition 2. [Mic89] Let L C R* by a real language decided by a machine
M in time bounded by a function t. There exists a constant k € N and a machine
M’ deciding L in unit space k.

Proof. We only sketch the proof here. The interested reader can find more ex-
planations in [Mic89), [Poi95].

Rational fractions with integer coefficients can be easily encoded in binary,
therefore, by Lemma/[ll any configuration of M can also be encoded in binary. It
suffices to realize that this binary encoding can be embedded into the digits of
only two real numbers. Then, there exists a machine M’ simulating M with only
a constant number of real registers, among which two are needed for encoding
the configurations of M.

4 The Weak BSS Model by Koiran

4.1 Definitions

Definition 6. Weak Cost

Let M be a machine whose running time is bounded by a function t, and let
Ay, ..., Ay, be its real parameters. On any input x1, ..., Ty, the computation of
M consists in a sequence cy,...,c,t < t(n) of configurations. To a transition
Ck, Ck+1 i this sequence we associate its weak cost as follows:

— If the current instruction of ¢ is a computation node, let e; be the current
cell on the work tape: the transition cy, cix4+1 consists in the computation of a
rational fraction fiy1 p+1 = Git1 kr1/ Pt k41 € Z(z1, ... T, A1, .o, A,
which is placed on the cell e;41 in cpy+1. The weak cost of the transition
Chy Ckt1 15 defined to be the mazimum of deg(gi+1,k+1), deg(hitik+1), and
the mazimum height of the coefficients of gi+1,k+1 and hit1 j41-

— Otherwise, the weak cost of the transition cy, crp41 s defined to be 1.

The weak running time of M on input x1,...,%, is the sum of the weak costs
of the transitions in the sequence cg, ..., ct.

The weak running time of M is the function that associates with every n the
mazximum over all x € R™ of the running time of M on x.

4.2 Some Results

Lemma 2. [Koi97] A function is polynomial-time in the weak BSS model if
and only if it is polynomial-time computable in the standard BSS model and
the rational fractions fi have polynomial degree and coefficients of polynomial
bit-size.

Let Py (respectively NPy ) be the set of real languages decided in deterministic
(resp. nondeterministic) weak polynomial time, and EXPy be the set of real
languages decided in weak exponential time by a real machine.



236 P. Jacobé de Naurois

Proposition 3
NC2 ¢ Py C Pr € NPy, = NPg C PARg C EXPyy.

Pw C NPy = NPg is from [CSS94], NPr C EXPyw from [Koi97] (where it is
shown that the inclusion is strict). The missing items can be found in [BCSS9S].

5 Weak Size and Space

5.1 Definitions

Instead of considering a unit size for all values on the work tape, which allows
one to decide every decidable language in constant space, we would like to have
a notion of size for the values computed on the work tape. The weak size of a
computed value is a reasonable upper bound for the size of a boolean description
of the corresponding rational fraction with integer coefficients. The weak size of
a configuration is then the sum of the weak sizes of all computed values on the
work tape in this configuration.

Yet, we need to precise a bit more the idea. Our purpose is to have a “nice”
measure of space, allowing one to define a reasonable logarithmic space class.
A trivial rational fraction like f1(X1,...,X,, 41,...,A4,) = X1 has clearly a
boolean description of size 1, while, for describing f,,(X1,..., Xpn, A1,..., Am) =
X, one would need [log(n+1)] digits (for encoding the variable index). It seems
rather unsatisfactory that a logarithmic space configuration may have a loga-
rithmic number of occurrences of f1, but only a constant ones of f,,. This feature
can be corrected by allowing a permutation of the input variables, provided the
permutation is simple enough, i.e can be described in logarithmic boolean space.
In this paper, we have restricted ourselves to circular permutations, that can be
described by an offset in {0,...,n — 1}.

Definition 7. Weak Size

Let Ay,..., Ay € R™ be given real numbers, and g € Z[X1,..., Xn+m] a real
polynomial with integer coefficients. Define a real polynomial ga,... 4, =

9 X1, Xn, A1, ..., An)], with free variables Xi,...,X,. Let 0 < O <n, O €
N be a number, the offset. To g, A1,...,An € R™ and O, we associate the
following:

deg(g) is the degree of g. We will write D(g) for [log(deg(g) + 1)].
Vara,, . a,(9) C{X1,...,Xn} is the set of input variables on which
JA.,..., A, effectively depends.

— Ra,,. a,0(9) =max{i+O mod n} for X; € Vara,, a, (g), is the range
of g. We will write R(g) for [log(Ra,,....a,..0(9) +1)].

N(g) € N is the number of non-zero monomials of g.

S(g) € Z is the mazimal absolute value of the integer coefficients of g. We

will write S(g) for [log(25(g) + 1)].
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— Vea,,..a,.(g) is the mazimum, for every monomial of g, of the number
of input variables on which it effectively depends. We will write V(g) for
VCAly---vAm(g)'

The weak size Sa,,....a,,.0(g) of g is defined as follows:

Say,....Am,0(9) = N(g) (S(g) + V(9)-R(g) + V(g)-D(9)) (1)

For a rational fraction f = g/h we take the weak size of f to be the mazimum
of the weak sizes of g and h.

It is clear that the weak size of g bounds the size of a boolean encoding of g,
where ¢ is presented as a sum of monomials modulo a circular permutation of
the variable indexes. We do not take into account succinct boolean descriptions
of factorized polynomials to ensure the tractability of our measure.

This measure of size for an element on the work tape naturally yields a notion
of weak space for the given work tape, as follows:

Definition 8. Weak Space
Let M be a machine with real parameters Ay, ..., An,. Let ¢ be a configuration
of M, with the corresponding input z1,...,x, € R". We define:

— €j,...,€;5 to be the non-empty part of the work tape in the configuration cy.
— For any non-empty cell e; in c, firx € Z(x1,...,%n, A1,...,An) denotes
the rational fraction it contains.

The weak size of the work tape at the configuration cy is then:

Sizew(ck) min ZSAh Anm,0(f1k)

0< <n

Assume that the running time of M is bounded by a function t. For a given

input 1, ..., Ty, the computation of M consists in a sequence co, ..., ¢, t < t(n)
of configurations.

The weak running space of M on input x1,...,%, 18 the mazimum for all
configurations cg, . .., c: of their weak size.

The weak running space of M is the function that associates with every n the
mazximum over all x € R™ of the running space of M on x.

Definition 9. Complexity Classes

— A language L C R* is in LOGSPACEw if and only if there exist a machine
M and a constant k € N such that, for all n € N, on input x € R", M
decides whether x € L in weak space less than klog(n).

— A language L C R* is in PSPACEw if and only if there exist a machine M
and two constants k,d € N such that, for all n € N, on input x € R", M
decides whether x € L in weak space less than kn?.

— A function f : R* — R* is in FLOGSPACEw if and only if there exist a
machine M and two constant k,m € N such that, for all n € N, on input
x € R™, and computation cq,...,c; of M on x:
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1. M computes f(x) in weak space less than klog(n).
2. for every configuration c; with current node an output node and current
cell e, the weak size of the content of e; is less than m.

In the definition of FLOGSPACEyy,, the output consists in a sequence of real
values of constant weak size in the input. This ensures that one can compose
FLOGSPACEyy, algorithms, and that the result of the composition remains an
FLOGSPACEy algorithm. This is necessary for defining notions like logarithmic
space reductions and for obtaining completeness results.

5.2 What Michaux’s Result Becomes
Lemma 3. There exists L C R* such that:

— L ePw
— for all k € N, L is not decidable in weak space less than k.

Proof. Let p(X1,...,X,) = X1 + ...+ X, and consider the set L of points
(z1,...,2n) € R™ such that p(z1,...,2,) equals 0. Assume L is decided by a
machine M. It is well known that the set of inputs accepted by a BSS machine
is semi-algebraic, therefore, L can be described as a finite union of sets given by
systems of polynomials inequalities of the form

s t
N Fi(X1,. . X)) =0A N\ Gj(X1,.... X0) >0,
i=0 =0
where the values Fj(z1,...,2,) and G;(1,...,z,) are effectively computed by

M. Since L has dimension n — 1, at least one of these sets must have dimension
n — 1. Since the set described by the G;s is open, it must be nonempty, and
then it defines an open subset of R™. All the polynomials F; vanish on that
nonempty open subset of L. Since this open subset of L is clearly infinite, and
p is an irreducible polynomial, all the polynomials F; must vanish on the whole
set L. It is then a well known result ([BCSS9§|, Proposition 2 p.362) that the
polynomials F; are multiples of p. Also, at least one of these F; is a non-trivial
multiple of p.

It is clear that p(x1,...,2,) has weak size at least nlog(n), and so does this
non-trivial multiple of p. Therefore, M decides L in weak space at least nlog(n).

5.3 Structural Complexity Results

Theorem 1

LOGSPACEy C Py NNCZ,
PSPACEy; C PARg.

Proof. In a first step, we prove LOGSPACEy, C Pr. The key argument is an
upper bound for the number of configurations of weak size at most klog(n).
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Consider a machine M, with ¢ nodes. For a fixed input size n, and an offset O,
simple counting arguments show that the number of rational fractions of weak
size at most B for some B € N is bounded by of, for some o € N. It follows
that the number of possible work tape contents of weak size B, for the same
fixed offset, is bounded by (2a?)®. Taking into account all possible values for
the offset, the scanning head positions and the current node of the machine, the
number of configurations of weak size at most B is then bounded by tn?B(2a2)E.
When B = klog(n), this bound is polynomial.

LOGSPACEw C Py follows then by Lemma [2, since all rational fractions of
logarithmic weak size have clearly polynomial degrees and coefficient heights.

LOGSPACEy, C NCZ is then proven along the lines of [Bor77): given a
LOGSPACE machine M, we exhibit a NCﬂlQ construction of its configuration
graph. This construction involves some numeric computation, in order to check
whether two given configurations are connected, and produces a boolean de-
scription of the configuration graph of M. Next, it suffices to decide whether
the input and accepting configurations are connected in this graph: this is the
classical reachability problem, which is decidable in the boolean class NC?.

PSPACE, C PARg is a corollary.

5.4 Completeness Results

Definition 10. [CT92] Real Circuit Decision Problem (CDPg)
Input: (C,x), where C is an arithmetic circuit with k input gates and x € R¥.
Question: Does C output 1 on input x?

It has been shown in [CT92] that CDPg is Pg-complete under NCi-reductions.
Theorem 2. CDPy is Pgr-complete under FLOGSPACE -reductions.
Proof. The proof follows [CT92]. The reduction happens to be in FLOGSPACEy .

We have stated this completeness results under FLOGSPACEy, reductions. By
Theorem [I it is clear that FLOGSPACEy reductions are in Py N NC3. The
problem considered has already been proven complete under first-order reduc-
tions [GM96], which also happen to be in Py N NCg. Yet, it remains unclear
how the two types of reductions compare.

6 Concluding Remarks and Open Questions

In the discrete model, space has proven to be a very relevant complexity measure.
Many natural problems have been found in LOGSPACE, and many others in NC?
whose membership in LOGSPACE is unclear. We believe that weak space may
play the same role in the real setting. An argument in this direction is the
following remark: consider a real algorithm that reads an input, normalizes it to
{0, 1} with some step function, and applies a boolean LOGSPACE procedure. Real
complexity analysis until now only allowed one to say that such a real algorithm
belongs to Py N NC%Q: the algorithmic flavor behind it was lost. However, it is
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now clear that such an algorithm belongs to LOGSPACEy,. An important task
now is to exhibit some natural problems in LOGSPACEyy, . Others in NC%Q or Py,
not easily in LOGSPACEy, may also be of interest.

Structural results remain also to be found. In particular, it needs to be checked
whether the following conjecture holds:

Conjecture 1

NC; ¢ LOGSPACEyy,
LOGSPACEy C NCi = LOGSPACE C NC'.

Similar questions arise also for PSPACEyy .
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Abstract. Graph isomorphism (GI) is one of the few remaining prob-
lems in NP whose complexity status couldn’t be solved by classifying
it as being either NP-complete or solvable in P. Nevertheless, efficient
(polynomial-time or even NC) algorithms for restricted versions of GI
have been found over the last four decades. Depending on the graph
class, the design and analysis of algorithms for GI use tools from various
fields, such as combinatorics, algebra and logic.

In this paper, we collect several complexity results on graph iso-
morphism testing and related algorithmic problems for restricted graph
classes from the literature. Further, we provide some new complexity
bounds (as well as easier proofs of some known results) and highlight
some open questions.

1 Introduction

In this section we briefly review some important complexity results for graph iso-
morphism as well as for related problems as, e.g., computing the automorphism
group Aut(X) of a given graph X in terms of a generating set of automorphisms
(we refer to this problem as AUT) or the canonization problem (i.e., renaming
the vertices of a given graph in such a way that all isomorphic graphs become
equal). It is easy to see that GI reduces to both problems (in fact, in the unre-
stricted case, GI and AUT are polynomial-time equivalent, whereas it is open
whether canonization reduces to GI). Formal definitions of these and other con-
cepts used in the paper are deferred to the next section. In some sense, graph
isomorphism represents a whole class of algorithmic problems; for example, GI is
polynomial-time equivalent to the isomorphism problem for semigroups as well
as for finite automata [I5]. For the interesting relationships between GI and iso-
morphism testing for other algebraic structures like groups and rings we refer
the reader to the excellent surveys [1L5].

Two graphs X and Y are isomorphic (denoted by X =2 Y) if there is a bijective
mapping g between the vertices of X and the vertices of Y that preserves the
adjacency relation, i.e., g relates edges to edges and non-edges to non-edges.
Graph Isomorphism is the problem of deciding whether two given graphs are
isomorphic. The problem has received considerable attention since it is one of

* Work supported by a DST-DAAD project grant for exchange visits.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 241-[256] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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the few natural problems in NP that are neither known to be NP-complete nor
known to be solvable in polynomial time.

There is some evidence that GI is not NP-complete. First of all, GI is
polynomial-time equivalent to its counting version #GI which consists in com-
puting the number of isomorphisms between two given graphs [40]. In contrast,
the counting versions of NP-complete problems (like #SAT) are typically much
harder; in fact they are #P-complete and hence at least as hard as any problem
in the polynomial-time hierarchy [46]. More strikingly, the complement of GI be-
longs to the class AM of decision problems whose positive instances have short
membership proofs checkable by a probabilistic verifier [7]. As a consequence,
GI is not NP-complete unless the polynomial hierarchy collapses to its second
level [16]45].

A promising approach in tackling the graph isomorphism problem for general
graphs is to design efficient algorithms for restricted graph classes. In fact, Luks’
efficient GI algorithm for graphs of bounded degree [38] yields the fastest known
general graph isomorphism algorithm due to Babai, Luks, and Zemlyachenko
[6,111[49]. The strongest known hardness result due to Tordn [47] says that GI is
hard for the class DET of problems that are NC! reducible to the computation
of the determinant of a given integer matrix (cf. [20]). DET is a subclass of
NC?2 (even of TC!) and contains NL as well as all logspace counting classes like
Mod;L, C-L, PL and L(#L) [2,17].

The first significant complexity result for restricted graph classes is the linear
time canonization algorithm for trees, designed by Hopcroft and Tarjan [29],
and independently by Zemlyachenko [48]. Miller and Reif [42] later gave an NC
algorithm for tree canonization, based on tree contraction methods. Then Lindell
came up with a logspace algorithm for tree canonization [37]. As shown in [34],
this upper bound is optimal, since tree isomorphism is also hard for L under AC°
reductions. If we consider complexity bounds below L, then the representation
that we use to encode the input trees becomes important. For trees encoded in
the string representation, Buss [I8] located the canonization problem even in
NC! (which is also optimal [34]).

Shortly after the linear time canonization algorithm for trees was found,
Hopcroft, Tarjan and Wong designed a linear time canonization algorithm for
planar graphs [28/80]. This line of research has been pursued by Lichtenstein,
Miller, Filotti, and Mayer, culminating in a polynomial-time GI algorithm for
graphs of bounded genus [36,[411[33]. In 1991, Miller and Reif [42] designed an
AC! algorithm for planar graph isomorphism.

Using a group theoretic approach, Babai showed in 1979 that GI is decidable
in random polynomial time for the class CG, of colored graphs with constant
color multiplicity b. More precisely, the vertices of a graph in CG, are colored in
such a way that at most b vertices have the same color and we are only inter-
ested in isomorphisms that preserve the colors. Inspired by Babai’s work, Furst,
Hopcroft and Luks [22] developed efficient solutions for various permutation
group problems and as a byproduct they could eliminate the need for random-
ness in Babai’s algorithm. Both algorithms exploit, in a significant manner, the
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fact that the automorphism group Aut(X) of a graph X with constant color
class size, is contained in the product of constant size symmetric groups. For
such groups the pointwise stabilizer series can be used to successively compute
generators for the groups in the series.

In a breakthrough result, Luks in 1982 was able to design an algorithm for
computing Aut(X) in polynomial time for graphs of bounded degree [38]. To
achieve this result, Luks considerably refined the group-theoretic techniques used
in earlier algorithms. By combining Luks’ algorithm with a preprocessing proce-
dure due to Zemlyachenko [49] (see also [6]) for reducing the color valence of the
input graphs, Babai and Luks obtained an 29(V71087) time-bounded GI algo-
rithm, where n denotes the number of vertices in the input graphs (see [I1]). This
is the fastest algorithm known for the unrestricted graph isomorphism problem.
In [II] it is also shown that for general graphs there is a 20?7 canon-
izing algorithm which closely matches the running time of the best known GI
algorithm.

Later, Luks in [39] gave a remarkable NC algorithm for the bounded color
class case. Building on [39], Arvind, Kurur and Vijayaraghavan further improved
Luks’ NC upper bound by showing that GI for graphs in CG, (we denote this
version of GI by GIy) is in the ModyL hierarchy (and hence in TC!), where the
constant k and the level of the hierarchy depend on b [4]. Prior to this result,
Torén showed that Gl is hard for the logspace counting class Mod,L [47].
Torén’s lower bound has been extended in [4] where it is shown that for each
level in the ModyL hierarchy there is a constant b such that GI, is hard for this
level.

The pointwise stabilizer series approach has also been applied by Babai, Grig-
oryev and Mount to compute the automorphism group for graphs with bounded
eigenvalue multiplicity [I0]. By applying group theory to a greater extent, Babai,
Luks, and Séress were able to show that isomorphism testing for these graph
classes is in NC [12,[8,89]. However, it is still open whether also Luks’ efficient
GI algorithm for graphs with bounded degree is parallelizable.

Question 1. Is GI for graphs with bounded degree in NC?

Ponomarenko proved that GI for graphs with excluded minors is decidable in
P [43]. In 1990, Bodlaender gave a polynomial-time GI algorithm for graphs of
bounded treewidth [T4]. This class contains all series-parallel graphs, all outer-
planar graphs, all graphs with constant bandwidth (or cutwidth) and all chordal
graphs with constant clique-size. Very recently, Grohe and Verbitsky [26] im-
proved Bodlaender’s upper bound by showing that GI for graphs of bounded
treewidth is in TC!. This follows by combining the following two results which
are interesting on their own.

First, they show that a parallel version of the r-round k-dimensional Weis-
feiler-Lehman algorithm (r-round WL* for short) can be implemented as a
logspace uniform family of TC circuits of depth O(r) and polynomial size. As
a consequence, for any class C for which the multidimensional WL algorithm
correctly decides GI on C in O(logn) rounds, GI on C is decidable by a TC!
algorithm.
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As a second ingredient of the proof, Grohe and Verbitsky show that for
r = O(klogn), the r-round WL**3 correctly decides GI on all graphs of
treewidth at most k. This latter result is obtained by designing a winning strat-
egy for a suitable Ehrenfeucht-Fraissé game with 4k + 4 pebbles and r moves.
An interesting question in this context is whether this approach can be extended
to the canonization version of WL.

Question 2. Do graphs of bounded treewidth admit an NC (or even TC!) can-
onization?

As Grohe and Verbitsky use the WL algorithm to solve GI for graphs with
bounded treewidth, it follows that these graphs have a TC' computable complete
normalform (also called invariant). Although, as shown by Gurevich, canoniza-
tion is polynomial-time reducible to computing a complete normalform [27], it is
not clear whether such a reduction is computable in NC for graphs with bounded
treewidth.

Another possibility to answer Question [ affirmatively may be to use a vari-
ation of the WL algorithm to canonize the input graph. For example, in [32,
Theorem 1.9.4] Immerman and Lander propose the following procedure: as soon
as the refinement process stabilizes choose any vertex (or tuple) from the lexico-
graphically smallest color class of size at least two and individualize it (i.e., give
it a new color). Then restart WL and repeat the process until all color classes
are singletons. The resulting (total) refinement induces unique names for all the
vertices. An interesting question is whether this variant of WL indeed computes
a canon for all graphs of bounded treewidth, and if the answer is yes, whether
this task can be performed in a logarithmic number of rounds.

2 Preliminaries

In this section we fix the notation and give formal definitions for the concepts
used in this paper. For other basic definitions we refer the reader to [35] or to
any textbook on complexity like [13].

We denote the symmetric group of all permutations on a set A by Sym(A)
and by Sy, in case A = {1,...,n}. Let G be a subgroup of Sym(A4) and let a € A.
Then the set {b € A|3Jg € G : g(a) = b} of all elements b € A reachable from a
via a permutation g € G is called the orbit of a in G.

2.1 Colored Graphs

Let X = (V,E) denote a (finite) hypergraph, i.e., E is a subset of the power
set P(V) of V. We always assume that the vertex set is of the form V = [n],
where [n] denotes the set {1,...,n}. For a subset U C V, we use X [U] to denote
the induced subgraph (U, E(U)) of X, where E(U) = {e € E | e C U}. For
usual graphs, i.e., F C (‘2/) ={e C v | |le|]| = 2}, we use I'x(u) to denote the
neighborhood {v € V | {u,v} € E} of vertex u in the graph X (if X is clear from

the context we omit the subscript). Further, for disjoint subsets U, U’ C V, we
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use X [U,U’] to denote the induced bipartite subgraph (U UU’, E(U,U’)), where
E(U,U’) contains all edges e € E with eNU # () and enU’ # (.

A coloring of X is given by a function ¢ : V' — [m]. We represent colored hy-
pergraphs as triples X = (V, E,C), where C = (C1,...,Cy,) is the color partition
induced by ¢, ie., C; = {u € V | ¢(u) = i}. We denote the class of all colored
hypergraphs by CHG and the class of all colored graphs by CG. Note that the
class of uncolored (hyper)graphs can also be seen as a subclass of CHG where all
nodes have color 1. In case ||C;|| < b for all i € [m], we refer to X as a b-bounded
(hyper)graph. The class of all b-bounded graphs (hypergraphs) is denoted by CG,
(respectively, CHG).

2.2 Isomorphisms and Automorphisms

Let X = (V,E,C) and Y = (V, E’,C) be hypergraphs and let g be a permutation
on V. We can extend g to a mapping on subsets U = {u1,...,ur} of V by

9(U) = {g(w), ..., g(ur)}-

g is an isomorphism between hypergraphs X and Y, if g preserves the edge

relation, i.e.,
VeCV:e€ E<gle) e E

as well as the color relation,
Vi € [m] : g(C;) = C;.

We also say that ¢ maps X to Y and write g(X) =Y. If g(X) = X, then ¢
is called an autormorphism of X. We use Aut(X) to denote the automorphism
group of X. Note that the identity mapping on V is always an automorphism.
Any other automorphism is called nontrivial.

The decision problem HGI,, consists of deciding whether two given b-bounded
hypergraphs X and Y are isomorphic (GI, denotes the restriction of this prob-
lem to graphs). A related problem is the automorphism problem HGA, (GAy)
of deciding if a given b-bounded hypergraph (respectively, graph) has a non-
trivial automorphism. For uncolored (hyper)graphs X = (V, E) we denote these
problems by HGI, GI, HGA and GA, respectively.

2.3 Normal Forms and Canonization

In the following we assume an appropriate binary encoding of colored (hy-
per)graphs and we identify each graph X with its encoding. Let D C CHG
be a graph class and let f : {0,1}* — {0,1}* be a function. We say that f
computes a normal form for D, if

VX,Y €D: X =Y = f(X) = f(Y).

If f also fulfils the backward implication, i.e.
VX,)YeD: X2Y & f(X) = f(Y),
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f is called a complete normal form for D. A normal form f for D that computes
for any graph X € D a graph f(X) that is isomorphic to X, i.e.

VX, Y eD: X = f(X)A[X 2Y = f(X) = f(Y)],

is called a canonization for D. Note that a canonization for D is also a complete
normal form for D. We call f(X) the canon of X (w.r.t. f). Of course, f(X) is
uniquely determined by any isomorphism g between X and f(X). We call any
such g a canonical relabeling of X (w.r.t. f).

2.4 The Weisfeiler-Lehman Algorithm

For the history of this approach to GI we refer the reader to [9,[19,21]. We
will abbreviate k-dimensional Weisfeiler-Lehman algorithm by WLF. WL! is
commonly known as the canonical labeling or color refinement algorithm. On
input a colored graph X = (V, E,C), where C = (C4,...,C),), the algorithm
proceeds in rounds starting with the initial coloring C° = C, i.e., c* assigns to
each node v € V its color ¢(v). In each round, each node v € V receives a
new color that depends on the previous colors of v and all its neighbors. More
precisely, in the (i + 1)st round, WL! assigns to node v the color

) = (c(v), { ' (u) | ue T(v)})

consisting of the preceding color ¢(v) and the multiset {c¢!(u) | u € I'(v)} of
colors ¢*(u) for all u € I'(v). For example, c*(v) = ¢!(w) if and only if for each
color i € [m], v and w have the same number of neighbors with that color. To
keep the color encoding short, after each round the colors are lexicographically
sorted and renamed (hence the renamed colors are in the range [m;], where
m; = |[{c!(v) | v € V}|| < n). However, the algorithm retains a table that can
be used to derive the old color names from the new ones. After r rounds, the
r-round WL! stops and outputs the multiset { ¢ (v) | v € V}} of colors in the
coloring C" (together with the tables retained at each round). Note that as long
as C*t! is a proper refinement of C?, the number of colors increases. Hence, the
coloring stabilizes after at most n rounds, i.e. C**! = C* for some s < n. We
call C* the WL!-stable coloring of X.

Following the same idea, the k-dimensional version iteratively refines a col-
oring of V¥. The initial coloring of a k-tuple ¥ is the isomorphism type of the
subgraph induced by the vertices in ¥ (viewed as a labeled graph where each
vertex is labeled by its color and by the positions in the tuple where it occurs).
The refinement step takes into account the colors of all neighbors of ¥ in the
Hamming metric (see [19,26] for details).

Since the coloring is stable after at most n* rounds, WL* can be implemented
in polynomial time for each constant dimension k. Further, since the colorings
computed by the WL algorithm in each round only depend on the isomorphism
class of X, it is clear that WL computes a normal form on the class of all graphs.
We say that the r-round WL* works correctly for a graph X, if the output for
X is distinct from all outputs produced for any nonisomorphic graph ¥ 2% X.
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It is clear that the r-round WL* computes a complete normalform on a graph
class D, provided that it works correctly for each graph X € D (note that for
some graph classes the latter condition might be stronger than the former).

Of course, WL" needs at most one round to work correctly on all graphs
with n vertices. In fact, already WL! works correctly on all trees and almost
all graphs (in the G, 1/ model), and WL?2 succeeds on all graphs of color class
size 3 [32). Thus there was some hope that a low dimensional WL algorithm
may work correctly on all graphs. However, in 1990 Cai, Fiirer and Immerman
[19] proved a striking negative result: For any sublinear dimension k = o(n),
WL* does not work correctly even on graphs of vertex degree 3 and color class
size 4. Nevertheless, it was realized later that a constant-dimensional WL is still
applicable to particular classes of graphs, including planar graphs [23], graphs
of bounded genus [24], and graphs of bounded treewidth [25].

3 Hardness of HGA

To show that there are n-vertex graphs of vertex degree 3 and color class size
4 that are hard instances for WL°("™) Cai, Fiirer and Immerman used a graph
gadget that originally appeared in [31]. This gadget has also been used by Toran
in a significant manner to show that GI and GA are hard for various subclasses
of TC! [47]. Here we use a hypergraph variant of this gadget to show that for
any prime p, HGA,, is hard for Mod, L. The proof given here simplifies a proof
of a similar result in [3].

It is well-known that the following problem is Mod,L complete (cf. [I7]).
Given a homogenous system

Z QijTj = 0,17¢€ [k] (].)
Jj€[n]

of linear equations over the field Z, = Z/pZ, decide whether ({IJ) has a nontrivial
solution z € Z;. This problem remains Mod,L complete, if we require that the
support S; = {j € [n] | a;; # 0} of each equation contains at most three elements
and S; # Si for j # k (these restrictions are not really necessary but they
simplify the reduction and keep the orbit size of the hyperedges in the reduced
hypergraph small). Now consider the following hypergraph X = (V, E,C) with
n n k
v=V, E=JZulJE andC=(C1,C,CY,...,Cn, Cy, C),
j=1 j=1 i=0

where
V; =C; UC;uCy,
Gy ={ud |2 € 2y}, Ol = (] | 2 € 2,},C = {wd | 2 € T},
Zj :{{ugcavi}v{vivwi}v{wgvugc+1} | T e Z:D}u and

By ={{uj, | j € Si} | X jepn aijj = 0}
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In the hypergraph X we have for each variable z; a cycle X; = X[V;] such
that Aut(X;) is isomorphic to the additive group (Z,, +). Fix any isomorphism
¢ between Aut(X;) and Z, and denote the automorphism g € Aut(X;) with
©(g9) = x by gZ. Then Aut(X;) is represented as {gJ | € Z,} and we have
9% © Gor = G tar-

For any vector £ = (x1,...,2,) we use Z|s, to denote the s;-dimensional
projection (z;);es, of Z to S;. Since E; contains for each solution = (z1,. .., 2s)
of the i-th equation in () the hyperedge e(Z|s,) = {u{,;j | j € S;}, E; consists of
exactly p*~! hyperedges. We use L; to denote the set of vectors z € Ly} with
e(:f) € E;.

Of course, for p = 2,3 we can simplify X to the graph X = X[C; U---UC,]
since in these cases the groups Aut(X ;) are cyclic anyway. Figure [I] shows the
graph X corresponding to the equation x; + 9 — 3 = 0 over Zs.

Fig. 1. The hypergraph gadget for the equation 1 + 2 — x3 = 0 over Zs

Now it is easy to see that for each i € [k] the automorphism group Aut(Y;) of
the hypergraph Y; = (W;, F;,C;) where W; = UjeSi Vi, F; = E; U UjeSi Zj and
C; is the restriction of the coloring C to W;, is isomorphic to the solution space
L; of the equation ZjES;, a;;x; = 0. For example, if S; = {1,2,3} and the i-th
equation of () is x1 + z2 — x5 = 0, then

Aut(Y:) = {9, 92, 95,) | @1 + 22 — 23 = O}
Hence, a permutation g = (g1,,...,97 ) € Aut(Xy) x -+ x Aut(X,) is an
automorphism of X if and only if for all ¢ € [k], the restriction of g to W;

is an automorphism of Y;, implying that

Aut(X) ={(ga,,--- 90 ) | (z1,...,2y) is a solution of ()}
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This shows that X € HGA,, if and only if the system () has a nontrivial solution.
Since the reduction from the given homogenous system (II) to the hypergraph X
can be performed in ACY, it follows that for any prime ¢ < p, HGA,, is hard for
the class Mod,L under AC® many-one reductions.

Moreover, since HGA,, has an easily computable or-function (just take the
union of the graphs where we assume w.l.o.g. that the input graphs have no
colors in common) and since any set in the class Mod,,L can be represented
as the union Ai,..., Ay of sets A; in Mod,, L, where p1,...,py are the prime
factors of m [I7], it immediately follows that HGA, is even hard for ModL.
Since the orbit size of the hyperedges in the reduced hypergraph is bounded by
p?, we also get that GA,2 is Mody, L hard.

Theorem 3. HGA,, and GA,2 are hard for Mod,, L.

In [3] it is shown that GA4 (as well as GAs and HGA,) in fact is complete for
the class ModoL = @L. The best known upper bound for HGAy, b > 2, is P [3].
We remark that if the hyperedges are all of constant size, i.e., |le|| < k for all
e € E, then HGA, is reducible to GAy for ¥’ = b which is known to be in TC*
[39,[4]. However, when hyperedges are of unbounded size, it is not clear whether
HGA, is reducible to GAy for any constant b'.

Question 4. Is HGA, in NC for some constant b > 27

Toran’s proof that GI and GA are hard for NL crucially hinges on the fact
that the produced graphs have unbounded color classes. Since already in the
2-bounded case the orbits of the edges of a hypergraph can have exponential
size it might be possible to reduce NL to HGA, (or HGI,) for a constant b. Note
that the orbit size of the edges of a b-bounded graph is at most b2.

Question 5. Is there any constant b for which HGA, (or HGI,) is NL hard?

4 Logspace Canonization of 3-Bounded Graphs

In this section we improve the result from [34] that GI for 2-bounded as well as
for 3-bounded graphs is equivalent to undirected graph reachability (and there-
fore complete for L [44]). We first describe a logspace canonization algorithm
for 2-bounded graphs. This algorithm performs a 1-round WL! and uses indi-
vidualization to refine the remaining size two color classes. We also sketch how
this algorithm can be improved to handle the 3-bounded case. For the complete
proof we refer the reader to the journal version of [3] (in preparation).

Let X = (V,E,C) be a b-bounded graph and let C = (Cy,...,C,,). We use
X; to denote the graph X[C;] induced by C; and X;; to denote the bipartite
graph X|[C;, C;] induced by the pair of color classes C; and Cj. Since it suffices
to compute a canonical relabeling for X we can assume that all vertices in the
same color class C; have the same degree and each graph X is regular of degree
at most (||C;|| — 1)/2. Otherwise we can either canonically split C; into smaller
color classes or we can replace X; by the complement graph. Further, we assume
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that the edge set E;; of X;; is of size at most ||Ci|| - ||C;]|/2, since otherwise, we
can replace X;; by the complement bipartite graph.

We say that two color classes C;, C; with ||C;|| = ||C;|| are directly linked, if
E;; is a perfect matching in X;;. C; and Cj are linked, if C; is reachable from
C; by a chain of directly linked color classes. We make use of some basic facts
from [3].

Lemma 6. [3] For any directly linked pair C;,C; of color classes there is a bi-
jection m;; : Sym(C;) — Sym(C}j) such that for any automorphism g = (g:,9;) €
Aut(Xij) it holds that gj = Tij (gi).

Let G; be the intersection of Aut(X;) with the projections of Aut(X;;) on C;
for all j # . Any subgroup of the symmetric group Sym(C;) of all permutations
on C; is called a constraint for C;. We call G; the direct constraint for C;.

Lemma 7. [3] For a given b-bounded graph, the direct constraints of each color
class can be determined in deterministic logspace.

We use Lemma [B] to define a symmetric relation on constraints. Let G; and
G be constraints of two directly linked classes C; and Cj, respectively, and let
gij be the bijection provided by Lemma [6l We say that G; is directly induced
by Gj, if g;; is an isomorphism between G; and G;. Further, a constraint G
is induced by a constraint H, if G is reachable from H via a chain of directly
induced constraints. Note that the latter relation is an equivalence on the set of
all constraints. We call the intersection of all constraints of C; that are induced
by some direct constraint the induced constraint of C; and denote it by G..

Lemma 8. [3] For a given b-bounded graph, the induced constraints of each color
class can be determined in deterministic logspace.

Proof. Consider the undirected graph X’ = (V' E’) where V' consists of all
constraints G in X and E = {(G, H) | G is directly induced by H}. In this graph
we mark all direct constraints computed by Lemma [l as special nodes. Now, the
algorithm outputs for each color class C; the intersection of all constraints for
C; that are reachable from some special node, and since SL = L [44], this can
be done in deterministic logspace. a

We define two special types of constraints. We say that C; is split, if its induced
constraint G has at least two orbits, and we call the partition of C; in the orbits
of G} the splitting partition of C;. Further, a class C; of size b is called whole,
if its induced constraint G} is the whole group Sym(C;). The following lemma
summarizes some properties of whole color classes.

Lemma 9. Let C; be a whole color class in a b-bounded graph X and let C; be
a color class such that E;; # 0. Then the following holds.

— X|[C;, I'x,;(Cy)] is semiregular,i.e., the degree of any node u in the bipartite
graph only depends on its (non)membership to C;.
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— If also C; is whole, then ||C;|| = ||C}|| and C;,C; are directly linked.
— If Cj is split or ||Cj|| < b, then all vertices in C; have the same neighborhood
m X,‘j.

Lemma/[@l tells us that the action of an automorphism on a whole color class C' is
not influenced by its action on color classes that are either smaller or split, i.e.,
only other whole color classes can influence C. Similarly, it follows that WL?
will never refine any of the whole color classes in X. Let W be the union of all
whole color classes. Then Aut(X[W]) is computable in logspace.

Lemma 10. [B43] A generating set for Aut(X[W]) is computable in FL.

Proof. The algorithm works by reducing the problem to reachability in undi-
rected graphs. For each whole color class C; we create a set P; of b! nodes (one
for each permutation of C;). Recall that if C; and C; are directly linked, then
each g € P; induces a unique permutation h = m;;(g) on C; and hence, we put
an undirected edge between g and h. This gives an undirected graph G with
(b — D)W || nodes.

A connected component P in G that picks out at most one element g; from
each set P; defines a valid automorphism g for the graph X[W], if P contains
only elements ¢g; € Aut(X;). On the color classes C;, for which P contains an
element ¢g; € P;, g acts as ¢;, and it fixes all nodes of the other color classes.
By collecting these automorphisms we get a generating set for Aut(X[W]) and
since SL = L [44], this can be done in deterministic logspace. ]

Now we prove that WL' on 2-bounded graphs can be implemented in logspace.
Theorem 11. For graphs in CGo the WL'-stable coloring is computable in FL.

Proof (sketch). Let X = (V,E,C) be a 2-bounded graph with coloring C =
(C1,...,Cp). The only way that a color class C; gets directly split (i.e. by its
direct constraint G;) is that one node a € C; is incident to some color class C;
whereas the other node b € C; is not. Let C; be the lexicographically smallest
color class with this property. Then WL! refines C; into ({b},{a}). These are
exactly the refinements that WL! performs by the initial coloring and they are
clearly computable in logspace.

If C; gets refined in a later round, then this refinement is caused by a direct
link to a color class that has been refined earlier. Let C; be the lexicographically
smallest directly split color class which is linked to C; by a chain (Cj,...,C;)
of directly linked color classes of minimal length. Then WL! transposes the
refinement of C; to C; via the chain (Cj,. .., C;). Clearly, also these refinements
are computable in logspace. Finally, observe that the whole color classes never
get refined by WL!. In fact, they form orbits in Aut(X). O

As an easy consequence we get a logspace canonization for all 2-bounded graphs.

Theorem 12. CGy admits a logspace canonization.
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Proof (sketch). Let X = (V,E,C) be a 2-bounded graph with coloring C =
(Cy,...,Cp). By Theorem [l the WL!-stable coloring X’ of X is computable
in logspace. If X’ assigns unique colors to all vertices, then a canonical labeling
is determined.

Otherwise, for each connected component of linked color classes (of size 2),
the algorithm determines the lexicographically smallest color class C in that
component. Since the nodes of different C’s can be flipped independently, the
algorithm can select in each such color class an arbitrary node and give it a new
color. Now it suffices to run WL! once more to compute the stable coloring for
the modified graph which will provide unique colors for all vertices. a

We notice that the above proof also shows that the canonization version of WL!
(as proposed in [32, Theorem 1.9.4]) succeeds on the class CGo (despite the fact
that WL! does not work correctly on CGs [32, Corollary 1.6.2]).

Question 13. For which values of k and b does the canonization version of
WL* succeed in canonizing the graphs in CGy?

Similar to the proof of Theorem [I1]it can be shown that also for graphs in CG3
the WL!-stable coloring is computable in logspace but it is not clear whether
this generalizes.

Question 14. What is the complexity of computing the WLF-stable coloring for
graphs in CGy ?

Immerman and Lander have shown that WL? works correctly on all 3-bounded
graphs, implying that the canonizing version of WL? succeeds on the class CG3
[32]. Here we give a logspace canonization algorithm for this class.

Theorem 15. CGs admits a logspace canonization.

Proof (sketch). Let X = (V,E,C) be a 3-bounded graph with coloring C =
(C1,...,Cpn). Let Cy, denote the subclass of C containing all whole color classes of
size 3 that are linked to the lexicographically smallest whole class C; and let W be
the set of vertices in these color classes. W.l.o.g. let i =1 and C,, = (C1,...,C})
for some I < m.

We first show how to refine the color classes in C,, in a canonical way. We
define a (canonical) reflexive, transitive and connex relation < on C; such that
u and v are in the same orbit of Aut(X[W]) if and only if u < v as well as
v < u. To define =, for u € C consider the set Z(u) of all cycles of color classes
starting (and ending) at Cy such that starting from vertex u € C} it is possible
to follow this cycle along the edges in E' and come back to u. Now define u < v
if Z(u) = Z(v) or the lexicographically smallest cycle in Z(u)AZ(v) is in Z(v).
Then we can proof the following claim.

Claim. If the three nodes w1, us,us in Cy are cycle-equivalent (i.e. Z(u1) =
Z(u2) = Z(u3)), then the permutation g1 : u; +— ug +— ug is extendible to an
automorphism of X [W].
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Proof of Claim. The permutation g; uniquely extends to a permutation g =
(g15---501) € Aut(Xq) x - - - x Aut(X;) on X[W], where we extend g successively
by the lexicographically smallest color class that is linked to a color class on
which g is already defined. If g ¢ Aut(X[W]), then there must exist two vertices
u,v in two color classes C;, C}, respectively, such that

{u,v} € Eij < (9i(u),gj(v)) & Eij.

Now let u’ be the vertex in C; that is linked to w in the spanning tree T along
which g has been extended.

In case v’ = v and {u,v} € E;; it follows that there is a cycle starting at u
following some path in T to v’ = v and then back to u. Starting at g;(u) we reach
g;(v) following the same path through T' but proceeding further to C; we don’t
come back to g;(u), implying that v and g;(u) (and hence also the corresponding
vertices in C1) are not cycle-equivalent.

The other cases are similar. This completes the proof of the claim. <

A similar argument shows that if exactly two of the three vertices uq,us, us are
cycle-equivalent, then there is an automorphism flipping them. Now, we select
any vertex u € Cq with u < v for all v € (7 and give it a new color. As in the
proof of Theorem [[2], this can be done in parallel for all connected components
of linked color classes. Running WL again on the graph with the individualized
vertices will now refine all whole color classes. Thus we have transformed X into
a canonical 2-bounded refinement and hence we can invoke Theorem a

It follows that for the graph classes GAy and GAj all problems related to GI
are complete for L: GA, #GA, #GI, AUT, computing a complete normalform
and canonization. Is this also true for the class of 2-bounded hypergraphs (or
for GA4), i.e., is the canonization problem for these graphs solvable in FL(®L)?

Question 16. What is the complexity of computing a canonizing function for
the graph classes CGy, and CHGy ?

We remark that the TC! upper bound for GI,, given in [4] uses the group theoretic
approach to compute a generating set for Aut(X). Can this approach be adapted
to give also an NC upper bound on the canonization problem for graphs with
bounded color classes?
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Abstract. Infinite time register machines (ITRMs) are register ma-
chines which act on natural numbers and which may run for arbitrarily
many ordinal steps. Successor steps are determined by standard regis-
ter machine commands, at limits the register contents are defined as
lim inf’s of the previous register contents. We prove that a real number
is computable by an I'TRM iff it is hyperarithmetic.

1 Introduction

In [2], JoEL D. HAMKINS and ANDY LEWIS define infinite time TURING ma-
chines (ITTMs) by letting an ordinary TURING machine run for arbitrarily many
ordinal steps, taking appropriate limits at limit times. An ITTM can compute
considerably more functions than a standard TURING machine. In analogy, we
let a standard register machine run for arbitrarily many ordinal steps and call
it an infinite time register machines (ITRM). An ITRM can carry out infinitely
many steps of an ordinary register machine and can thus compute the halting
problem. Indeed we show in Lemma [l that it can compute any Al real number.
Conversely it will be shown in Lemma @l that if a computation by an ITRM halts
then it halts before the CHURCH-KLEENE ordinal w{. Hence all computable
reals are in the admissible set L cx (Lemma[]). Since the Af-reals coincide with
the reals in L,cx and with the hyperarithmetic reals (see [8]) this yields a new
characterisation of the hyperarithmetic reals:

Theorem 1. A real x C w is computable by an infinite time register machine
iff it is hyperarithmetic.

This result was inspired by discussions with JOEL HAMKINS and PHILIP WELCH
at Oberwolfach in December 2005. Infinite time register machines belong to the
following schema of machines which may all run for arbitrarily many ordinal
steps. Let Ord be the class of ordinal numbers.

1.1: Infinite time Turing machines, ITTMs, with finitely many standard Turing
tapes; every X1 real and every II{ real is ITTM computable [2].

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 257-[266} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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1.2: Ordinal Turing machines, OTMs, with finitely many Turing tapes of length
ORD; a set of ordinals is OTM computable iff it is a constructible set of ordinals
13, [, [6].

2.1: Infinite time register machines, ITRMs, as defined in this article; a real is
ITRM computable iff it is hyperarithmetic (A?).

2.2: Ordinal register machines, ORMs, with finitely many registers containing
arbitrary ordinals; a set of ordinals is ORM computable iff it is a constructible
set of ordinals [7].

2 Infinite Time Register Machines

We base our presentation of infinite time machines on the unlimited register
machines as presented in [I].

Definition 1. An unlimited register machine URM has registers Ro, R1,. ..
which can hold natural numbers. A register program consists of commands to
increase or to reset a register. The program may jump on condition of equality
between two registers.

An URM program is a finite list P = Iy, I1,...,Is_1 of instructions each of
which may be of one of four kinds:

a) the zero instruction Z(n) changes the contents of R, to 0, leaving all other
registers unaltered;

b) the successor instruction S(n) increases the natural number contained in Ry,
by 1, leaving all other registers unaltered;

¢) the transfer instruction T'(m,n) replaces the contents of Ry by the natural
number contained in R,,, leaving all other registers unaltered;

d) the jump instruction J(m,n,q) is carried out within the program P as fol-
lows: the contents r,,, and r,, of the registers R,, and R, are compared, but
all the registers are left unaltered; then, if R,, = R,, the URM proceeds
to the qth instruction of P; if Ry, # Ry, the URM proceeds to the next
instruction in P.

The instructions of a register program can be addressed by their indices which
are called program states. At each ordinal time t the machine will be in a con-
figuration consisting of a program state 1(t) € w and the register contents which
can be viewed as a function R(t) : w — w. R(t)(n) is the content of the register
R, at time t. We also write R, (t) instead of R(t)(n).

Definition 2. Let P = Iy, I1,...,Is—1 be an URM program. A pair
I:0—-wR:0— (“w)
is an (infinite time register) computation by P if the following hold:

a) 0 is an ordinal or = Ord; 6 is the length of the computation;
b) I1(0) = 0; the machine starts in state 0;
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c) Ift <0 and I(t) € s ={0,1,...,s— 1} then 0 =t + 1; the machine stops if
the machine state is not a program state of P;
d) If t < 0 and I(t) € state(P) then t + 1 < 0; the next configuration is deter-
mined by the instruction Iy
i. if I is the zero instruction Z(n) then let I(t+1) = I(t)+1 and define
R(t+1):w— Ord by

0, ifk=n
Ri(t+1) = {Rk(t), ifk+n

ii. if I1(y) is the successor instruction S(n) then let I(t +1) = I(t) + 1 and
define R(t +1) : w — Ord by

[ Re(t)+1, ifk=n
Ri(t+1) = {R:(t), ifk+n

i1, if Iy is the transfer instruction T'(m,n) then let I(t+1) = I(t)+1 and
define R(t +1) : w — Ord by

_Rn(), ifk=n
Bi(t+1) = {Rk<t>, ifk#n

iv. if Iy is the jump instruction J(m,n,q) then let R(t+ 1) = R(t) and

~ (q, if R(t) = Rp(2)
I(t+1) = {%) + 1, if Rin(t) # Ra(t)

e) If t < 6 is a limit ordinal, the machine constellation at t is determined by
taking inferior limits. If lim inRk(r) =w for some k € w then let @ =t; the
T

machine stops if one of the registers overruns; otherwise let

Vk € w Ri(t) = lim i?f Ri(r);
I(t) = lim itnf I(r).

The computation is obviously determined recursively by the initial register con-
tents R(0) and the program P. We call it the (infinite time register) computation
by P with input R(0). If the computation stops at a successor ordinal 6 = 3+ 1
then R(0) is the final register content. In this case we say that P computes
R(5)(0) from R(0) and write P : R(0) — R(5)(0).

The definition of I(t) for limit ¢ can be motivated as follows. Since a program
is finite its execution will lead to some (complex) looping structure involving
loops, subloops and so forth. This can be presented by pseudo code like:

17:begin mainloop
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21: begin subloop
29: end subloop
32:end mainloop
Assume that for times r — ¢ the main loop (17 —32) with its subloop (21 —29)
is traversed cofinally often. Then at time ¢ it is natural to put the machine at the

start of the “main loop”. Assuming that the lines of the program are enumerated
in increasing order this corresponds to the liminf rule

I(t) = lim izItlf S(r).
T—
The interpretation of programs yields associated notions of computability.

Definition 3. An n-ary partial function F : w™ — w is (ordinal register) com-
putable if there is a register program P such that for every n-tuple (ag, ..., an—1)
€ dom(F) holds

P:(ao,...,an,170,07...) »—>F(a07...7an,1).

Definition 4. A subset x C w, i.e., a real number, is (ordinal register) com-
putable if there is a register program P such that for every m € w holds

P:(m,0,0,...) — xz(m),
where X, s the characteristic function of x.

Obviously any standard recursive function is ordinal register computable.

3 Computing Aj-Reals

For e € w let R, denote the e-th recursively enumerable, binary relation on w.
If R, is wellfounded, let |Re| denote the ordinal rank of R.. Consider a hyper-
arithmetic real number z, i.e., {z} is a parameter-free A{-singleton. By standard
representation theorems for I1-reals there exists a recursive function f :w — w
such that for all n € w:

n € x iff Ry(,) is a wellfounded relation. (1)
Since x is also X1 the boundedness property for parameter-free X1-sets implies
the existence of an ordinal « less than the CHURCH-KLEENE ordinal w{¥ such

that for all n € w:

n € x iff Ry(,) is a wellfounded relation of rank |R;,)| < a. (2)
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The ordinal « is the ordertype of some recursive wellorder (w, S). The right-hand
side of (2) holds iff there is an orderpreserving embedding from (w, Ry(,)) into
(w, S).

More generally, consider any infinite time register computable relations (w, R)
and (w,S) where (w,S) is a wellorder. We shall define a register program P
uniformly in programs for R and S which computes whether (w, R) can be em-
bedded orderpreservingly into (w,.S). This shows that the right-hand side of the
equivalence (2) is infinite time register computable and proves

Lemma 1. Ifx C w is a hyperarithmetic real then x is computable by an infinite
time register machine.

For r € w let TCR(r) be the transitive closure of r in R, i.e. the C-smallest set
which contains r and is closed under R-predecessors. Define TCg(s) similarly.
Define a relation r ~ s iff there is an orderpreserving map

7w : (TCgr(r), R) — (TCs(s),S) with n(r) = s.
If the relations R and S both have 0 as their maximum element, i.e.,
Vr € dom(R) \ {0} rRO and Vs € dom(S) \ {0} sS0,

then (w, R) can be embedded orderpreservingly into (w,S) iff 0 ~ 0. Since we
may simply assume that R and S have maximum elements, this reduces the
embeddablility property to the problem of computing ~ with an ITRM. Since
S is a wellorder the following lemma yields a recursive definition of ~.

Lemma 2. For everyr and s, r ~ s iff Vr' Rrds’Ss ' ~ s'.
Proof. Assume r ~ s. Take an orderpreserving map
7w : (TCgr(r), R) — (TCs(s),S) with n(r) = s.
Let #'Rr. Let ' = 7n(r') S s = w(r). Then TCg(r") C TCg(r) and
7 | TCr(r') : TCRr(r') — TCg(s")

orderpreservingly with 7(r') = s’. Thus Vr' Rr3s’Ss r’ ~ ',
Conversely assume that Vr'Rrds’Ss v’ ~ s'. For every r'Rr choose a map
7t TCr(r') — TCg(s') witnessing r’ ~ s'. Note that

TCgr(r)={r}u U TCgr(r").
r’' Rr
Thus we may define a map 7 : TCg(r) — TCg(s) by w(r) = s and for r" # r:

7(r'") = min{m (r")|r' Rr}

where the minimum is formed with respect to the the wellorder S. Then =7
witnesses that r ~ s.
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We shall compute ~ on an ITRM using finite stacks of natural numbers. Code a
stack (ro, ..., rm_1) by 7 =270 .37 ... p"™ 1" Standard stack operations like
pushing and popping natural numbers or finding the length m — 1 of the stack r
are recursive and thus computable by an ITRM. Since the relations R and S are
infinite time register computable the question whether the stack (ro,...,rm-1)
is strictly descending in R or S can also be computed by an ITRM. For the
subsequent program we shall use two registers A and B as stacks with associated
operations pushA, popA, lenghthA, A-is-decreasing-in-R and pushB, popB,
lenghthB, B-is-decreasing-in-S. The specific coding of stack contents leeds
to a controlled limit behaviour:

Proposition 1. Let o < t where t is a limit ordinal. Assume that the stack
A (or B) contains the contents r = (ro,...,Tm—1) for cofinally many times
below t and that all contents in the time interval (a,t) are endextensions of
r=(ro,...,"m—1). Then at time t the stack contents are r = (ro,..., m—1).

So let us assume that R and S both have 0 as their maximum element. Running
the following program P on an ITRM outputs yes/no depending on whether R
can be embedded order-preservingly into S. We present the program in simple
pseudo-code and assume that it is translated into a register program according
to Definition [Il so that the order of commands is kept. Also the stack commands
like pushA are understood as macros which are inserted into the code with
appropriate renaming of variables and statement numbers.

pushA O;

pushB 0;

FLAG := 1; %% ask whether 0 ~ 0

Loop: Casel: if FLAG=0 and lengthA=lengthB=1 %% O ~ O

then begin; output ’yes’; stop; end;

Case2: if FLAG=0 and lengthA>lengthB=1 %} 0 !~ 0
then begin; output ’no’; stop; end;

Case3: if FLAG=0 and lengthA = lengthB > 1

%% last element of A ~ last of B
then begin; %% check next

popA N;

pushA N+1;

popB N;

pushB 0;

FLAG:=1; %% ask whether last of A ~ last of B
goto Loop;

end;

Cased4: if FLAG=0 and lengthA>lengthB
%% 2nd-but-last of A !~ last of B
then begin;
popA N;
popB N;
pushB N+1;
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FLAG:=1; %% ask whether last element of A ~ last of B
goto Loop;
end;
Caseb: if FLAG=1 and A-is-decreasing-in-R
and B-is-decreasing-in-S

then begin;

pushA 0;

pushB 0;

FLAG:=0; FLAG:=1; %} flash the flag
goto Loop;

end;

Case6: if FLAG=1 and A-is-decreasing-in-R
and not B-is-decreasing-in-S
then begin;
popB N;
pushB N+1;
FLAG:=0; FLAG:=1; %% flash the flag
goto Loop;
end;
Case7: if FLAG=1 and not A-is-decreasing-in-R
then begin;
popA N;
pushA N+1;
popB N;
pushB 0;
FLAG:=0; FLAG:=1; %% flash the flag
goto Loop;
end;

The next Lemma proves the correctness of the program. Note that the program
will always loop back to Loop until the program stops.

Lemma 3. Let

I:0—-wR:0— (Yw)

be the computation by P with trivial input (0,0,...). Then the computation sat-
isfies:

a)

Suppose the machine is in state Loop and the stack contents of A and B are
(roy...yTm—1) and (So,...,Sm—1), m = 1 which descend strictly in R and S
resp. Moreover suppose that Flag=1 and rm—1 ~ Sm—1. Then the machine will
reach the state Loop with the same stack contents and Flag=0 after a certain
interval of time; during that interval, (ro,...,"m—1) and (S, ..., Sm—1) will
always be initial segments of the stacks A and B resp.

Suppose the machine is in state Loop and the stack contents of A and B
are (ro,...,"m—1) and (So,...,8m—1), m = 1 which descend strictly in R
and S resp. Moreover suppose that Flag=1 and rp—1 » Spy—1. Let ry, be
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the smallest integer such that rn, Rry,—1 for which there is 1o $;,SSm—1 such
that vy, ~ Sm. Then the machine will reach the state Loop with stack contents
(Poy -+ sTm—1,"m) and (So,-..,8m—1) and Flag=0 after a certain interval of
time; during that interval, (ro,...,rm—1) and (So,...,Sm—1) will always be
initial segments of the stacks A and B resp.

¢) If R can be embedded orderpreservingly into S then the computation stops
with output >yes’.

d) If R cannot be embedded orderpreservingly into S then the computation stops
with output *no’.

Proof. a) and b) are proved by simultaneous induction on s,,_1 along the well-

order S. So consider a situation (ro,. .., m—1) and (sg,...,Sm—1) as in a) or b)
and assume that a) and b) already hold for all appropriate stacks (rg, ..., 7., 1)
and (sg,..., 80, ;) with s/, Sspm_1.

We first prove a) for the given situation. So Flag=1 and r,,,—1 ~ $;—1. In-
spection of the program shows that the machine will successively enter the main
loop with register A containing the stacks (ro,...,rm—1,%) for ¢ = 0,1,.... Note
that by Case7, only the strictly decreasing stacks with ¢Rr,,_; are relevant. For
such a (rg,...,"m—1,%) in register A the machine will enter the main loop with
register B containing stacks (so, ..., Sm—1,7)- Again, by Case6, only strictly de-
creasing stacks (so, ..., Sm—1,7) with jSs,,—1 are relevant. In these cases, the
main loop is entered with strictly descending stack contents (ro, ..., 7m—1,7) and
(s0,---,Sm—1,7) and Flag=1.

We can apply the inductive assumptions: If i ~ j the machine will subse-
quently reach the state Loop with the same stack contents and Flag=0. If ¢ = j
the machine will reach the state Loop with stack contents (ro,...,"m—1,%,k),
some k < w, and (so, - - ., Sm—1,7) and Flag=0; it will then set the stack contents
to (roy...yTm—1,%) and (so,...,8m—1,7 + 1) with Flag=1. Since 7,—1 ~ Sm_1
there is some j such that ¢ ~ j and so the machine will eventually reach the state
Loop with stack contents (7o, ..., m—1,%) and (So,...,8m—1,7), some j < w,
and Flag=0. This will be the case in turn for all i < w. By the limit rules the
limit of these configurations will be a machine configuration with stack contents
(roy.-.y7m—1) and (so,...,S8m—1), and Flag=0.

For b) assume that Flag=1 and 7,,—1 % S;—1. Let 7, be defined as above.
Then the machine will proceed as in the proof of a), until it reaches the stack
contents (79, ..., m—1,Tm). We argue inductively that it will subsequently set
the contents of B to (sg,...,S$m—1,4) for 7 = 0,1,... and enter the main loop
with Flag=1.

For j = 0, an analysis of the program shows that when the contents of A are
first set to (ro, ..., "m—1,7m), the contents of B are set to (sg, ..., Sm—1,0) (Case3
or Caseb). For the inductive step assume that the machine enters the main
loop with stack contents (rg,...,"m—1,7m) and (So,...,Sm—1,j) with Flag=1.
If (soy---,8m—1,7) is not strictly descending in S then Case6 will modify the
contents of B to (sg,...,Sm—1) and (Sg,...,Sm—1,J + 1) and enter the main
loop with Flag=1. If (sg,...,Sm—1,7) is strictly descending in S then we can
apply the inductive assumptions. Since r,, ~ j the machine will reach the state
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Loop with stack contents (rq, ..., 7m—1,"m, k), some k < w, and (sg, - .-, Sm-1,7)
and Flag=0 after a certain interval of time. Then Case4 will modify the stack
contents to (ro,...,"m—1,7m) and (So,...,8m—1,J + 1), set Flag:=0 and enter
the main loop. This concludes the induction.

By the limit rules the limit of this inductive sequence of configurations will be
a configuration with state Loop, Flag=0, and stack contents (ro, ..., m—1,7m)
and (sg,...,S8m—1), as required by b). Inspection of the algorithm shows that
the desired configurations for a) and b) are first reached with the stack contents
always endextending (7o, ..., m—1) and (Sg, ..., Sm—_1) resp.
c) Assume that R can be embedded orderpreservingly into S. Since 0 is the
maximum element of both R and S, 0 ~ 0. The computation will first reach
state Loop with stack contents (0) and (0) and Flag=1. By a), it will later reach
state Loop with stack contents (0) and (0) and Flag=0. By Casel of the main
loop, the machine will output ’yes’ and stop.
d) is proved an analogy with c).

4 Admissible Sets and Infinite Register Computations

For the converse we show

Lemma 4. Let I : 0 — w,R: 0 — (“w) be a computation by a program P which

stops at some successor ordinal § = 3+ 1. Then 0 < WX,

Proof. Assume that § > wP¥. Let I(wf¥) =k and
R(ng) = (TL(), ey, 0,0, ‘e )

where Ry, ..., R;—1 includes all the registers mentioned in the program P. By
the liminf rules for ITRMs there is some o < w{® such that the sets

{t € (o, 0f)I(t) = K}

and
{t € (a,w™)|R;(t) = ny}

are closed unbounded in w{®. These sets are X;-definable over the admissible
set L,cx in the parameter a. In L cx define a sequence ap = v <y < g < ...
such that

3t € (an, nt1) I(t) =k and for j =0,...,1 — 13t € (o, nt1) R;(t) = nj.

Such a sequence may be defined by a X;-definition over ngx. By the X4-

bounding principle in L,cx, o = U, ,an < WK, Also I(a*) = k and
R(a*) = (no,...,m-1,0,0,...). So the constellation I(t) = k and R(t) =
(no,-..,m1-1,0,0,...) occurs at times a* and w{¥. This means that the ma-

chine runs into a cycle and does not stop, contrary to our assumption.
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Lemma 5. Let x C w be computable by an infinite time register machine. Then
T e Lwch.

Proof. Let P be a register program such that such that for every n < w

P:(n,0,0,...) — xz(n).

For n < w let the computation by P with input (n,0,0,...) stop at time ,,.

By

the previous lemma, 6,, < w¥. Therefore the computation by P with input

(n,0,0,...) is an element of L,cx. The characteristic function x, is A;-definable
over L cx by

Xz (n) = 1 iff there is a computation by P with input (n,0,0,...) and output 1

iff all computations by P with input (n,0,0,...) stop with output 1.

Since the admissible set L,cx satisfies A-separation, z € L, cx.

5

Further Considerations

One may consider variants of the ITRMs, where the registers can hold ordinals
below a certain bound 3. What is the collection of subsets of 3 computable by
B-ITRMs? It is hoped that such interpolations between ITRMs and ORMs yield
a stratification of the constructible sets which may lead to a fine structure theory
of the class L of constructible sets (see [3]).
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Abstract. In this paper we study a class of hybrid systems defined by
Pfaffian maps. It is a sub-class of o-minimal hybrid systems which capture
rich continuous dynamics and yet can be studied using finite bisimula-
tions. The existence of finite bisimulations for o-minimal dynamical and
hybrid systems has been shown by several authors (see e.g. [3/4/13]). The
next natural question to investigate is how the sizes of such bisimulations
can be bounded. The first step in this direction was done in [10] where a
double exponential upper bound was shown for Pfaffian dynamical and
hybrid systems. In the present paper we improve this bound to a single
exponential upper bound. Moreover we show that this bound is tight
in general, by exhibiting a parameterized class of systems on which the
exponential bound is attained. The bounds provide a basis for designing
efficient algorithms for computing bisimulations, solving reachability and
motion planning problems.

1 Introduction

One of the main complexities in the reasoning about hybrid systems arises from
their uncountably infinite state spaces. To overcome this difficulty bisimulation
by simpler systems was introduced. Informally, two hybrid systems are bisimilar
if their behaviors are indistinguishable with respect to the properties we consider.
It is desirable to have bisimulations on which we can verify basic properties
(like reachability) effectively, in particular, finite bisimulations. A wide class of
hybrid systems that admits finite bisimulations is formed by o-minimal systems,
introduced and studied in [3J4IT3]. This approach is based on the theory of o-
minimal structures, intensively studied in model theory [I5].

The existence of finite bisimulations for o-minimal hybrid systems has been
shown by several authors (see e.g. [3J4/13]). The next natural question to inves-
tigate is how the sizes of such bisimulations can be bounded.

In order to give effective bounds on the sizes of the bisimulations we restrict
ourselves to a particular case of o-minimal hybrid systems, namely to the class
of Pfaffian hybrid systems introduced in [10], and represented by Pfaffian func-
tions. Such functions naturally arise in applications as real analytic solutions of

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 267-276} 2006.
© Springer-Verlag Berlin Heidelberg 2006



268 M. Korovina and N. Vorobjov

triangular first order partial differential equations with polynomial coefficients,
and include polynomials, algebraic functions, exponentials, and trigonometric
functions in appropriate domains [9]. In our previous work [10] we gave a double
exponential upper bound on the sizes of bisimulations of Pfaffian hybrid sys-
tems. In the present paper we improve that bound to a single exponential upper
bound. Moreover we show that the bound is tight in general, by exhibiting a
parameterized class of polynomial dynamical systems on which the exponential
bound is attained. Let us note that previous bounds were obtained using cylin-
drical cell decomposition, which is of intrinsically double exponential complexity.
In this paper we avoid cylindrical decomposition by using some finer tools from
real analytic geometry.

These tools also provide framework for further studies of the behavior of
Pfaffian hybrid systems. In [10] an algorithm was proposed for computing fi-
nite bisimulations with the double exponential complexity. The bounds ob-
tained in the present paper provide a basis for computing bisimulations, and via
them, reachability, motion planning, etc. problems, with the single exponential
complexity.

This paper is organized as follows. In Section 2 we recall the notions of bisim-
ulation of transition systems and Pfaffian dynamical systems. In Section 3 we
construct an upper bound on sizes of finite bisimulations of a Pfaffian dynamical
system. In Section 4 we show that this bound is tight in general, by exhibiting
a parameterized class of Pfaffian dynamical systems on which the exponential
bound is attained. We then conclude with the future work.

2 Basic Notions and Definitions

2.1 Transition Systems and Dynamical Systems

One of the approaches to study of a dynamical system uses the partition of
the state space into finitely many equivalence classes, so that equivalent states
exhibit similar properties. This special quotient of the original state space, called
bisimulation, is reachability preserving, i.e., checking the reachability on the
quotient system is equivalent to checking it on the original system. In this section
we recall (following [3]) the notion of bisimulations of transition systems, and
basic results concerning finite bisimulations of o-minimal dynamical systems.

The first group of definitions describe transition systems and bisimulations
between the transition systems.

Definition 1. Let Q be an arbitrary set and — be a binary relation on Q. In the
context of dynamical systems theory we call Q) the set of states, — the transition,
and T := (Q,—) the transition system.

Definition 2. Given two transition systems Ty := (Q1,—1) and Ty := (Q2, —2)
we define a simulation of T} by 1% as a binary relation ~ C Q1 X Q2 such that:

o Vg1 € Q13q2 € Q2(q1 ~ @2);
o Vq1,q1 € Q1Vg2 € Q2((q1 ~ 2 N1 —1 ¢1) = 345 € Q2(q) ~ 3N G2 —2 @3)).
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Definition 3. A bisimulation between two transition systems T} := (Q1, —1)
and Ty := (Q2,—2) is a simulation ~ C Q1 X Q1 of Ty by Ta such that the
converse relation ~~1:= {(q2,q1) € Q2 x Q1|q1 ~ q2} is a simulation of Ty by
1.

Definition 4. A bisimulation between a transition system T and itself is called
a bisimulation on 7.

Definition 5. Let ~ be a bisimulation on T = (Q,—) and also an equivalence
relation on Q). Let P be a partition of Q. We say that ~ is a bisimulation with
respect to P if every P € P is the union of some equivalence classes of ~.

Normally, the partition P reflects regions of interest such as invariants and initial
conditions of the dynamical system.

In this paper we are concerned with estimating cardinality of bisimulations
in the sense of Definition Bl We now give some definitions concerning dynamical
systems.

Definition 6. Let G; C IR™ and G2 C IR"™ be open domains. A dynamical
system is a map v : G1 X (=1,1) — Ga. For a given x € Gy the set I'x =
{y|3t € (-1,1) (v(x,t) =y)} C G2 is called the trajectory determined by x, and
the graph Ty = {(t,y)| 7(x,t) = y} C (—=1,1) x Gy is called the integral curve
determined by x.

A dynamical system is called o-minimal if it is definable in an o-minimal struc-
ture over R.

Definition 7. The transition system T., = (Q, —) associated to the dynamical
system ~y is defined as follows:

e ) :=G4, and
® y1 —y2 foryi,y2 € Q if and only if

dx € Glﬂtl,tz S (—1, 1)((t1 < tz) A (’Y(X,tl) = y1) A ('Y(Xa t2) = y2))

We now introduce following [3], a technique of encoding trajectories of dynamical
systems by words. Let P := {Py,..., Ps} be a finite partition of v(Gy x (—1,1))
definable in the o-minimal structure. Fix x € G7. Define the set Fyx of points
and open intervals I in (—1,1) which are maximal with respect to inclusion for
the property Ji € {1,...,s}Vt € I (v(x,t) € F;).

Let the cardinality |Fx| = r and y; < - -+ < y, be representatives of Fx such
that v(x,y;) € P;;. Then define the word w := P;, --- P;_in the alphabet P.
Informally, w is the list of names of elements of the partition in the order they
are visited by the trajectory .

Let y € I'x. Then y € P;; for some 1 < j < r, where P, is a letter in w. We
represent the location of y on the trajectory I'x by the dotted word

b= PP

vj

.y

r
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It will be convenient to use the operation undot(w) = w := P;, --- P;; --- P; . In
the sequel we will always assume that the dynamical system ~ is injective. In
this case there is a unique dotted word associated to a given y € v(G1 x (—1,1)).
Introduce sets of words 2 := {w|x € G1}, 2 := {&| x € G1}. The following
statement is an easy consequence of o-minimality.

Lemma 1. [3] The set §2 is finite.
An obvious (purely combinatorial) corollary is that (2 is also finite.
Definition 8. The transition system T, is defined as follows:

e Q:=1, and
o W — Wy for wi,ws € Q if and only if w1 = wo and the dot on wsy is to the
right of (or in the same) position as the dot on w;.

Theorem 1. [3] Let the o-minimal dynamical system ~ be bijective, and the
partition P be definable in the o-minimal structure. Then there is a finite bisim-
ulation on T, with respect to P.

Proof. To prove the theorem one first shows that T, is a bisimulation of T’,, and
then considers the following equivalence relation ~ on Gs: y; ~ ys iff for respec-
tive pre-images (x1,t1), (X2,t2), the locations of y1,y2 on trajectories I'y,, Ik,
are described by the same dotted word w. Then ~ is the required bisimulation
(see details in [3]).

2.2 Pfaffian Functions and Related Sets

In what follows, in order to give a quantitative refinement of Theorem [l we will
restrict our considerations of o-minimal dynamical systems to a particular case,
the class of Pfaffian dynamical systems. This section is a digest of the theory
of Pfaffian functions and sets definable with Pfaffian functions. The detailed
exposition can be found in the survey [6].

Definition 9. A Pfaffian chain of order r > 0 and degree o« > 1 in an open
domain G C IR" is a sequence of real analytic functions f1, ..., fr in G satisfying
differential equations

af;
’ :gij(x7 fl(x)7-“afj(x)) (1)
8xi
for 1 < j <r, 1 <4 < n. Here ¢;;(X,y1,...,yj) are polynomials in x =
(1, s @n), Y1, .., y; of degrees not exceeding .

A function
f(X) = P(x, fl(X)7 EEE) fr(x))7

where P(X,y1,...,Yr) i a polynomial of a degree not exceeding 8 > 1, the se-
quence f1,..., fr is a Pfaffian chain of order r and degree ., is called a Pfaffian
function of order r and degree («, 3).
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Apart from polynomials, the class of Pfaffian functions includes real algebraic
functions, exponentials, logarithms, trigonometric functions, their compositions,
and other major transcendental functions in appropriate domains (see [5]).

Now we introduce classes of sets definable with Pfaffian functions. In the
case of polynomials they reduce to semialgebraic sets whose quantitative and
algorithmic theory is treated in [2].

Definition 10. A set X C IR" is called semi-Pfaffian in an open domain G C
R"™ if it consists of the points in G satisfying a Boolean combination of some
atomic equations and inequalities f = 0,9 > 0, where f, g are Pfaffian functions
having a common Pfaffian chain defined in G. A semi-Pfaffian set X is restricted
in G if its topological closure lies in G.

Definition 11. A set X C IR" is called sub-Pfaffian in an open domain G C R"
if it is the image of a semi-Pfaffian set under a projection into a subspace.

In the sequel we will be dealing with the following subclass of sub-Pfaffian sets.

Definition 12. Consider the closed cube [—1,1]™*" in an open domain G C
R™™ and the projection map m : R™™™ — R"™. A subset Y C [~1,1]" is
called restricted sub-Pfaffian if Y = (X)) for a restricted semi-Pfaffian set X C
[—1,1]™+m,

Note that a restricted sub-Pfaflian set need not be semi-Pfaflian.

Definition 13. Consider a semi-Pfaffian set

X = U {XEIRn‘fﬂ:O,...,fili:O,Qil>07...,giji>0}CG (2)
1<i<M

where fis, gis are Pfaffian functions with a common Pfaffian chain of order r and
degree (o, 3), defined in an open domain G. Its format is the tuple (r, N, «, 3,n),
where N > >, .oy(li + Ji). For n = m + k and a sub-Pfaffian set Y C R*
such that Y = w(X), its format is the format of X.

We will refer to the representation of a semi-Pfaffian set in the form (@) as to
the disjunctive normal form (DNF).

Remark 1. In this paper we are concerned with upper and lower bounds on sizes
of bisimulations as functions of the format. In the case of Pfaffian dynamical
systems these sizes and complexities also depend on the domain G. So far our
definitions have imposed no restrictions on an open set GG, thus allowing it to be
arbitrarily complex and to induce this complexity on the corresponding semi-
and sub-Pfaffian sets. To avoid this we will always assume in the context of
Pfaffian dynamical systems that G is “simple”, like R", or (—1,1)™.

Theorem 2. [0/I7] Consider a semi-Pfaffian set X C G C R", where G is
an open domain, represented in DNF with a format (r, N, «, 3,n). Then the sum

of the Betti numbers (in particular, the number of connected components) of X
does not exceed N™2""=1/20(nf + min{n, r}a)"*".
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Theorem 3. ([7], Section 5.2) Consider a sub-Pfaffian set Y = 7(X) as de-
scribed in Definition[I3. Let X be closed and represented in DNF with a format
(r,N,«a, B,n+m). Then the kth Betti number bi(Y) does not exceed

k((l{i-f— l)N)'rL+(k+1)m2(k+1)'r((k+1)7'71)/20((n+ km)ﬂ—i—mln{kr, n+ km}a)n+(k+l)(m+r) )
Let d > a + (8. Relaxing the bound from Theorem [B], we get

b(Y) < (kN)O(n+km)20((kr)2)((n + km)d)o(n+km+k’r’)'

3 The Upper Bound on Sizes of Finite Bisimulation of
Pfaffian Dynamical Systems

It was shown in [I3] that in an o-minimal hybrid system the continuous and
discrete components can be separated, and therefore the problem of finite bisim-
ulation reduces to the same problem for a transition system associated with a
continuous dynamical system. Moreover the size of the bisimulation is linear in
the number of discrete components (locations) of the hybrid system.

It follows from [16] that the Pfaffian hybrid systems are a subclass of o-minimal
hybrid systems, therefore we can restrict ourselves to Pfaffian dynamical systems
and partitions defined by semi-Pfaffian sets. Our main results concern upper and
lower bounds for finite bisimulations of Pfaffian dynamical systems with respect
to partitions defined by semi-Pfaffian sets.

Definition 14. A dynamical system v : G1 x (—1,1) — G2, where G; C R™
and G CIR"™ are open and vy is a map with a semi-Pfaffian graph, is called a
Pfaffian dynamical system.

Let v: Gy x (=1,1) — Ga, where G = I := (=1,1)""! and Gy = I", be
a homeomorphism, defined by its graph = {(x,t,y)| v(x,t) =y} which is a
semi-Pfaffian set, and P be a partition of GG into semi-Pfaffian sets. Suppose the
number of functions involved in the definitions of the graph I" and the partition
‘P does not exceeds N, and each of these functions has the order r and the degree

(a, B).

Theorem 4. Let T, = (G2,—) be the transition system associated to the dy-
namical system ~y. Then there is a bistimulation on T, with respect to P consisting
of at most No(”4)(n(a + ﬁ))o(”STS) equivalence classes.

Remark 2. The best upper bound known until now [10] was double exponential:
N(’r’+n)o(”) (OL + ﬂ)(r+n)o(7z3)

These results show that, w.r.t the size of coarsest bisimulations, Pfaffian hybrid
systems behave like timed automata (see [I]). We consider an elementary exam-
ple illustrating techniques which we use to show the single exponential upper
bounds in the general case. For the full proof of Theorem M we refer to [I1].
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Let G1 := (—=1,1), Go := (=1,1)%, and v : (2,t) — (y1 = 2,92 = t). (Note
that this dynamical system corresponds to the system of differential equations
g1 = 0, g2 = 1.) Consider the graph Ii= {(z,t,y1,y2) |z —y1 =0, t—y2 = 0} of
the map ~. Note that I is an intersection of the 4-cube (—=1,1)* with a 2-plane,
and therefore is a smooth manifold. In the general case the graph of a dynamical
system may not be smooth and we will need to separate smooth and singular
parts of it. For a fixed z € Gy the set I, := {(t,y1,y2)|z —y1 =0, t —y2 = 0}
is the integral curve, and the set I, := {(y1,92)| Ft (x —y1 =0, t —y2 = 0)} is
the trajectory of 7. Thus, in our example, the trajectories are open segments of
straight lines parallel to yq-axis.

Introduce the projection 7 : G1 x (—=1,1) x G2 — G as (x,t,y1,y2) — x. Let
7 be the restriction of m on I'. For a fixed x € Gy the fiber w%l(:c) coincides
with I},. Let the partition P of Gy consist of the disc {(y1,12)| f = v +
y3 — 1/4 < 0} labelled by letter A and its complement in Go labelled by B.
The aim is to determine the number of different words in the alphabet {A, B}
encoding the trajectories. Clearly, it is sufficient to consider only intersections
of the trajectories with the open sets {(y1,y2)| f < 0} and {(y1,y2)| f > 0} (in
the general case, the transition to open sets is less trivial)

Let S := {(z,t, 1, y2)| f(yhyg) = 0}. Observe that SN I is a smooth curve.
Consider the partition P of I" consisting of F{(2, tyr, )| f = yi+ys—1/4<0}
labelled by letter A and its complement in I labelled by B. Clearly, it is sufficient
to find the number of distinct words encoding the intersections of integral curves
with open sets {(z,¢,y1,y2)| f <0}N I and {(z,t,y1,y2)| f >0}NTI.

Consider the restriction Tpg r— G1 of mp to SN T. Let C be the set of
all critical values of Tpg. By setting to 0 the appropriate Jacobian we find that
the critical points of mpg are (1/2,0,1/2,0) and (-1/2,0,-1/2,0), thus C' =
{1/2,—1/2}. Let R := G1 \ C. This set consists of three connected components:

{re(-1,1)|z<-1/2}, {z e (-1,1)|-1/2<x < 1/2}, {z € (-1,1)]1/2 < z}.

Proposition 1. Ifz, z' belong to the same connected component R’ of R, then
I, and Iy are labelled by the same word.

In the general case the proposition requires a careful proof. As applied to our
example, this proof has the following scheme.

(1) The restriction of 75z to W%E(R’) is a trivial covering, i.e., for any 2’ € R’
the pre-image W%E(R’ ) is homeomorphic to W%é\(ﬁcl ) x R'. In our example, in the

only non-trivial case of R’ = {z € (-1,1)] —1/2 <z < 1/2}, we have:
TL(R) = (SN D)\ {(1/2,0,1/2,0),(~1/2,0,~1/2,0)}

is an oval minus two points, which is homeomorphic to the Cartesian product
of the pair of points W%é(ml ) by the interval R’. In other words, the connected

components of ngé(R’ ) are two open arcs of simple curves.
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(2) These arcs are naturally ordered separating the difference w%l(R’ ) \W%%(R’ )
into ordered connected components. In the case of R’ = {z € (-1,1)| —1/2 <

x < 1/2} the components are (in order):

{(mvtvylayQ) € f' (_1/2 <z< 1/2)/\ (f > O)A(y2 < O)}a
{(z, t,yn,y2) € T (~1/2 <z < 1/2) A (f < 0)},
{(z,t,y1,0) € I (-1/2 <2 < 1/2) A(f > 0) A (32 > 0)}.

For any = € R’ the integral curve I, intersects these connected components
according to their order.

(3) Each connected component of the difference 7='(R’)\ W%é\(R, ) lies either in
the component {(x,¢,y1,y2)| f < 0}, or in {(x,¢,y1,y2)| f > 0}, and, therefore
can be naturally labelled by A or B respectively. Since the connected components
are ordered, the difference WI;I(R/) \W%é(R/) itself is labelled by a word (in the
case of R = {x € (—1,1)] —1/2 <z < 1/2} by BAB). It follows that for any
x € R’ the integral curve I » 18 labelled by this word, and the proposition is
proved.

Proposition [l implies that the number of distinct realizable words does not
exceed the number of all connected components of R. In our example the latter
is 3, which equals to the cardinality of the discrete set C plus 1. The general case
uses the far-reaching extension of such method of counting, Alexander’s duality,
Theorems 2 Bl and Sard’s Theorem (see [11]).

4 Lower Bound

We construct a parametric example of a semi-algebraic dynamical system G; x
(=1,1) — G2 together with a semi-algebraic partition of Gg such that the format
of both of them is (d,n) (degrees, number of variables) while the number of
different words (size of a bisimulation) is d*(™).

Let ¢g(y) be a polynomial of degree d such that |g(y)| < 1 for every y € (—1,1)
and for every ¢ € (=}, ) the polynomial g(y) — ¢ has d simple roots in (—1,1).

First we illustrate the idea of the example by describing the case n = 2. Let
the dynamical system be given by G; = (=1,1), G = (—1,1)%, v : (x,1) —
(t,x). The partition P consists of two sets A and B = Gy \ A where A :=
{(y1,92)] g(y1) = 0,31 + y2 > 0}. Notice that there are exactly d + 1 distinct
words encoding all trajectories of the defined dynamical system. These words
are formed by alternating letters starting and ending with B, i.e., B, BAB, ...,
BABABAB, ... For arbitrary n, let G; := (—1,1), G2 := (—1,1)". Define a

curve

A={y1,. ., yn-1) € (=1, 1)" My2=gW1), -, Yn-1 = g(yn—2)}

Observe that A is connected in (—1,1)""!, being the graph of a map f :
(-1,1) = (=1, 1)L y1 — (g(11),---,9(9(---g(y1) - -+))), and smooth.
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Consider the polynomial A(yn—1) = (Yn—1 — b1)Yn—1 — b2) - (Yn—1 — ba)
where all b; € (—1,1) and b; # b; for i # j. Then AN {h = 0} consists of

202
d"~! points. Define A := {(y1, ..., yn)| W1, Yn—1) € A, h(yn_1) = 0,L > 0},
where L(y1,...,yn) is a generic linear homogeneous polynomial such that {L =

0} intersects all d"~! parallel straight lines of {(y1,...,9n)| (¥1,---,Yn—1) €
A, h(yn—1) = 0}. Notice that the projection of this intersection on the y,-
coordinate consists of d*~! distinct points.

Finally, define the dynamical system ~ and the partition P as follows. The
function vy maps x € Gy and ¢t € (—1,1) to the point (f(¢),x) € G3. The partition
P consists of A and B = G5 \ A. Clearly, there are exactly d"~! + 1 pairwise
distinct words encoding all trajectories.

In order to meet the requirement: G; has to be homeomorphic to I"~!, G
has to be homeomorphic to I, we can do the following modifications.

Observe that there is a small enough € > 0 such that for any sequence 0 <
€1,...,En—2 < € and any sequence *i,...,*,_o € {4+, —}, the algebraic set

A i={(y1, Y1) € (LD g2 = g(y1) 161, Yn-1 = 9(Yn—2) *n—2 En—2}

is a smooth connected curve. These curves are disjoint and their union is
A= Micicn ol Wis- s Yn1) € (FL, )" —e <wiy1 — g(yi) <e}.

Let Gy := (—&,6)" 2 x (=1,1), Gy = A" x (=1,1) and v : Gy x (—1,1) —
(5, such that

(k181, -+ s *n—28n—2,2,t) = (g(t) *1 €1,...,9(g(---g(t)--*)) *n—2 en_2,7)

Note that ~ is a diffeomorphism. It is obvious that the modified ~ still has at
least d?(") trajectories with pairwise distinct word codes with respect to the
partition P.

Let us summarize the obtained lower bound in the following theorem.

Theorem 5. There exists a family of Pfaffian dynamical systems such that the
sizes of bisimulations are bounded from below by an exponential function on the
parameters of the system.

5 Future Work

In [I0] the authors proposed an algorithm (a Blum-Shub-Smale type machine
with an oracle for deciding non-emptiness of semi-Pfaffian sets) for computing
a finite bisimulation. That algorithm is based on the cylindrical cell decompo-
sition technique and, accordingly, has a double exponential upper complexity
bound. It seems feasible to construct a bisimulation algorithm with single expo-
nential complexity using the approach employed in the present paper. Once a
bisimulation is computed, it can be used in efficient algorithms for fundamen-
tal computational problems such as deciding reachability or motion planning in
definable dynamical systems.
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Forcing with Random Variables
and Proof Complexity
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A fundamental problem about the strength of non-deterministic computations is
the problem whether the complexity class AP is closed under complementation.
The set TAUT (w.lo.g. a subset of {0,1}*) of propositional tautologies (in
some fixed, complete language, e.g. DeMorgan language) is coNP-complete. The
above problem is therefore equivalent to asking if there is a non-deterministic
polynomial-time algorithm accepting exactly TAUT.

Cook and Reckhow (1979) realized that there is a suitably general defini-
tion of propositional proof systems that encompasses traditional propositional
calculi but links naturally with computational complexity theory. Namely, a
propositional proof system is defined to be a binary relation (on {0,1}*) P(z,y)
decidable in polynomial time such that + € TAUT iff Jy, P(x,y). Any y such
that P(x,y) is called a P-proof of z.

It is easy to see (viz Cook and Reckhow (1979)) that the fundamental prob-
lem becomes a lengths-of-proofs question: Is there a propositional proof system
in which every tautology admits a proof whose length is bounded above by a
polynomial in the length of the tautology?

Proving lower bounds for particular propositional proof systems appears
rather difficult. For example, no non-trivial lower bounds are known even for
the ordinary text-book calculus based on a finite number of axiom schemes and
inference rules (a Frege system in the terminology of Cook and Reckhow (1979)).

Proof complexity applies methods from logic, from finite combinatorics, from
complexity theory (in particular, from circuit complexity, communication com-
plexity, cryptography, or derandomization), from classical algebra (field theory
or representation theory of groups), and even borrows abstract geometrical con-
cepts like Euler characteristic or Grothendieck ring.

However, the most stimulating for proof complexity are its multiple connec-
tions to bounded arithmetic. In particular, the task of proving lower bounds (for
any particular proof system) is equivalent to the task of constructing suitably
non-elementary extensions of models of a bounded arithmetic theory (the theory
in question depends on the proof system we want lower bounds for). Most lower
bounds can be explained very naturally as constructions of such extensions (and
some of the most treasured ones were discovered in this way).

In particular, models M to be extended are cuts in models of true arithmetic
(they can be “explicitly” obtained as bounded ultrapowers of N). Extensions N
of M we are after should preserve polynomial-time properties but should not be
elementary w.r.t. N'P-properties. There are two things going against each other:

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 277-278} 2006.
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Under how fast functions is M closed and how strong theory model IV satisfies.
The former issue influences the rate of the lower bound deduced, the latter one
the strength of the proof system for which it is proved.

I shall describe a new method for constructing these extensions. The models
are Boolean-valued and are formed by random variables.
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Abstract. We introduce two hierarchies of unknown ordinal height. The
hierarchies are induced by natural fragments of a calculus based on finite
types and Godel’s T', and all the classes in the hierarchies are uniformly
defined without referring to explicit bounds. Deterministic complexity
classes like LOGSPACE, P, PSPACE, LINSPACE and EXP are captured by the
hierarchies. Typical subrecursive classes are also captured, e.g. the small
relational Grzegorczyk classes £2, £} and £2.

Keywords: Complexity theory, subrecursive classes, types, A-calculi,
Godel’s T'.

1 Introduction

In this paper we introduce two hierarchies. Many of the well-known deterministic
complexity classes, e.g. LOGSPACE, P, PSPACE, LINSPACE and EXP, can be found
in the hierarchies. These classes are defined by imposing explicit resource bounds
on Turing machines, but note that the classes are not uniformly defined as some
are defined by imposing time bounds, whereas other are defined by imposing
space bounds. Small subrecursive classes can also be found in our hierarchies,
e.g. the relational Grzegorczyk classes £0, £! and £2. In contrast to a complexity
class, a subrecursive class is defined as the least class containing some initial
functions and closed under certain composition and recursion schemes. Some of
the schemes might contain explicit bounds, but no machine models are involved.

The two hierarchies are induced by neat and natural fragments of a calculus
based on finite types and Godel’s T', and all the classes in the hierarchies are
uniformly defined without referring to explicit bounds. Thus, one should not
expect the hierarchies to capture such a wide variety of classes, that is, both
time classes, space classes and subrecursive classes. This indicates that a further
investigation of the hierarchies might be rewarding, and perhaps shed light upon
some of the notoriously hard open problems involving the classes captured by
the hierarchies, e.g. maybe some of these problems turn out to be related in
some unexpected way. (We comment on some of these open problems in Section
Ml and Section Bl ) Moreover, the ingredients of the theoretic framework nour-
ishing the hierarchies are well known and thoroughly studied in the literature,
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e.g. the ordinal numbers, the typed A-calculi, cut-elimination, rewriting systems
and Godel’s T'. Advanced and well proven techniques of mathematical logic and
computability theory will thus be available facilitating the investigations.

2 Types

Definition. We define the types recursively: q is a type (primitive type); ¢ is a
type (primitive type); o @ 7 is a type if o and 7 are types (sum types); o ® T is
a type if o and 7 are types (product types); o — 7 is a type if o and 7 are types
(arrow types). We use TYP to denote the set of all types. We use 0,0’ — o”
as alternative notation for 0 — (¢/ — ¢”). We interpret ¢ — ¢’ — ¢” by
associating parentheses to the right, i.e. as o — (¢/ — o”).

We define the cardinality of type o at base b, written |o|p, by recursion on the
structure of the type o [als = 1; |tlp = b; [p©7]s = |plo+17]s; |07l = |ls X |7l
and [p — 7|p = \T\Lplb.

A type o is of level n when lv(o) = n where Iv(q) = 0; Iv(v) = 0; lv(c @ 1) =
max(lv(o),1v(7)); lv(c @ 7) = max(lv(o),1lv(7)); and

Iv(r it kv (lole =k
(o —7) = {mgx)(lv(a) +1,1v(7)) otherwis(e.‘ | )

We define the relation <C TYP X TYP by
O=<T Su JroVe >z (|o]e <|7|s)
and the relation XC TYP X TYP by 0 X 7 &ys 0 <7 V V2 (|o]p = |72 )- |

Skolem [25] conjectures that < is a well-ordering of the set TYP, and he asks
what the ordinal number of this well-ordering will be. Ehrenfeucht [4] proves
that < indeed is a well-ordering, and Levitz [I9] proves that the least critical
epsilon number is an upper bound for the ordinal of the well-ordering. It follows
from the results in [25] that if we restrict the arrow types to types of the form
0 — , then the ordinal will be ¢y. If we omit product types, the ordinal will
also be ¢y. We will develop our theory without any such restrictions, and thus,
all we know is that the actual ordinal corresponding to the well-ordering <, lies
somewhere between €p and the the least critical epsilon number. (Levitz [19]
conjectures that the actual ordinal indeed is €p.)

3 Calculi

Definition. We define the terms of the typed A-calculus.

— We have an infinite supply of variables z§,z{,z9,... for each type 0. A
variable of type o is a term of type o;

— AzM is a term of type o — 7 if x is a variable of type o and M is a term of
type T (A-abstraction)

— (MN) is a term of type 7 if M is a term of type 0 — 7 and N is a term of
type o (application)
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— (M, N) is a term of type o ® 7 if M is a term of type o and N is a term of

type T (product)

fst M is a term of type o if M is a term of type o ® 7 (projection)

— sndM is a term of type 7 if M is a term of type o ® 7 (projection)

inl- M is a term of type o @ 7 if M is a term of type o

inr;M is a term of type 7 @ o if M is a term of type o

— 6(xM,yN, P) is a term of type £ if M and N are terms of type &; P is a
term of type o @ 7; x and y are variables of type o and 7 respectively (case).

We define the reduction rules of the typed A-calculus. We have the following
(-conversions:

— (A\zM)N > Mz := N] if & ¢ FV(N)
— fst(M,N) > M and snd(M,N) > N
— 6(zM,yN,inl(P)) > Mz := P] if x ¢ FV(P)
— 6(zM,yN,inr(P)) > N[y := P] if y ¢ FV(P)

Further, we have standard a-conversion and all the other standard reduction
rules (MN)> (MN')if N> N'; (MN)>(M'N) if M>M'; ... etcetera. We will
use the standard conventions in the literature and e.g. F(X,Y’) means ((FX)Y).

The calculus T~ is the typed A-calculus extended with the constants ¢q:q and
1:¢, and for each type o, the recursor R, of type 0,0 — 0 — 0,1 — 0.

The calculus T is the calculus T~ extended with the constants 0 : ¢ (zero)
and s : ¢+ — ¢ (successor), the reduction rule 1 > s0, and for each type o, the
reduction rules R, (P, Q,0) > P and R,(P,Q,sN) > Q(N,R,(P,Q,N)).

We use n to denote the numeral s"0 where s°0 = 0 and s"™10 = s(s"0). We

*
will use > to denote the transitive-reflexive closure of ©>. O

It is crucial that the successor s cannot occur in a T~ -term, and the reader
should note that the calculus T~ has no reduction rules in addition to those of
the standard typed A-calculus. E.g., the term R, (M, N, 1) is irreducible in the
calculus T~ if M and N are irreducible. Reductions take place in the system T,
and D> is the standard reduction relation for Godel’s system T'.

It is well known that any closed T-term of type ¢ normalises to a unique
numeral. Thus, a closed term M of type ¢ — ¢ defines a function f : N — N,
and the value f(n) can be computed by normalising the term Mn. Any function
provably total in Peano Arithmetic is definable in T. (See [I] for more on the
T-calculus and Godel’s T'.) If we disallow occurrences of the successor s in the
defining terms, the class of functions definable is of course severely restricted.
(Indeed, at a first glance it is hard to believe that any interesting functions at
all can be defined without the successor function.) Roughly speaking, T~ is the
calculus T where successors are not admissible in the defining terms.

The constant ¢ should be interpreted as the sole element in the type q.

Definition. A problem is a subset of N. A term M :¢ — ¢ decides a problem A

when Mn &> 0 iff n € A. Let T, denote the set of T~ terms such that M € T~
iff we have 7 < ¢ for every recursor R, occurring in M.
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We define the set of problems G, by A € G, iff A is decided by a T -term
where 7 < 0. We define the hierarchy G by G = U Gs.
oceTYP
The hierarchy gb = U gl: is defined as the hierarchy G, with one ex-

ceTYP
ception: we use dyadic notation for the numerals, that is, the hierarchy is in-

duced by a calculus with two successors constants sg : ¢ — ¢ and s1 : ¢t — .
The recursor should of course be adjusted accordingly, that is, for any type
o we have the recursor RE :0,l — 0 —0,L — 0 — o0,L — o and the reduction
zules R?(P7 Ql, Qo, 0) > P and RE(P7 Ql, Q07 SIN) > Qi(N7 RE(P7 Ql, Qo, N))
fori=0,1). O

4 Complexity Classes

Complexity classes are defined by imposing explicit resource bounds on Turing
machines. We will assume that the reader is familiar with Turing machines and
basic complexity theory. For more on the subject see e.g. Odifreddi [20].

Definition. A Turing machine M decides a problem A when M on input z € N
halts in a distinguished accept state if z € A, and in a distinguished reject
state if ¢ A. The input z € N should be represented in binary on the Turing
machine’s input tape. We will use |z| to denote the length of the standard binary
representation of the natural number z. For i € N, we define TIME 2;™ (SPACE 25~)
to be the set of problem decidable by a deterministic Turing machine working

in time (space) 2§|m| for some fixed ¢ € N (where 2§ = z and 27, = 2%). O

It is trivial that TIME 2§ C SPACE 2;™ and SPACE 2} C TIME 2}, and thus, we
have an alternating space-time hierarchy

SPACE 25" C TIME 27" C SPACE 27" C TIME 25" C SPACE 25" C TIME 25" C ... .

The three classes at the bottom of the hierarchy are often called respectively
LINSPACE, EXP, and EXPSPACE in the literature. It is well known, and quite
obvious, that we have SPACE 2j* C SPACE 2}, and TIME 2} C TIME 2}}, for
any ¢ € N. Thus, we know that at least one of the two inclusions

SPACE 27" C TIME 2}, C SPACE 2%
are strict, similarly, we know that at least one of the inclusions
TIME 2;™ C SPACE 2" C TIME 277

are strict, and the general opinion is that all they all are. Still, no one has ever
been able to prove that any particular of the inclusions actually is strict.

Definition. Let LOGSPACE denote the set of problems decided by a Turing
machine working in logarithmic space. Let TIME 2 (SPACE 2;°") denote the set
of problems decided by a Turing machine working in time (space) 2 (=D for some
polynomial p. a
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This definition yields another alternating space-time hierarchy
LOGSPACE C TIME 25" C SPACE 25" C TIME 2™ C SPACE 21" C TIME 25" C ...

analogous to the hierarchy above. The analogous open problems do also emerge.
Let C;, Cit1, Ciy2 be three arbitrary consecutive classes in the hierarchy. It is
well-known that C; C C;12, so at least one of the two inclusions C; C C;+1 and
Cit1 C Ciyo will be strict. Still, for any fixed j € N, it is an open problem if C;
is strictly included in C;11. Note that TIME 2F* and SPACE 2 are the classes
usually denoted respectively P and PSPACE in the literature, so the notorious

open problem LOGSPACE C P C PSPACE emerges at the bottom of the hierarchy.

The relationship between the two alternating space-time hierarchies is also a
bit of a mystery. The only thing known about the relationship between SPACE 2;™
and TIME 2/ is that the two classes cannot be equal. So, it is known that e.g.
LINSPACE # P, but it is an open problem if LINSPACE is strictly included in P, or
if p is strictly included in LINSPACE, or if neither of the two classes is included
in the other.

Definition. We will use bold faced natural numbers 0,1,2,... to denote the
pure types, that is, 0 = tand n + 1 = n — ¢, and we will say that G, (respectively
GP) is a pure class in the hierarchy G (respectively GP). O

It turns out that the pure classes in the hierarchies G and GP match the classes in
the alternating time-space hierarchies. We state the next lemma without proof.

Lemma 1. We have lv(o) =n iff o <n+ 1.

The alternating space-time hierarchies have enjoyed some attention from re-
searchers in finite model theory. Goerdt & Seidel [7] (and Goerdt [8]) use finite
models to characterise the latter of the hierarchies. Inspired by Goerdt & Sei-
del’s work, Kristiansen & Voda [I6] show that the two hierarchies match, level
by level, hierarchies induced by a successor-free fragment of Godel’s T'. The next
theorem follows straightforwardly from Lemma[Il and the results proved in [16].
The theorem also follows from results proved in Kristiansen & Voda [I7]. The
proofs in [17] are based on an adaption of Schwichtenberg’s Trade-off Theorem
to a complexity-theoretic context and are essentially different from those in [16].
For more on Schwichtenberg’s Theorem see [24].

Theorem 1. The pure classes in the hierarchy G match the classes in the al-
ternating space-time hierarchy starting with LINSPACE, that is, we have

SPACE 2J" = Ga; and TIME 2}}; = Gait1

for any i € N. The pure classes in the hierarchy G® match the classes in the
alternating space-time hierarchy starting with LOGSPACE, that is, LOGSPACE =
Q(‘)’ and

SPACE 2/ = G%,,, and TIME 2" =GB,

for any i € N.
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5 Subrecursive Classes

Definition. We will use some notation and terminology from Clote [3]. An
operator, here also called (definition) scheme, is a mapping from functions to
functions. Let X be a set of functions (possibly given in a slightly informal no-
tation), and let OP be a collection of operators. The function algebra [X;OP]
is the smallest set of functions containing X and closed under the operations
of OP. cOMP denotes the definition scheme called composition, i.e. the scheme
f(@) = h(g1(Z), ..., gm(Z)) where m > 0. BR denotes the scheme bounded (prim-
itive) recursion, i.e. the scheme

f(#,0)=9(@) f(@y+1)=hZy f(Zy) [(@y) <i@y)

Let S denote the successor function, and let I denote the projection func-
tion, ie. IM(Z) = xz; where £ = z1,...,2, and 1 < i < n. Let I denote
the set of all such projection functions. The small Grzegorczyk classes £9, &
and £2? are defined by £° = [I,0,S;compP,BR], ' = [I,0, S, +; cOMP, BR] and
&% =11,0, 8, +, 2% + 2; COMP, BR].

A unary number-theoretic function f decides the problem A when f(z) =0
iff x € A. For any set F of number-theoretic functions F, denotes the set of
problem decided by the functions in F.

A problem A is rudimentary when there exist a AY statement ¢(x) in Peano
Arithmetic such that z € A iff N | ¢(x), and A denotes the class of rudimen-
tary problems. a

Our use of the * subscript differs slightly from the literature standard. Normally,
F. denotes the 0-1 valued functions in F whereas we use F, to denote the set
of problem decided by the functions in F. This is a matter of convenience, and
the deviation has no essential mathematical implications. Our definitions of the
Grzegorczyk classes are the ones given in Rose [23]. Grzegorczyk [9] original def-
initions are slightly different, but yield the same classes of functions. The next
lemma states some important and well known properties of the small Grzegor-
czyk classes. The proofs can be found in Rose [23].

Lemma 2. (i) For any f € E° there emist fivzed numbers i,k where 1 < i < n
such that f(x1,...,2,) <x;+k. (i) For any f € E' there exists a fized number
k such that f(Z) < kmax(Z,1). (iii) For any f € E? there exists a polynomial p
such that f(Z) < p(Z).

The next lemma is a consequence of Lemma [2] and will be used to prove the
main result of this section.

Lemma 3. (i) For any f € E* there exist f' € E° and fized k € N such that
f(@) = f'(y, %) for any y > kmax(%,1) (ii) For any f € E? there exist f' € E°
and a fized polynomial p such that f(Z) = f'(y,Z) for any y > p(Z). Moreover,
in both (i) and (ii) we have f'(y, %) < y.

Proof. Assume f € £L. Tt follows from Lemmal[2] (ii) that there exists a fixed k €
N such that f € [I,0,5,+,, k max(Z, 1); CcOMP, BR] where the ternary function
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+ is addition modulo z + 1, that is, 2+, y = r+y (mod z+1). Now, +, € &Y,
and hence, it is easy to prove by induction over the build-up of f form the
functions in [I,0, S, +,, kmax(Z, 1); COMP, BR] that there exists a function f’
with the required properties. Thus, (i) holds. The proof of (ii) is similar; use
Lemma [2] (iii) and that the function x x y (mod z + 1) belongs to £°. O

It is well know, and rather obvious, that Af C £2 C &} C &2, but it is not
known whether any of the inclusions are strict, indeed it is open if the inclusion
Ay C £2 is strict. It is proved in Bel'tyukov [2] that £} = &2 implies £2 = £2.
Furthermore, we know that A = £2 implies A) = £2 (see Kristiansen & Barra
[13]). The open problems can be traced back to Grzegorczyk’s initial paper [9]
from 1953. For more on the Grzegorczyk classes and the rudimentary relations
see Clote [3], Rose [23], Kutylowski [18], Esbelin & More [5], Gandy [6], Paris &
Wilkie [2], Kristiansen & Barra [13].

Definition. Let BCOMP denote the definition scheme called bounded composi-
tion, i.e. the scheme

f(@) = h(g1(D), ..., gm (D)) (&) <j(2)

where every variable in the list 2 occurs in the list #. (For technical reasons
we cannot just state the bound as f(Z) < j(&). All the variables in a bound
should be considered universally quantified, and e.g. the bound f(z,y) < j()
should hold for all values of y.) We define the bounded successor function S by
S(m y) =z + 1 if z < y; otherwise S(m y) = y. For each type o, we define the
function & by () = [0]max(z,1)+1 — 1- O

Theorem 2. We have Gogq = 1,0, S, 6: BCOMP, BR]. for any type o such that
0<o0<1.

We are now ready to state and prove one of the main theorems of this paper.
Clause (ii), (iii) and (iv) of the theorem are corollaries of Theorem [2l The long,
and occasionally very technical, proof of Theorem Pl can be found in Kristiansen
.

Theorem 3. (i) A) C Gaq- (ii) Gia, = EV. (iii) G.o, = EL. (iv) G1 =
Proof. First we prove that we have the equivalence
fell,0,8 2+ k;BcoMP,BR] for some ke N & fe&. (*)

The left-right implication is trivial. To prove the right-left implication, let f €
&9, and chose any definition of f which witness membership in the function
algebra [I,0,5;comP,BR| = £V Let fi1,..., fm be the functions involved in the
definition. Let us say that f = f,,. By Lemma [l we have fixed ig,k; € N
such that fi(x1,...,2,) < @, + k; where 1 < 49 < n (for i = 1,...,m). Let
k = max(kyi,...,kn). It is easy to see that f can be defined in the function
algebra [I,O,&x + k; BCcOMP, BR], and thus (*) holds.
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To see that (ii) holds, note that for every k € N there exists a type o such
that 0 < ¢ @ and z + k < 6(z); and for every o such that o < ¢ ® ¢ there exists
k € N such that 6(x) < z + k. Hence, (ii) follows from (*) and Theorem

We prove (iii). Let A be a problem in £}. Thus, there exists fa € &' deciding
A. By Lemma [ (i) there exists f' € £° and fixed k € N such that fa(z) =
f'(y,x) for any y > kmax(z, 1). Furthermore we have f’'(y,r) < y. There exists
a type o such that kmax(z,1) < 6(z) and 0 < ¢ ® ¢, and since f' € &°,
it follows easily from (*) that f’ € [I,O,&&;BCOMP,BR]. Now, the function
algebra is closed under bounded composition, and hence we also have f4 €
[1,0,5,6; BcOMP, BR] since fa(z) = f'(6(x),z) < &(z). By Theorem [l we have
A € G,,. This proves £! C G,g,.

Let A be a problem in G,g,. Thus, there exist a type o and a function fa
deciding A such that ¢ <t ® ¢ and f4 € [1,075'7&; BCOMP, BR]. Since 0 < t ® ¢
there exists a fixed k € N such that 6(z) < kmax(z,1). Now, it is easy to see
that fa € [1,0, S, k max(x,1); BcOMP, BR|. Furthermore, it is easy to prove that
[1,0,5, kmax(z,1); BcomP, BR] C £, Hence, f4 € &', and thus A € EL. This
proves G, C EL.

The proof of (iv) is similar to the proof of (iii). Use Lemma [ (ii) in place
of Lemma [ (i); use the fact that for any polynomial p(z) the exists a type o
such that p(z) < 6(z) and 0 < ¢ — ¢; and use the fact that for any type o such
that o < ¢ — ¢ there exists a polynomial p(z) such that 6(z) < p(x). (i) follows
straightforwardly from results proved in Kristiansen & Barra [13]. O

It is well known that LINSPACE = £2 (Ritchie [22]), and hence, Clause (iv) of
Theorem [ also follows from Theorem[Il The reader should note that the proof of
Theorem [T is based on Turing machines whereas the proof of Theorem [ makes
no detours via computations by machine models.

We expect a wide variety of more or less natural subrecursive classes to be
captured by our hierarchies, and hence, the hierarchies might turn out as apt
tools for analysing the relationship between subrecursive classes and complexity-
theoretic classes.

6 Nondeterminism

In this section we discuss a notion of nondeterminism that might be worth further
study. The basic idea is very simple: Let T~ be the calculus T~ extended by

— (M]N) is a term of type o if M and N are terms of type o
— (M|N)> M and (M|N) > N.

All the definitions in the preceding sections will still make sense when the calculus

T- replaces the calculus T~

If C denotes a class of problems induced by T~ -terms, let C denotes the
corresponding class induced by T~ -terms. Recall Theorem [ states e.g. that
Q‘; = PSPACE, that g}i: P, and that Q(‘)’ = LOGSPACE. Will it be the case

that G? = NP and that G& = NLOGSPACE? Presumably it is, but this immediate
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conjecture does definitely require a meticulous proof. Also, since G® = psPACE =
NPSPACE, and since we presumably can prove 55 = NPSPACE, we presumably
have G¥ = GP. Still, it seems like e.g. G, # QNS@L. For which types o can we
prove GP = QB, and for which types o can we prove GP # QNE? We do indeed have
a nondeterministic version of any class in our hierarchies, even those classes we
cannot characterise by imposing natural resource bounds on Turing machines. In
particular, we have nondeterministic versions of the small Grzegorczyk classes £°
and &!. How do these nondeterministic Grzegorczyk classes fit into the picture?

7 References to Related Research

Some years ago the author (and others, e.g. Jones [I0]) discovered that inter-
esting things tend to happen when successor-like functions are removed from a
standard computability-theoretic framework. The present paper is the last in a
series of papers investigating successor-free models of computation. In [14] we
characterise well-known complexity classes, like e.g. LOGSPACE and P, by frag-
ments of a first order imperative programming language, and in [12] we give
function algebraic characterisations of LOGSPACE and LINSPACE.

Imperative and functional programming languages embodying higher types
are investigated in [15] and [16]. The system T~ is introduced in [I5], but no 7'~-
hierarchies are introduced. Two T~ -hierarchies of ordinal height w are introduced
in [16], and it is proved that these hierarchies capture the alternating space-time
hierarchies discussed in Section @l In [I7] we relate the functionals of T~ to
the Kleene-Kreisel functionals and undertake a further study of the hierarchies
introduced in [16].

In [13] we study a T~ -hierarchy of ordinal height w where the classes in the
hierarchy adds up to £2. Neither £Y nor £} are captured by the hierarchy.

The full hierarchies induced by admitting both arrow types, product types
and sum types, are introduced for the first time in the present paper. The main
original technical result of this paper is the theorem stating that £2, £! and
&2 are captured by the hierarchy G. A fairly complete proof of the theorem is
available in [IT].
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Abstract. We prove that the homomorphic quasiorder of finite k-labe-
led forests has undecidable elementary theory for & > 3, in contrast to
the known decidability result for k = 2. We establish also undecidablity
(again for every k > 3) of elementary theories of two other relevant
structures: the homomorphic quasiorder of finite k-labeled trees, and of
finite k-labeled trees with a fixed label of the root element.

Keywords: Tree, labeled tree, forest, homomorphic quasiorder, unde-
cidability, elementary theory.

1 Introduction

In [Se04] (see also [HIG]) the stucture (Fy; <), k < w, of finite k-labeled forests
with the homomorphic quasiorder was studied. The structure is interesting in
its own right since the homomorphic quasiorder is one in a series relations on
words, trees and forests relevant to computer science (see [Ku06] and references
therein). The original interest to this structure [Se04] was motivated by its close
relationship to the Boolean hierarchy of k-partitions [Ko00, KW0Q]. Throughout
this paper, k denotes an arbitrary integer, k > 2, which is identified with the set
{0,...,k—1}.

As was observed in [Ku06], elementary theory Th(Fy;<) (and even the
monadic second order theory) of this structure is decidable for k = 2. For k > 2
the question on decidability of this structure was left open in [Ku06]. In this
paper we solve this question (and a couple of relevant questions) in the negative.
Next we recall some necessary definitions and formulate our main result.

We use some standard notation and terminology on posets which may be found
in any book on the subject, see e.g. [DP94]. We will not be very cautious when
applying notions about posets also to quasiorders (known also as preorders); in
such cases we mean the corresponding quotient-poset of the quasiorder.

A poset (P;<) will be often shorter denoted just by P (this applies also
to structures of other signatures in place of {<}). Any subset of P may be
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** Partially supported by a DAAD project within the program ” Ostpartnerschaften”.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 289-[296] 2006.
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considered as a poset with the induced partial ordering. In particular, this applies
to the "cones” & = {y € Plzx < y} and & = {y € P|y < x} defined by any = € P.

By a forest we mean a finite poset in which every lower cone Z is a chain. A
tree is a forest having the least element (called the root of the tree). Note that
any forest is uniquely representable as a disjoint union of trees, the roots of the
trees being the minimal elements of the forest. A proper forest is a forest which is
not a tree. Notice that our trees and forests “grow bottom up”, like the natural
ones while trees in [Se04], [Se06] grow in the opposite direction.

A k-labeled poset (or just a k-poset) is an object (P; <, ¢) consisting of a poset
(P; <) and a labeling ¢ : P — k. Sometimes we simplify notation of a k-poset to
(P, c) or even to P. A morphism f : (P;<,¢) — (P'; <, ) between k-posets is a
monotone function f : (P; <) — (P’; <’) respecting the labelings, i.e. satisfying
c=cof.

Let Fr and 7; be the classes of all finite k-forests and finite k-trees, respec-
tively. Define [Ko00, KW00] a quasiorder < on Fj, as follows: (P,¢) < (P’,¢),
if there is a morphism from (P, ¢) to (P’,¢’). By = we denote the equivalence
relation on F induced by <. For technical reasons we consider also the empty k-
forest () (which is not assumed to be a tree) assuming that ) < P for each P € F.
Note that in this paper (contrary to notation in [Se04]) we assume that ) € F.

For arbitrary finite k-trees Tp, ..., Ty, let F =Ty U--- T, be their join, i.e.
the disjoint union. Then F' is a k-forest whose trees are exactly Tp,...,T,. Of
course, every k-forest is (equivalent to) the join of its trees. Note that the join
operation applies also to k-forests, and the join of any two k-forests is clearly
their supremum under <. Hence, (F; <) is an upper semilattice.

For every finite k-forest F' and every i < k, let p;(F') be the k-tree obtained
from F by joining a new smallest element and assigning the label i to this
element. In particular, p;(#) will be the singleton tree carrying the label 4. In
[Se06] some interesting properties of the operations po, . . ., px—1 were established.

For each i < k, let 7, be the set of finite k-trees the roots of which carry
the label 7. Our interest to the sets Fi, 7 and T,j is explained by the above-
mentioned relation to the Boolean hierarchy of k-partitions. Namely, the sets

& and Fy \ 7 generalize respectively Y- (and I1-) levels and A-levels of the
Boolean hierarchy of k-partitions.
The main result of this paper is now formulated as follows.

Theorem 1. For all k > 2 and i < k, the elementary theories of the quotient
structures of (Fi; <), (T; <) and (T; <) are undecidable.

In Section [2] we describe a general scheme of proving the three undecidability
results. In Sections Bl @ and [l we prove the three results one by one. We conclude
in Section [6] with mentioning some of remaining open questions.

2 Interpretation Scheme

In this section we isolate a general part in the proof of all the three undecidability
results.
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As is well known [E+65] (see also [E65]), for establishing undecidability of
elementary theory of a structure, say of a partial order (P;<), it suffices to
show that the class of finite models of the theory of two equivalence relations is
respectively elementary definable (or interpretable) in (P; <) with parameters.
It turns out that the following very particular interpretation scheme will work
in our case.

It suffices to find first order formulas ¢g(z,D), ¢1(z,y,p) and ¢o(x,y,p) of
signature {<} (where z,y are variables and p is a string of variables called
parameters) with the following property:

(*) for every n < w and for all equivalence relations &, 7 on {0, ...,n} there are
values of parameters p € P such that the structure ({0,...,n}; &, n) is isomorphic
to the structure (¢0(P7p)1 ¢1 (Pa ﬁ)v ¢2(Pa ]5))

Here

$o(P,p) = {a € P|(P; <) F ¢ola, p)},
(bl(Paﬁ) = {(a7b) c P‘(Pv S) ): ¢1(aab7p)}
and similarly for ¢,. So for each of the quotient structures (Fy;<), (7} <)

and (7g; <) it remains only to find suitable formulas ¢o, ¢1, 2 and to specify
parameter values as described in (*).

3 Undecidability of Fy

Before going to the proof of undecidability of Th(F; <) we recall some known
facts about this structure established in [Se04].

Proposition 1. For every k > 2, the quotient structure of (Fi;<) is a dis-
tributive lattice in which the non-zero join-irreducible elements are exactly the
elements defined by the finite k-trees.

In [KoOQ] it was observed (this is actually an easy exercise) that for all k& > 2
and n < w there are repetition-free k-chains Cy, . .., C,, (i.e. repetition-free words
over the alphabet k) of the same length which are pairwise incomparable under
< and have the same label 0 on the roots.

Proof of Undecidability of Th(Fy;<). Let ir(x) be a formula of signature
{<} which defines in every lattice exactly the non-zero join-irreducible elements.
Such a formula is written easily in the signature {0, <,U}, namely

r#£O0AVYVz(r <yUz— (x <yVz < z)).

Since 0 and U are first order definable in signature {<} the last formula may be
rewritten as an equivalent formula of {<}.
Let ¢(x,u) be the formula

v <uANir(z) A=y > z(y <uAir(y))

which means that x is a maximal non-zero join-irreducible element below .
From Proposition [ it follows that if u is a nonempty k-forest with pairwise
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incomparable trees then the set ¢(Fg,u) (see Section 2] coincides with the set
of trees of u. In particular, if u = Co U --- U C,, then

O(Fi,u) ={Co,...,Cp}. (1)
Let ©(x,y,u,v) be the formula
o(x,u) A d(y,u) At(d(t,v) AN <t Ay <t).

To illustrate the meaning of ¥ for an important particular case, fix the following
values of parameters u, v in Fy:

w=CoU--UCy, v=pi(| | C)U---Up(] ] Co), (2)

i€&o 1€Em
where ¢ C (n + 1)? is an equivalence relation on n + 1 = {0,...,n} and
(€oy ..., &m) is the partition of n 4+ 1 to &-equivalence classes. By observation

from the last paragraph, Fj = ¥(z,y,u,v) iff © = C; and y = C; for some
unique 4,5 < n such that C;,C; <t for some t = p1(Uice,C;) and I < m. In
other words, Fj = ¢(z,y,u,v) iff z = C; and y = C; for some &-equivalent
i,7 < n. Therefore, for the values (2) we have

’(/)(f}g,'LL/U) = {(CUC])Klvj) € 5} (3)

Now let p be the string of variables u, v, w, ¢o(x,p) be ¢(x,u), ¢1(x,y,p) be
Y(x,y,u,v) and ¢a(z,y,p) be ¥(x,y,u, w) (the last formula is obtained from
¥(x,y,u,v) by substituting w in place of v). We claim that formulas ¢g, ¢1, P2
satisfy the condition (*) from Section 2 for P = Fj. Let equivalence relations
&,mon n+ 1 be given. Specify values of the parameters u, v as in (2), and the
value of parameter w as

w=m(] G 0--um( | 0.

€m0 em

where (19, ..., m) is the partition of n+ 1 to n-equivalence classes. From (1) and
(3) we obtain

d)O(Fkaﬁ) = {Co,...,Cn}, ¢1(Fka]5) = {(CZ’CJ)‘(Z’j) € 5}

and

$2(F, p) = {(Cs, Cy)I(i, 5) € n}-
This means that ¢ — C; defines an isomorphism of (n+1; &, n) onto the structure
(¢0(Fk,D); ¢1(Fk, D), $2(F, p)). This completes the proof.

4 Undecidability of 7}’

Before proving the undecidability result, we recall some necessary facts estab-
lished in [Se06].
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Proposition 2. (i) For all i,j < k, (T;}; <) is isomorphic to (Tkj, <).

(ii) For every i < k, the quotient structure of (7;'; <) is a distributive lattice
the non-zero join-irreducible elements of which are exactly the elements p;p;(x),
where © € Fy, and j < k, j # i. The supremum operation in this lattice is given

by Uy = pi(x Uy).

(#ii) The operations U, po,...,pk—1 have the following properties in (Fi;<):

r < pi(r), © <y — pi(r) <pi(y) and pi(pi(r)) < pi(z);

for all distinct 1,5 < k, pi(x) < pj(y) — pi(z) <y;

pi(z) SyUz— (pi(z) <y Vpi(z) < z2).

As in Section Bl we need for each n < w the sequence of k-chains Cy, ..., C,.
W.l.o.g. we may assume additionally that the second element in every (C;; <)
carries the label 1, i.e. C; = pop1(D;) for suitable D;, ¢ < n.

Proof of Undecidability of Th(7;<). By Proposition 2i), it suffices to
prove udecidability of 7. We claim that the formulas ¢q, ¢1, 2 from the proof
for Fj do the job, i.e. satisfy the condition (*) from Section 2 for P = 7,0. Let
equivalence relations £, on n + 1 be given. We take now the following values
for the parameters (u,v, w) = p € T2

u=po(Col---UCy) = po(p1(Do) U---Upi(Dn)),

UZPO(P2(|_| D;) U-- - Ups( |_| Dy))

i€€0 i€€7n

and

w = po(pa( |_| D;) L+ Upaf |_| D;)).

€m0 em
As in the proof for Fj, it remains to check that
H(TY,u) = {Co,...,Ch}
and
W(Ti s u,v) = {(Ci, Cy)I(i,5) € €}
The first equation follows from Proposition[2((ii). In checking the second equation

we use Proposition 2l(iii). Let 7,0 = ¢ (z, y, u,v). Then ¢(x, u), ¢(y,u) and z,y <
t for some t with ¢(t,v). Then x = C;, y = C; for unique ¢,j < n and

Ci,C; <t =popa(| | Di)
€8
for a unique | < m. We have
pop1(D;) = C; <t = popa(| | Dy),
1€€;

hence p1(D;) < popa2(Uiee, D), hence p1(D;) < Usee, D; and therefore j € &. A
similar computation shows i € £, so (i,7) € £. A converse argument settles the
inclusion {(C;, C})|(4,5) € €} C (T, u,v). This completes the proof.
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5 Undecidability of 73

Again before proving the undecidability we cite a fact from [Se06].

Proposition 3. For every finite sequence xg, ..., T, € Ty there exist elements
ug, - .., Ugp—1 € T, with the following properties:

(1) Vi < nVj < k(z; < uj);

(it) for every x € Ty, Vi < n(x; <) — 35 < k(u; < x);

(iii) for every x € T, Vj < k(z < uj) — Fi < n(z < z;).

To see this it suffices to set u; = pj(xoU---Uxy,), j < k, and apply Proposition
2(iii). Note that if there is no greatest element in ({zg,...,z,}; <) then the
elements ug, ..., ur_1 are pairwise incomparable. Note also that any of the sets
{zo,...,zn}, {uo,...,up—1} is definable through the other; we use this fact
below.

Proof of Undecidability of Th(7;;<). We again use the chains Cy,...,C,
from Section Bl We use also the strings @ = (ug, ..., up—1), 9 = (Vo,.-.,Vk—1)
and @ = (wo, ..., wk_1) of different variables.

Let ¢(x, ) be the formula

(N <u))A-3y>e( A\ <))

i<k i<k
which means that z is a maximal lower bound for {ug, ..., ur_1}. If we fix the
values

u; =pj(Col---UCy) € Tx, j <k, (4)

of parameters @ then, by Proposition [3]
(T, u) = {Co, ..., Cn}. ()
Let ©(x,y,u,v) be the formula
oz, ) ANy, a) AIt(o(t,0) Ne <t Ay <t).

Let us fix the values % as in (4), and values of v € T}, as follows:

v; ij(po(|_| Ci) U+ Upo( |_| Ci)), j <k, (6)
i€&o 1€Em
where £ is an equivalence relation on n + 1 and (&g, ...,&) is the partition of

n + 1 to -equivalence classes. From Propositions 2{iii) and Blit follows that for
these values we have

(Tk, 4, 0) = {(Cs, C)|(4, 5) € £} (7)

Now let p be the string of 3k variables (@, v, W), ¢o(x,p) be ¢(x, @), d1(x,y,p)
be ¥(x,y,@,v) and ¢a(z,y,p) be ¥(z,y,u,w) (the last formula is obtained from
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¥(x,y,u,v) by substituting @ in place of 7). We claim that formulas ¢g, ¢1, P2
satisfy the condition (*) from Section 2] for P = 7. Let equivalence relations
&,mon n+ 1 be given. Specify values of the parameters 4, v as in (4), (6), and
values of parameter @ as

wy = pi(po( || CoU---Upo(| | ), 4 <k,

1€ENo 1EM

where (79, ..., ) is the partition of n+1 to n-equivalence classes. From (5) and
(7) we obtain

¢O(77cap) = {007 .. ~7Cn}7 (bl(,];wﬁ) = {(CUC])Klvj) € 5}

and

¢2(Ti, p) = {(Cs, Cy)I(i, ) € n}.
This means that ¢ — C; defines an isomorphism of (n+1; &, n) onto the structure
(¢0 (%7?% ¢1 (77%15)7 ¢2 (7—19715)) This Completes the pI‘OOf.

Remark. From Proposition[Ilit follows that 7, is first-order definable in (Fj; <)
without parameters, hence the undecidability of Th(7j; <) implies the undecid-
ability of Th(F; <). Nevertheless, we included the proof of the second fact for
methodical reasons because it is a bit simpler and its ideas are used in the two
other proofs. In contrast, the undecidability of Th(7;}; <) does not imply the
other two undecidability results because, by Proposition (i), ’Z;j is not defnable
without parameters in the other two structures.

6 Open Questions

There are many natural open questions related to this paper. From our proofs
it follows that for each of the three structures there exists an n < w such that
the n-quantifier theory of this structure is undecidable. It would be nice to find
for each structure the least such n.

All the three structures are clearly recursively presentable, hence their elemen-
tary theories are interpretable in arithmetics, and therefore they are m-reducible
to (¥, Our proofs show that ()’ is m-reducible to any of the theories. The question
remains to characterize the m-degree of each of the three theories. We expect
that all three theories are recursively isomorphic to (¢.

There are also several interesting questions on definability (or non-definabi-
lity) in any of the structures. E.g., we do not know whether the set Cy, of finite
k-chains is definable in (7;; <) or in (Fj; <). This question is related to ques-
tions from the last paragraph because in [Ku06] it was shown that Th(Cy; <) is
recursively isomorphic to §¢. So if Cj, were e.g. first order definable without para-
meters in (Fy; <) then the theory of the last structure would also be recursively
isomorphic to (¢.
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Abstract. In this paper, we survey a few recent applications of Kol-
mogorov complexity to lower bounds in several models of computation.
We consider Kl complexity of Boolean functions, which gives the com-
plexity of finding a bit where inputs differ, for pairs of inputs that map to
different function values. This measure and variants thereof were shown
to imply lower bounds for quantum and randomized decision tree com-
plexity (or query complexity) [LMO04]. We give a similar result for de-
terministic decision trees as well. It was later shown in [LLS05] that Kl
complexity gives lower bounds for circuit depth. We review those results
here, emphasizing simple proofs using Kolmogorov complexity, instead
of strongest possible lower bounds.

We also present a Kolmogorov complexity alternative to Yao’s min-
max principle [LL04]. As an example, this is applied to randomized one-
way communication complexity.

Keywords: Lower bounds, Kolmogorov complexity, circuit complexity,
query complexity, communication complexity.

1 Introduction

Kolmogorov complexity has been used in a variety of settings to prove lower
bounds and other complexity results. However, until recently, the methods have
been ad hoc, tailored to a particular problem and a particular computational
model. In the past few years, techniques have been developed that apply to
any Boolean function, and to a wide variety of computational models, so that a
single analysis yields lower bounds in multiple models. In this paper, we review
these results and present them in a unified setting, called Kl complexity. We also
present a Kolmogorov-based alternative to Yao’s min-max principle, and apply
it to one-way randomized communication complexity.

2 Preliminaries

Kolmogorov complexity is the main tool that is used to prove lower bounds in
this paper, and we recall the main notions here. We also present the models of
computation used in the paper.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 297-306} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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2.1 Kolmogorov Complexity

Kolmogorov complexity captures well the information theoretic component of
many lower bound arguments. We review a few of its main properties in this
section.

Definition 1. Let M be a Turing machine. Let x and y be finite strings.

1. The Kolmogorov complexity of x given y with respect to M is denoted
Car(zly), and defined as follows:

Cam (z|y) = min(|P| such that M(P,y) = x).

2. A set of strings is prefix-free if no string is a prefix of another in the set.

3. A Turing machine M’ is prefiz-free if the set of programs is prefiz-free, that
is, the set {P :3x M'(P,x) # €}, where € is the empty string, is prefiz-free.

4. The prefix-free Kolmogorov complexity of = given y with respect to a prefix-
free Turing Machine M’ is denoted Ky (x|y), and defined as follows:

Kar (zly) = min(|P| such that M'(P,y) = ),

In the rest of the paper M is a fixed prefix-free universal Turing machine, and we
will write K instead of Kp;. When y is the empty string, we write K(x) instead
of K(z|y). To simplify notation we omit additive terms in the upper bounds.

Incompressibility. Perhaps the most important property of Kolmogorov com-
plexity that we use for lower bounds is the existence of incompressible strings,
that is, strings whose shortest description is maximal.

Proposition 1. [Incompressibility] For any finite set A C {0,1}*, and any
string o, there exists x € A such that K(z|o) > log(#A).

The proposition is proved by comparing the number of succinct programs (2! — 1
have length strictly less than [), with the number of strings (#A) that these
programs are purported to describe, and conclude by applying the pigeonhole
principle.

This should be compared with the corresponding upper bound.

Proposition 2. For any finite set A C {0,1}*, Jo, Vz € A, K(z|o) < log(#A).

To describe z, it suffices to give an index into some pre-determined enumeration
of the set A, which can be encoded in o.
We will also need Kraft’s inequality.

Proposition 3 (Kraft’s inequality). Let S be any prefiz-free set of finite
strings. Then ) g 2~ Il <1,

We shall also use the following bound on conditional Kolmogorov complexity.

Proposition 4. There is a constant ¢ > 0 such that for any three strings x,vy, z,

The proof uses symmetry of information in an essential way.
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2.2 Decision Trees and Query Complexity

A decision tree is a rooted binary tree, where each internal node is labeled with an
integer ¢ referencing an input variable, one of the outgoing edges of an internal
node is labeled 0 and the other is labeled 1, and each leaf is labeled with an
output value. The tree is evaluated on an input z = x7---x,, starting at the
root, by evaluating x; if the node is labeled ¢ and following the corresponding
edge, and so on, until a leaf is reached, and outputing the value at the leaf. A
decision tree T computes f if the output on x equals f(x), for all x. The decision
tree complexity of f, written DT(f), is the depth of the shallowest decision tree
that computes f.

We also consider quantum and randomized analogues of decision trees. In
these models, the complexity measure is the number of queries to the input, but
unlike the classical case, queries can be made in superposition, in the quantum
case, or according to some distribution, in the randomized case. Access to the
input is achieved by way of a query operator O,, which behaves like a classical
query on classical states, but in the quantum case, it is defined as a unitary
matrix O, that satisfies O.li, z,w) = |i,2z & z;,w), for every i,z,w, where i
represents a query, z is a register to hold the answer to the query, and w is the
remainder of the workspace of the algorithm. Randomized queries can be defined
similarly, except the matrix is stochastic. The query complexity of an algorithm
is the number of calls to O,. Details of the model can be found for example
in [LM04], but they are not necessary for this paper.

We say that the algorithm A e-computes a function f : {0,1}™ — {0,1}, if the
observation of the last bits of the work register equals f(x) with probability at
least 1 —¢, for every « € S. Then QQC(f) (resp., RQC(f)) is the minimum query
complexity of quantum (resp., randomized) query algorithms that eyp-compute f,
where g¢ is a fixed positive constant no greater than :1,)

2.3 Communication Complexity

Communication complexity is a model of computation widely used to prove lower
bounds in various models of computation. Here we will appeal to this model
for lower bounds for circuit depth. We also consider one-way communication
complexity in Section [4l

Let X,Y, Z be finite sets, and R C X xY xZ. In the communication game for
R, Alice is given some x € X, Bob is given some y € Y and their goal is to find
some z € Z such that (z,y,2) € R, if such a z exists. A communication protocol
determines what message each player sends in each round, and by convention,
Bob produces an output at the end of the protocol. The cost of a protocol is
the total number of bits exchanged in the worst case, and the communication
complexity of R, written D(R), is the minumum cost of a protocol computing R.

There are many variants of communication complexity, and we will also con-
sider one-way communication complexity of boolean functions. In a one-way
communication protocol, two players, A and B wish to compute the value of a
two-argument function f: X xY — Z. Player A receives an input x € X, and
sends a message m to Player B. Player B receives an input y € Y, as well as A’s
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message m and should output the value of the function f(z,y). The protocol is
successful if B’s output equals f(x,y), for all z,y.

In the randomized model, a protocol is é-correct if for all inputs x, y, the error
probability on z,y is at most §. The probability is taken over the random choices
made by the players. Rs(R) is the minumum cost of a protocol computing R in
this way.

In the distributional model, we consider deterministic protocols, together with
a distribution of the inputs i, and an error threshold 6. A distributional protocol
is 6-correct if the probability taken over p that the output differs from the func-
tion is at most 6. The distributional communication complexity for p, Ds .(f),
is the maximum number of bits exchanged for the best é-correct protocol for f
when the input is chosen according to p. The distributional complexity Ds(f) of
f is the maximum, over all probability distributions p on the inputs, of D, (f).

2.4 Circuits and Formulae

A Boolean formula over the standard basis {V, A, -} is a binary tree where each
internal node is labeled with V or A, and each leaf is labeled with a literal, that is,
a Boolean variable or its negation. The size of a formula is its number of leaves.

Definition 2. Let f:{0,1}"™ — {0,1} be a Boolean function. The formula size

of f, denoted L(f), is the size of the smallest formula which computes f. The

formula depth of f, denoted d(f) is the minimum depth of a formula comput-

ing f.

It is clear that L(f) < 2¢(f). Spira has also shown that d(f) < O(log L(f)) [Spi71].
Karchmer and Wigderson [KW88] give an elegant characterization of formula

size and depth in terms of communication complexity.

Definition 3. For any Boolean function f, the relation Ry = {(x,y,1) : f(z) =
0,f(y) =1,z # yi}.

Theorem 1 (Karchmer-Wigderson). For any Boolean function f, d(f) =
D(Ry).

3 KI Complexity, Its Variants, and Applications

In order to prove a lower bound for a Boolean function f, consider two inputs
that are mapped by f to different values. Then these two inputs must differ in
some position and if the computation is correct, it must implicitly or explicitly
have found one of these positions where the inputs differ. This is the principle
which we will show how to exploit in this section, to obtain lower bounds in
various models of computation.

3.1 Decision Trees and Kl Complexity

Proposition 5. Let f be a Boolean function, x,y be inputs such that f(x) #
f(y). Then

DT(f)> min max min {max{2K0®) 9KGly.a)1y

* z,y Yo . .
{01} 5y BEiFY
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Proof. Let T be a decision tree for f. If f(x) # f(y), then the computation
paths on x and y must diverge at some level of the decision tree. Let ¢ be the
variable queried at this level. Since the computation paths diverge at this point,
x; # yi- So K(i|z, T') < log(depth(T')) since it suffices to give an index into the
depth of the tree, and similarly, K(ily,T) < log(depth(T)). Therefore, Ja =
TV, y: f(x) # f(y), 3, DT(f) > max{2X0=T) 2KGIy.T)1 which concludes the
proof. a

Similar results hold for various models of computation, but with somewhat dif-
ferent combinations of the terms K (i|z) and K (i|y), for f(z) # f(y) and z; # y;.
We introduce a general definition that captures the known lower bounds in a
common framework.

Definition 4. Let f : {0,1}" — {0,1}. Let A: R® — R (A takes an arbitrary
number of real inputs, such as max or X, which we will take over all terms
parameterized by ¢ where x; # y;) and x : R X R — R (where we sometimes use
infix notation, e.g. A% B). Define

KI*(f)= min  max

* T,y Ajizs 2—K(i|z, o) 2 —K(ily,a) *
{0} oy T

Reformulating Proposition [{] in terms of Kl, we have

Proposition 6. DT(f) > K|max’min(f)-

3.2 Randomized and Quantum Query Complexity Lower Bounds

Proposition [ can be extended to randomized and quantum query complexity.
The intuition is the same, but one has to analyze the the contribution of making
a “useful” query much more carefully, since in these models, a query can be
made with some probability or some amplitude.

Theorem 2. [LM0J] Let f : {0,1}" — {0,1}.

1. QQC(f) > R(KI*9¢°™(f)) where X denotes sum over i such that x; # y;
and geom is the geometric average: geom(A, B) = A - B.
2. RQC(f) = (K T=™0(f)).

The theorem is proved by analyzing the overall contribution of each query to-
wards disinguishing pairs of inputs with different values. Roughly speaking, the
sum appears as a result of considering progress over all input pairs x, y such that
f(z) # f(y). The x operation is not so easily explained but the difference can be
attributed to the fact that in the quantum case we operate under the £ norm
whereas in the randomized case, the 1 norm is used.

It turns out that this lower bound on query complexity implies all so-called
adversary techniques for proving lower bounds in quantum query complexity,
including the quantum and randomized weighted methods [Amb03, [Aar04] and
the spectral method [BSS03].
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To give an idea of why this is the case we give an proof of Ambainis’ un-
weighted adversary method, which is given in terms of the combinatorial struc-
ture of the graph that represents pairs (edges) x,y such that f(x) # f(y). This
graph is thought of as containing the pairs of instances that are hard to distin-
guish. Furthermore, the pairs x,y that differ on some index i are those that a
query to i can be helpful to distinguish = from y. Comparing the graph R with
the subgraph R; where the ith query is useful allows us to establish lower bounds
on the number of queries required to distinguish all the pairs in R.

Theorem 3. [Amb02, [Aar04], [LMOJ|] Let R C X XY, be a relation on pairs of
instances, where X = f~1(0) and Y = f~1(1), and let R; be the restriction of

R to pairs x,y for which x; # y;. Viewing the relation R as a bipartite graph,
then if

- m s a lower bound on the degree of all x € X,
- m’ is a lower bound on the degree of ally €Y,
— for any fized i,1 < i < n, the degree of any x € X in R; is at most [,
— for any fized i,1 < i < n, the degree of any y € Y in R; is at most I,

then QQC(f) = 12 ( “;;7’) and RQC(f) = 2 (max{Tv ”ﬁ'}) -

Proof. We make the following observations.

1. |R| > mas{m|X],m|Y ]}, 50 Iz,y K(z,y) > max (log(m| X]), log(m'[Y])).

2. Vz € X,K(z) <log(|X]) and K(y) <log(]Y|), for all y € Y.

3. Va,y,i with (z,y) € R;, K(yli, z) <log(l) and similarly, K(x|i,y) < log(l’).
For any 7 with x; # y;, by Proposition [

K(ilz) = K(z, y) = K(z) = K(yli, z) + K(ilz, y, K(z, ))
> log(m|X|) —log(|X[) —log(l) + K(ilz,y, K(z, y))
= log("}) + K(ilz, y,K(z, y))

The same proof works to show that K(i|y) > log(”f,' )+ K(i|z, y, K(z,y)). We can
conclude by Theorem Pl and Kraft’s inequality. a

3.3 Circuit Depth and Formula Size

Another model where Kl can be used to obtain lower bounds is boolean formulas.
We give a simple proof that Kl gives a lower bound on circuit depth.

Theorem 4. For any Boolean function f, d(f) > KI™*(f).

Proof. Let P be a protocol for R;. Fix x,y with different values under f, and
let T4 be a transcript of the messages sent from A to B, on input «, y. Similarly,
let Ts be a transcript of the messages sent from B to A. Let ¢ be the output
of the protocol, therefore x; # y;. To print ¢ given x, simulate P using x and
Tp. To print i given y, simulate P using y and T4. This shows that Vz,y :
f(x) # fly),Fi: @ # yi, K(t]z,a) + K(ily,a) < |Ta| + |Tg| < D(Ry), where
« is a description of A’s and B’s algorithms. The theorem then follows from
Theorem [l O
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3.4 A Few Examples

We give a few elementary examples to demonstrate how the technique can be
applied to specific functions. To apply the adversary method, we have to give a
relation R of hard instances; however, when applying KIl, it suffices to exhibit a
single hard pair of inputs.

Example 1: OR. The OR function is 0 on the all-0 input and 1 everywhere else.
Consider inputs x, y of length n, where x is the all-0 string, and y is 0 everywhere
except in bit 4, where 4 is chosen so that K(i) > log(n). (More exactly, for any
a we choose i such that K(ila) > log(n).) Such an ¢ exists by incompressibility
(Proposition [I]). Therefore, by Theorems 2l and @, and Proposition [6]

- DT(OR) = £2(n),

. RQC(OR) > 2(n),

- QQC(OR) = 2(y/n),
d(OR) > 2(logn).

=W N =

Example 2: PARITY. The parity function is defined as ®(x) = X;x; (mod 2).
Consider inputs z,y chosen as follows. Take , 4 so that K(z, i) > n+log(n), and
let y = z* (x with the éth bit flipped). It is easy to show that K(i|z) > log(n)
and K(ily) > log(n).

DT(®) > 2(n),

RQC(®) > £2(n),
QQC(®) > 12(n),
d(®) > 2(logn).

= W=

Several examples relating to graph properties are also given in [LMO04].

4 Kolmogorov Alternative to the Min-Max Principle

Usually, lower bounds for randomized complexity are proven by first applying
Yao’s min-max principle, and proving a lower bounds in the distributional model
where the algorithms are deterministic and the inputs are chosen at random
according to some distribution. We propose an alternative to (or perhaps only
a reformlation of) Yao’s min-max principle, which makes use of Kolmogorov
complexity. (To be precise, we only give an analogue of the “easy direction”
that is generally used for lower bounds.) We illustrate how it can be applied, by
proving a very general statement about one-way communication complexity. In
this case, the proof is somewhat simpler than the previous proof of Bar-Yossef,
Jayram, Kumar and Sivakumar [BYJKS02] that used information theory.

4.1 Yao in the Style of Kolmogorov

Yao’s min-max principle consists in replacing randomness in the algorithm, with
randomness in the inputs. Our approach is to replace randomness in the algo-
rithm by a Kolmogorov random string, resulting in a deterministic algorithm.
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It remains to see that the errors made on this random string are not too many.
This is what is proven in the following lemma. The lemma is stated for private
coin communication complexity but a similar statement can be made for other
models of computation.

We assume, without loss of generality, that the players use a random string
ra,rp taken uniformly at random from finite sets R4, Rp, and that this is the
same distribution regardless of the players’ inputs x, y.

Lemma 1. Let f : X XY — Z. Fix any §-correct randomized communication
complezity protocol P for f, and consider any subset of inputs S C X x Y. Fiz
(ry,r5) € Ra x Rp such that C(rax,ri|P,S) > log(|Ral|) + log(|Rg|). Then
when the protocol is run using r’y,ry as random choices, the output is incorrect
on at most 26|S| inputs in |S|.

Proof. For any 74,7, let S represent the inputs on which the outcome of the
protocol is incorrect, that is, S’TA’TB = {2, € S: P(Z,y,ra,r5) # f(Z,9)}.
Also define the set of “much-worse-than-average” random choices for inputs in
Stobe R={ra,rg:|Sr,rsl > 26|S|}.

Because at most half the inputs can have more than double the average
number of errors, \R| < IRAHRB ! , therefore by incompressibility, r%,rg & R.
(Otherwise, describe %, 7% by giving an index into the set R. using log(|R|) <
log(|Ral) + log(|Rp|) bits, a contradiction.) Therefore \S,ﬁ;,r%\ < 26|S5]. |

4.2 Shatter Coefficients Lower Bound

To give an example of how this method is applied, we give a proof of a general
theorem on one-way communication complexity.

First we define VC' dimension and its generalization, shatter coefficients. Let
F be a set of strings of length n, and I be a set of indices, I C [n], I = i1,--- 4|7
For any string © = xo, - x,—1 of length n, x|; denotes the string x;, R I
Likewise, F'|; = {z|; : € F'} A set of strings F is shattered by a set of indices
I if F|; is the set of all possible strings of length |I|. The VC dimension of F,
denoted VC(F), is the size of the largest I that shatters F.

The ith shatter coefficient of F' (for any [ > VC(F')), denoted SC(F,1) is the
maximum, over all I of size [, of |F|7|. Let F C F be a subset of F for which
F'|1 takes on this maximal number of distinct values. We say that F' x I is a
witness for SC(F,1) .

We give a new proof of a well-known result about one-way communication
complexity. Recall that in this model, Alice sends one message to Bob and Bob
produces the output. We use the superscript A— B to specify this model.

Theorem 5 ([KNR99, BYJKSO02]). For every function f: X xY — {0, 1},
every l > VC(f), and every § > 0, R{™B(f) > 1og(SC(f|x,1)) —H2(26), where
Hy(p) = —plog(p) — (1 - p)log(1 — p).

Proof. Let rowy(x,Y") = f(x,y1)--- f(z,yy+|) be the string of consecutive val-
ues of f when z is fixed, where Y’ = {y1,...y;y/|}. We denote by f|x,y the set
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of strings {rows(z,Y) : z € X}. Let 8" = X’ x Y’ be a witness for SC(F,I)
where F' = flxy. Fix 2* € X',r € Ra,r} € Rp with C(z*,r%,r5|P,S") >
log(|X’|) +log(|Ra|) +1log(|Rp|) and let S = {a*} x Y’. Notice that |S| = I. By
Lemma [I] when the protocol is run using 7%, 7} as random choices, the output
is incorrect on at most 26|S| inputs in |S|. To correct these errors we can just
describe their location. This requires log((2él)) ~ |- Ho(26) additional bits.

All {rowy(z,Y") : © € X'} are unique, so z* is uniquely determined within
X' by rowg(z,Y”). This allows us to conclude that

log(SC(f|x.1)) < C(a*|P,r'y.75)
< Clrowg(a*, Y")|P,r'y.75)
< REZP(f) + LH(26). 0

5 Concluding Remarks

We have presented two different frameworks based on Kolmogorov complexity
in which many lower bound techniques can be expressed. One might naturally
ask what other models of computation these techniques can be applied to. One
consequence of studying the Kl lower bounds is that it brings to light the shared
limitations of these techniques (see for example [LLS05]. Hopefully, understand-
ing these limitations better will be a first step towards breaking the current lower
bound barriers.

In the case of the min-max proofs using Kolmogorov complexity, it turns out
in many cases that after rewriting the proofs in terms of Kolmogorov complex-
ity, one can the remove Kolmogorov complexity entirely. An important role of
Kolmogorov complexity is that the intuition it provides to help highlight the
essential parts of the argument.
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The Jump Classes of Minimal Covers
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Abstract. We work in D[< 0']. Given the jump class of any (Turing)
degree a, the jump classes of the minimal covers of a is a matter which is
entirely settled unless a is higha. We show that there exists a c.e. degree
which is highs with no high: minimal cover.

1 Introduction

Simply by relativizing the construction of a minimal degree below any degree
which is c.e. [CY2] it can be seen that in D[< 0] every degree has a minimal
cover. If we are given the jump class of any degree in D[< 0], a say, then
the jump classes of the minimal covers of @ is a matter which has been almost
entirely settled since 1978. For any n > 1 we regard a degree as being properly
low, if it is in low,, — low,_1 and we regard a degree as being properly high,
if it is in highy, — high,_1. First let us consider the least degree 0. Since there
are c.e. degrees which are lowy, it follows by Yates’ construction of a minimal
degree below any given c.e. degree that there are minimal degrees which are
low;. Sasso [SA], Cooper and Epstein have shown that there minimal degrees
which are properly lows and it follows by the result of Jockusch and Posner,
that every degree not in GLo bounds a 1-generic, that all minimal degrees below
0" are lowy. By relativizing we can conclude that any degree which is low; has
minimal covers which are low; and minimal covers which are properly lows.
Given a degree in any proper jump class other than lowg,low; and highs we
may conclude that all minimal covers are of the same proper jump class as that
degree (in considering the minimal covers of degrees in high; recall that 0 is
not a minimal cover). Given a degree which is properly highs, however, it is
not known whether this degree will have minimal covers which are high;. In
[AL] we show that there exists a c.e. degree which is highs and which has no
highi minimal cover. What appears here is an abbreviated version of that paper,
stopping short of the technical details of the construction. In order to prove the
result we introduce a new technique involving what are called ‘modifiers’, which
enable us to make use of the recursion theorem where it would otherwise be
impossible to do so.

2 The Intuition

Let x be a computable bijection w — 2<¢. For any e € w we say that W, specifies
a convergent approximation if Am[3*n(n € W, A k(n)(m) |= 0) A I®n(n €

* The author was supported by EPSRC grant No. GR /S28730/01.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 307-3I8] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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We A k(n)(m) |=1)]. Define Conv to be the set of all those e € w such that W,
specifies a convergent approximation (so that Fin C Conv). We show that Conv
is ITs complete as follows. Fix A € Y3. Now for some computable function g,

n € A« (Im)[Wy(n,m) is infinite].
Given any n € w we define a set Wy (,) according to the construction below.

Stage 0. Define 0((0) = 0 and for all m > 0 let o¢(m) be undefined. Let ng be
such that x(ng) = 0o and enumerate ng into Wy,).

Stage s > 0. We define a string o, of length s + 1. For all m < s let o5(m) =
os—1(m) if Wynm),s = Wo(n,m),s—1 = 0 and let o5(m) = 1 —os_1(m) otherwise.
Let 04(s) = 0. Let ns be such that x(n,) = 0, and enumerate ns into Wy ).

Clearly f is computable and n € A « f(n) ¢ Conv.

In order to construct a c.e. set A which is higho we shall enumerate a set S for
all j € w. We shall show that there exists f <7 A” such that, for all e € w, e €
Conv iff there exist an infinite number of n such that n € Sy and A(n) = 0.
At stage s of the construction it is convenient to be able to consider strings
defined on all arguments < s. Thus for any e € w let the computable sequence
of finite binary strings {7 s}scw be defined inductively as follows. We define
Te,0 = 0. Suppose we are given 7, ;. If there does not exist n € We 541 — We s
then for all m < s define 7 s11(m) = 7¢,s(m) and define 7. s11(s + 1) = 0.
Otherwise we assume that there can only be one such n. For all m < min{s +
1,k(n) — 1} define 7¢ s41(m) = k(n)(m). For all m such that x(n) < m < s
define ¢ s41(m) = 7 s(m) and if k(n) < s+1 then define 7, s11(s+1) =0. It is
not difficult to see that, for all e € w, W, specifies a convergent approximation iff
Vnar3s[[t = n] A (Vs' > s)[T C 7e,s]]- For all e € w, if W, specifies a convergent
approximation then let B, be the set which the sequence {7, s }scw approximates,
and otherwise let B, be undefined.

Definition 2.1 Given o € 2<% we let o* be defined as follows; for alln € w if
o(2n) | then o*(n) |= o(2n) and oc*(n) 1 otherwise. Given C C w we let C*
be defined as follows; for all n € w, C*(n) = C(2n). Let o' and CT be defined
similarly with 2n + 1 in place of 2n.

Now suppose that W, specifies a convergent approximation and that B, is of
high degree. Then there will exist z € w such that we enumerate axioms for a
Turing functional I';, where g = (e, z), so that if C' = F;‘@Be then C* = A and,

(VK)o € O)[Eg (k) 1]V (Vo' 2 0)[o™ € A — w7 (k) 1]).

To the parameter z we will be able to apply the recursion theorem relative to an
oracle for B.. We must show that this suffices to prove that if b = deg(B,) and
a = deg(A) then a Vb is not a minimal cover for a. Let Cy and C; be defined as
follows.

Co: for all n € w, Cyp(2n) = C(2n) and Co(2n + 1) = C(4n + 1).
Cy: for all n € w, C1(2n) = C(2n) and C1(2n + 1) = C(4n + 3).
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Then Cy and C; are Turing incomparable and of degree above a and below
aVb. In order to see that ¥<° # C, for example, consider the Turing functional
¥y, such that &7 (x) = 1 if Im(PZ°(m) |# o1(m)) and is otherwise undefined,
where op and o; are defined in terms of ¢ in exactly the same way that we
defined Cy and C in terms of C.

2.1 Having outlined the basic framework we shall now explain the intuition
behind the construction by considering a series of simplified situations. In each
case techniques will be described and an approach given which is not yet sufficient
as it stands. We shall attempt to describe the principal ideas required in order
to overcome the basic obstacles - any remaining technical problems are dealt
with in [AL]. So let us begin by supposing that for some e,j € w we wish to
enumerate a set S; and that we wish to ensure there are an infinite number of
n € S; such that A(n) = 0 iff W, specifies a convergent approximation. Then
we might proceed simply as follows:

Stage s = 0. Enumerate j into S; and define Ag(j) = A (where X is the empty
string).

Stage s > 0.

Step 0. For each n that we have enumerated into S; check to see whether Ag(n) C
Te,s and if not then enumerate n into A.

Step 1. Let n be the greatest number which we have enumerated into .S; such
that A(n) = 0 and suppose that Ag(n) = 7. Choose n’ larger than any number
yet mentioned during the course of the construction, enumerate n’ into S; and
define Ag(n') = 7/, where 7’ is the initial segment of 7. s of length 7 + 1.

2.2 Let us suppose, for now, that for each j € w we will enumerate S; and A
so as to ensure that there are an infinite number of n € S; such that A(n) =0
iff W; specifies a convergent approximation. Thus Sy and A are enumerated so
as to ensure that there are an infinite number of n € Sy such that A(n) = 0 iff
Wy specifies a convergent approximation. That this should be the case will be
our requirement of highest priority, Hy. The requirement of next highest priority
will be Go, the first of the ‘genericity’ requirements G, where h = (e, z, k). The
demands of this requirement are as follows; if B, |, is of high degree and if z
is some suitable fixed point when we apply the recursion theorem relative to an
oracle for B, then (30 C I **Be)[[Wg (k) |]V (Vo' 2 0)[o”* C A — v (k) 1]],
where g = (e, 2).

Convention 2.1 We adopt the convention that for any j, o and any m, ¥¢(m) |
only if the computation converges in < o steps.

In order that the demands of the requirement G, should be made precise we must
describe what use we intend to make of the recursion theorem. Let us assume
for now that the axioms we enumerate for any I, will be consistent. If it is the
case that B, | and is of high degree then we might immediately try to make
use of this fact in the following kind of way. Once we have defined the construc-
tion and having fixed such an e > 0 there will exist a computable function f,
such that, for all z and all &, )\n.[W]]i B (k,n)] approximates whether there exists

¢ C I'f*Pe (where g = (e,2)) and a stage s such that at no stage s’ > s is



310 A .E.M. Lewis

there a string ¢’ D v of length < s’ such that ¢'* C As and such that W;f/(k) 1.
In order to see this we argue as follows. For fixed e such that B, | and is of
high degree we can assume given zg such that ¥ approximates (. In order to
compute f.(z) first produce z; such that ¥,, operates as follows when provided
with an oracle for (' and on input k. It enumerates all ¥ C I ;‘@Be and as it does
so it dovetails through the asking of all questions of the the following form for
any s € w, ‘does there exist ' > s such that there is a string ¢’ 2 ¢ of length

< &' such that ¥ C Ay and such that &Zflip/(k) 1. If it finds the answer to one of
these questions is ‘no’ then it terminates. Then it is clear how to use zg in order
to produce f.(z). By the recursion theorem there exists z such that ¥, = ¥y (.,
so that ¥, will satisfy the (potentially) useful properties satisfied by Uy, (..

Before expanding upon these ideas let us introduce some terminology and
methodology that will be used in the construction. When, at any stage s, we
enumerate an axiom Fj’ = 1) for some ¢ C As ® T.s and g = (e, z) we shall
declare 8 = (¢,n) to be a node for g, for some n € w. The n parameter here is
just a counter and indicates that there are precisely n nodes (¢’,n’) that we have
defined for g such that ¢’ C ¢ (and n’ < n). So suppose that at some point of the
construction we are working above the node 5 = (¢,n) that we have declared
for 0 (0 = (0,0)), since of all the strings ¢' such that we have declared a node
(¢/,n') for 0 and ¢’ C A; ® 19, it is the case that ¢ is the longest, and that we
are looking to satisfy the requirement Gy, (0 = (0,0,0)). Suppose that we have
already enumerated the axiom I gﬁ = 1. If it is the case that &ng’ (0) | then we
need do nothing for the sake of requirement Gy. So suppose that this is not the
case. At every subsequent stage s at which we work above the node § we might
look to see whether there exists ¥’ D 1 of length < s such that ¢'* C A, and
ngl(()) 1. If so then we enumerate some axiom Fod)/ =1/, where ¢’ D ¢ is of at
least the same length as ¢’ and declare another node for 0, 5’ = (¢',n + 1). If
not then we look to see whether there exists n’ > n such that ¥;**(0,n/) |=1
(here we use ¥, since we are considering the case z = 0). If so then we let 7
be some suitable initial segment of 7y s on which this computation converges. If
n = 0 then we define a node for 0, ' = (¢, 1) where ¢’ is the initial segment of
As® 7,5 of length 27. If n > 0 we acknowledge that at any stage s’ > s when we
work above the node 8 and 7 C 79, we shall now be prepared to try and satisfy
one of the lower priority requirements G, such that h = (0,0,k) for 1 <k <n
(starting with that of highest priority) before defining another node for 0 and
paying attention to the needs of the requirement G, again.

2.3 The first and most basic obstacle now presents itself. Let us suppose just
for now that By | and is of high degree, that z = 0 is a fixed point of fy and
that, for G = (¢,n) as above, ¢ is an initial segment of the final value A @ By.
It may be the case that at some stage s, when working above the node 3 we do
find ¥’ D 1) such that ¢ C A, and !Pg’/ (0) | and that we declare (¢/,n + 1) to
be a node for 0. At some subsequent stage s’ we may then find that there is m,
enumerated into Sy before stage s, such that ¢™*(m) |=¥"™(m) |= 0 but which
we now must enumerate into A for the sake of the requirement Hy. It may be the
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case, in fact, that there does not exist ¢’ C I OA ®Bo and a stage s such that at
no stage s’ > s is there a string ¢” D ' of length < s’ such that ¢"* C Ay and
such that &Z/g’” (0) |, and that there does not exist n’ > n, &47530 (0,n") |=1, but
that every time we define a node 3 = (¢',n+ 1) for 0 we subsequently find that
this action is spoiled by action we have to take on behalf of Hy. The following
eventuality is also possible. It may be the case that there does not exist n’ > n,
Qf °(0,n') |=1, so that there are an infinite number of stages s such that there

exists ¢’ D 1 of length < s, "™ C As and Wg’/ (0) |, but that for all but finitely
many of such stages either we do not work above 8 but work above 8’ = (¢',n')
such that ¢’ D ¢ and n’ > n and ¢’ is not an initial segment of the final value
A @ By, or we do work above 3 but look to satisfy a lower priority requirement.
This latter problem is easily dealt with once we have developed a good approach
to the former.

Definition 2.2 For j € w we define T; to be the set of all those n enumerated
into S; such that the final value A(n) = 0.

The following slightly more sophisticated approach takes us closer to a solution.
Firstly we shall demand that a little more should be satisfied by the function fe.
During the course of the construction we make use of various varieties of tuple.
Alpha tuples will be of the form o = (g,%0, ..,4,) where ¢ € 2<%, ig,..,iy € w
and {j: ¢q(j) |=0} =y + 1. Here ¢ should be thought of as a guess as to which
J < ¢ will satisfy the condition that T} is infinite. Thus ¢(j) |=1 corresponds to
the guess that T; will be infinite while ¢(j) |= 0 corresponds to the guess that
it will not be. Let {j : ¢(j) |=0} = jo < .. < j,. For each ¢/ <y, i, reflects the
guess that T'y,: Diy, (and where {D;};c., is some effective listing of all finite
sets of natural numbers).

Definition 2.3 Given an alpha tuple a = (g,%0,..,3y), let {j : ¢(j) |= 0} =
Jo < .. < Jjy. We say that o complies with o at stage s if c* C A, and for all
Y <yandn €w, ifo*(n) | andn has been enumerated into S; , then o*(n) =0
Zﬁ n e Diy/ .

The function f., then, must satisfy the following for all z, k, j € w:

a) If T} is finite then for all n € w, wfe’e(z)(o, 4,n) | and limnﬂwu'/fie(z) 0,7,n) |=1
such that T;= D;.

b) Let g = (e,2) and h = (e, z,k). For any ¢ of length ! ;2 and any alpha
tuple o = (g, %o, .., iy) we have that /\n.[wﬁe(z)(l, k,a,n)] approximates whether
there exists ¢ C F;‘@Be and a stage s such that at no stage s’ > s is there a
string 1’ D 1 of length < s’ which complies with « at stage s’ and such that
!P;f / (k) |. The length of the string g here requires some comment. We have stated
previously that we shall enumerate Sy so as to ensure that Tp is infinite iff Wy
specifies a convergent approximation and that the requirement of next highest
priority will be Gy. In enumerating S; and Sa, however, it will be the case (for
reasons that will be explained subsequently) that we have to proceed according
to a guess as regards whether the action of Gy satisfies a certain property. Thus
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we enumerate S7 — with corresponding requirement H; — according to the guess
that the action of Gy does not satisfy this property and Sy according to the
guess that it does. Whether or not the action of Gy does satisfy this (presently
mysterious) property will be a fact deducible from an oracle for A”. After Hs
the requirement of next highest priority is then G;. In enumerating Ss,Sy4, S5
and Sg we have to proceed according to a guess as regards whether the actions
of Gp and G each satisfy the property alluded to. Whether or not the action of
G, satisfies this property will be a fact deducible from an oracle for A”. After
‘Hg the requirement of next highest priority will be G, and so on.

In working above the node § that we have defined for 0 (as above) we shall
proceed for various pairs (h, ¢) in turn. First we proceed for the pair (0, ¢) such
that ¢ is the finite binary string which is a single zero (indicating the guess
that Ty will be finite). If it is the case that ¥ (0) | then we need do nothing
for the sake of requirement Gy, so suppose that this is not the case. At every
stage s subsequent to that at which we declare 3 to be a node for 0 and such
that ¢ C As ® 70,5 (and irrespective of whether we work above 3 at stage s) we
look to see whether the value ¥(8,0) is defined — the use of the function ¢ is
in the process of being described. The second argument which takes the value
0 here will, in general, take the value of the parameter h = (e, z, k). If so but
(1)(3,0))* ¢ A, then make it undefined. If, subsequent to this action, (4, 0) is
now undefined we look to see whether there exists 1’ D 9 of length < s such
that ¢ C A, and such that &478#/(0) 1. If so then we define $(3,0) to be the
shortest such string and we try to preserve (1/3(@ 0))* as an initial segment of A
for the sake of (0, ¢) (and with the priority afforded Gp). Now let us describe how
to proceed for the pair (0, q) when actually working above the node 3. The first
such stage we use ¥y, which we hope of course is a fixed point of fj, in order to
produce a guess as regards ¢ such that Ty = D;. More precisely we define 7, then,

as follows. If there exists n’ such that WSM (0,0,n") | then let n’ be the greatest

such and define i = W{f’ ! (0,0,n"). Otherwise define i« = 0. At every subsequent
stage s at which we work above the node 3 we look to see whether z/}(ﬂ, 0) | and
complies with o = (g,%). If so then we enumerate some axiom ng = (5,0),
where ¢’ is of at least the same length as 1&(57 0) and declare another node for
0, 8 = (¢',n+1). If not then we look to see whether there exists n” > n such
that ¥,°*(1,0,a,n") |= 1. If so then we let 7 be some suitable initial segment
of 79,s on which this computation converges and we acknowledge that at any
stage s’ > s when we work above the node 3 and 7 C 7 s we shall now proceed
for the pair (0,¢’) such that ¢’ is the finite binary string which is a single one.
Let us briefly discuss the possible outcomes of this activity. Just for now and
only for the sake of simplicity, let us assume that By | and is of high degree,
that z = 0 is a fixed point of fy and that, for 8 = (¢, n) as above, ¢ is an initial
segment of the final value A @ By. Suppose first that there exist an infinite
number of stages at which 1/3(@ 0) | and complies with a. Then there exists a
stage at which z/}(ﬂ, 0) is defined and is never subsequently made undefined, so

that (¥(5,0))* C A. We shall therefore be able to define a node 8" = (¢, n + 1)
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for g such that ¢/ C A @ By and ensure that the requirement Gy is satisfied,
unless possibly there exists n”/ > n such that ¥2° (1,0, a,n”) |= 1. Now suppose
that there exist a finite number of stages at which 1[)(57 0) | and complies with
a. Then there exists n”” > n such that !Pég"(l, 0,a,n”) |=1 and for some 7 C By
and at some stage s we shall acknowledge that at any stage s’ > s when we work
above the node 8 and 7 C 79 ¢ we shall now proceed for the pair (0,¢’) such
that ¢’ is the finite binary string which is a single one.

Definition 2.4 For all j € w we define e*(j) = pe.(X¢_ ;2" > j). Let j' be the
least such that e*(j') = e*(j). We define p*(j) to be the (j — j' + 1) string of
length €*(j) (and where 2<% is considered to be ordered lexicographically).

Definition 2.5 Let {p;}jcw be a uniformly computable sequence of functions
such that for all j,n € w, p;(n) is of the form (h,q) where h > e*(j), q is of
length X 2%, q(§) = 1 and such that for fized j and any pair (h,q) of this form
there exist an infinite number of n, p;(n) = (h,q).

Given j € w, the value p*(j) should be thought of as the guess that j makes as
regards which of the genericity requirements of higher priority will satisfy the
(still mysterious) property mentioned previously and expanded upon in 2.5. The
value e*(j) tells us that, if this guess is correct, then T} is infinite iff We. ()
specifies a convergent approximation. Although we do not directly need these
concepts at this point in the description of the intuition behind the construction,
their definition needs to be made in order that we can properly define those terms
which are in the process of being explained. This approach seems preferable to
that in which definitions are made and then constantly revised.

In order to describe how to proceed for the pair (0,¢’), where ¢’ is the finite
binary string which is a single one, we must explain what shall be meant by the
term ‘modifier’. The basic idea behind the use of modifiers is as follows. Suppose
that ng is enumerated into Sp. When we make this enumeration, suppose that
we define Ag(ng) = 7 for some 7 € 2<¥ — then we shall declare that ng is a
modifier for po(7). If at a subsequent stage no is enumerated into A then we
shall declare that ng is no longer a modifier (for po(7)). Now at every stage s
such that ¢ C A; @ 19 s we decide how and whether 1/3(@ 0) should be defined, in
the manner described above. If this value is defined then we have stated already
that we try to preserve (7,[3(5, 0))* as an initial segment of A with the priority
afforded Gy, for the sake of the pair (0, ¢). We also try to preserve this string as an
initial segment of A for the sake of the pair (0, ¢’) but with a certain advantage.
We shall find ng which is the least number which has been enumerated into Sy,
which is a modifier for (0,¢’) and which was declared to be such after stage n
such that 5 = (¢,n) (if there exists such). For any n; > ng which have been
enumerated into Sp, such that A(ny) = (¢(3,0))*(n1) = 0, we then agree that
n1 will not be enumerated into A so long as ng is not enumerated into A or,
what amounts to the same at this point, so long as (77/;(670))* looks to be an
initial segment of A. Of course we must ensure that each ny which is declared to

be a modifier is responsible for the failure to enumerate only a finite number of
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ny > ng into A. This problem will be addressed more thoroughly in subsection
2.4, but the following problem is worth considering now. If we proceed in the
manner described thus far then it may be the case that ny which is declared to
be a modifier prevents the enumeration of n; > ng into A — that, were it not for
the use of ng as a modifier, nq would have been enumerated into A. Since nq will
have been declared to be a modifier it may then be the case that n; prevents
the enumeration of ny > n; into A, and so on. This problem is easily dealt with,
but in order to do so it is convenient to enumerate an auxiliary set A*. A*, then,
will be enumerated in exactly the same manner as A, except that a modifier ng
cannot prevent the enumeration of n; > ng into A*. Thus we shall only allow
ng, n1, N2 to be modifiers just so long as they have not been enumerated into A*.

Now let us describe how to proceed for the pair (0,¢’) when actually working
above the node (8. The first such stage we shall find ng which is the least number
which has been enumerated into Sy, which is a modifier for (0, ¢’) and which was
declared to be such after stage n such that 5 = (¢,n). The terminology used in
the construction is that we define £21(6,0,¢") = ng if there exists such and leave
this value undefined otherwise. Now suppose that we have already proceeded for
the pair (0, ¢) and that for some 7 C By we have acknowledged that at stages s
such that 7 C 79 s we shall proceed with the pair (0,¢’). In what follows, then,
we consider only the stages latterly described. At every subsequent stage s of
the relevant variety we first check to see whether £21(8,0,¢’) is still a modifier
and if not, or if this value is undefined, then we proceed as follows. If n = 0 then
we define a node for 0, ' = (¢', 1) where ¢’ is some initial segment of As ® 79,5
of length at least 27. If n > 0 we acknowledge that at any stage s’ > s when we
work above the node 8 and 7 C 79, we shall now be prepared to try and satisfy
one of the lower priority requirements G, such that h = (0,0, k) for 1 < k < n.
Otherwise we proceed in almost exactly the same way as we did for the pair

(0,q). Let o/ = (q'). We look to see whether ¢)(/3,0) | (and complies with o). If
so then we enumerate some axiom I (f’ = 12)(57 0), where ¢’ is of at least the same

length as 77[3(6,0) and declare another node for 0, 8’ = (¢',n + 1). If not then
we look to see whether there exists n” > n such that ¥;*(1,0,a/,n") |= 1.
If so then we let 7/ D 7 be some suitable initial segment of 79 s on which this
computation converges. If n = 0 then we define a node for 0, 5’ = (¢’,1) where
¢’ is the initial segment of As @ 79 s of length 27/. If n > 0 we acknowledge that
at any stage s’ > s when we work above the node § and 7’ C 79 ¢ we shall now
be prepared to try and satisfy one of the lower priority requirements G; such
that h = (0,0, k) for 1 <k <n.

So once again let us assume, just for now, that By | and is of high degree,
that z = 0 is a fixed point of fy, that ¢ is an initial segment of the final value
A & By and that 7 is an initial segment of By. Hopefully it is clear that it will
be easy to engineer a situation in which we declare an infinite number of nodes
for 0 of the form " = (¢',n’) such that ¢’ is an initial segment of the final value
A @ By. It is convenient to ensure that if 5/ = (¢',n’) and " = (¢”,n”) are
nodes of this kind and n” > n' then ¢” D ¢'. Now if Ty is infinite then it will
be the case for an infinite number of such nodes 3’ that £21(5',0,¢’) is defined
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and is never declared not to be a modifier (except that actually we shant bother
defining £2:(0',0,¢’) at nodes 5’ where the requirement Gy already looks to be
satisfied). So suppose that [ is a node of this kind and suppose that there does
not exist n”’ > n such that Wf“(l,O, o/,n") |= 1. Then after the first stage at
which z/}(ﬂ, 0) becomes defined it will never become undefined. Thus, we shall be
able to declare a node 3’ = (¢’,n + 1) for 0 such that ¢’ is an initial segment of

the final value A® By and enumerate an axiom 1_,55/ = ¢’ such that !Pg’/ (0) |. Of
course this is a particularly simplified situation and in the general context there
will be a little more complexity to deal with.

2.4 If n is a modifier then we must ensure that it is responsible for the failure
to enumerate only a finite number of n’ into A. In the general context we shall
actually have to consider ‘modifier groups’ — in order to proceed for the pair
(h,q) such that ¢ = X ;2% we shall need a group of modifiers consisiting of one
modifier from each S; such that ¢(j) |= 1. We must ensure that each group of
modifiers is responsible for the failure to enumerate only a finite number of n’
into A. This will suffice in order to ensure that each modifier is only responsible
for the failure to enumerate a finite number of n’ into A since we shall be able
to ensure that each modifier only belongs to one modifier group at any given
stage of the construction and that, if we change the modifier group to which n
belongs at an infinite number of stages then, for all but a finite number of the
modifier groups to which n is declared to belong at some stage, there is some
modifier in the group which is subsequently declared not to be a modifier. From
what follows it will be clear that this last condition is sufficient to ensure that
the modifier group is not responsible for the failure to enumerate any n’ into A.

We are yet to specify the exact nature of the mechanism by which a modifier
group may prevent the enumeration of n’ into A, but in choosing such a mecha-
nism we must be careful in order to prevent the possibility that, for a given n’,
while it is the case that no single modifier group seems responsible for the failure
to enumerate n’ into A (since, for example, any such group only prevents enu-
meration for a finite number of stages), the combined effect of the action of all
modifier groups is to prevent the enumeration of n’ into A for the entire duration
of the construction. In order to avoid such complications we take the following
approach. Suppose that at stage s we declare some modifier group consisiting of
ng, .., Ny, and we declare that this is a modifier group for the pair (h,q). Now
suppose that at some subsequent stage we are looking to preserve (1/3(@ h))* as
an initial segment of A for the sake of (h, q), where 8 = (¢, n) is a node that we
have declared for g = (e, z) (and where h = (e, z, k)). If we are to be able to use
this particular modifier group consisiting of ng, .., n,, we insist that it must be
the case n < s. We are only interested that this preservation should be successful
in the case that ¢ is an initial segment of the final value A @ B, (should it be
the case that B, |). Therefore the first thing that we do is to find n,,4+1 which
has been enumerated into S; such that e*(j) = e and which will be enumerated
into A* at any subsequent stage s’ such that ¢' ¢ 7. . Let n,, 12 be the largest
number which has been enumerated into S; such that ¢(j') |= 0 and such that
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(¥(B,h))* (Nm+2) 1= 0. Now let nyi3 = maz{ng,...,nm42} and let g, 01 be
the initial segments of A*, A of length n,, 3 + 1 respectively. For each n’ such
that (¢(8, h))*(n') |= 0 and either a) n’ has been enumerated into S; such that
q(j") |=1 and n’ is greater than the corresponding modifier n; (also enumerated
into Sj/), or b) n’ has been enumerated into S; such that ¢(j’) T, we enumerate
oo @ o1 into the set Aj(n’) — this means that n’ cannot be enumerated into A
so long as it seems that og @ o7 is an initial segment of A* & A. Now it is worth
noting that at the end of section 2.3. we were able to remark that, according
to the use of modifiers described up to that point (and in the situation there
described), the first stage at which (3, 0) becomes defined it will never become
undefined. This does not reflect the more general situation and approach that we
have now described. All that we actually require, however, is that the following
should be true:

() Suppose that B, |, 8 = (¢,n) is a node for g = (e, z) such that ¢ C A® Be,
that ¢ € 2<¢ is of length X" 2°, where h = (e, z, k) and that the alpha tuple
a = (g,%0,..,9y) is ‘correct’ as a guess about A i.e. letting {j : ¢(j) |= 0} =
{Jjo, .-, Jy} we have that if ¢(j) |= 1 then Tj is infinite and if ¢(j) |= 0 then
Tj = D;, where j = j, . If there are an infinite number of stages at which

¥(B,h) is defined and complies with « then there is a stage after which this
value never becomes undefined.

In order to see that (1) will hold we can argue as follows. We are yet to describe
precisely the manner in which modifier groups will be declared, but hopefully it
is clear that if « is correct as a guess about A (according to the precise definition
of this terminology given in the above) then there will be an infinite number of
stages at which we are able to declare a modifier group for (h, ¢) which will never
subsequently be declared not to be a modifier group. Thus there will be a stage,
so say, after which, whenever 1&(57 h) is defined and complies with a, the values
10, -.s Nm—+2 (as defined above) will always take the same value as at the last
such stage. At such stages then, there is a point after which any strings o9 @ o1
which we enumerate into some set A;(n') will be of a fixed length, [ say. So let
s1 > so be large enough such that the initial segment of A3 @ As, of length
[ is an initial segment of A* @ A. Let sy > s be a stage at which 1[)(6, h) is
defined and complies with «. Then z/;(ﬂ, h) is never made undefined subsequent
to stage ss.

If ' € A* — A is enumerated into S; and a modifier group to which n € S;
belongs is responsible for the enumeration of oy @ o1 which is an initial segment
of A* @ A into A;(n’) then we say that this modifier group is responsible for
the failure to enumerate n’ into A. If we are looking to preserve (¢(8, h))* when
this enumeration is made we also say that (0, h) is responsible for the failure
to enumerate n’ into A. Now the use of the parameter n,,11 described above in
determining the length of the string o @ o1 means that (8, h), with 8 = (¢,n)
say, cannot be responsible for the failure to enumerate n’ into A unless there is a
stage after which it is always the case ¢ C A, ® 7. s (and where h = (e, 2, k)). If
the modifier group is declared at stage s then there can only be a finite number
of nodes B’ = (¢',n’) declared for g = (e, z) of this kind such that n’ < s. The
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modifier group is only availble for use at nodes 3/ = (¢’,n’) such that n’ < s
and, hopefully it is clear that, any individual node can only be responsible for
the failure to enumerate a finite number of n’ into A.

Definition 2.6 Given strings og,o01 such that og < o1, let oo be the initial
segment of o1 of length oo. We call g @ oo the ‘reduction’ of og & o1.

In actual fact, various technicalities mean that it is convenient to be able to
enumerate strings into sets Aj(n') of the form oy & o1 such that oy < o7.
We agree, however, that the modifier group responsible for such an enumeration
must take responsibility for the failure to enumerate n’ if the reduction of oo ® o
is an initial segment of A* & A. It is then easy to argue that if n’ € A* — A then
there is o9 @ o1 enumerated into A; (n’) such that the reduction of this string is
an initial segment of A* ® A.

2.5 There are two significant problems which remain to be addressed. The first
of these problems we shall consider in this subsection. The second is dealt with
in [AL].

Definition 2.7 Suppose that 8 = (¢,n) is a node which is declared for
g = (e,2), that h = (e, z,k), that at some stage of the construction we define
1&(57h) = and that ¢* is an initial segment of the final value of A. Then we
say that (B, h) fizes an initial segment of A at stage s. We also say that h fizes

an initial segment of A at stage s.

Now suppose we were to proceed simply by enumerating A and each S; in order
to try and ensure that 7} is infinite iff W; specifies a convergent approximation.
The immediate problem arising is that there may be an infinite number of (3, 0),
for example, which fix an initial segment of A and that this may cause infinite
injury to H;. In order to overcome this problem we enumerate A and S; so as
to ensure that if there are a finite number of stages at which 0 fixes an initial
segment of A then T3 is infinite iff W; specifies a convergent approximation.
We enumerate A and Sy so as to ensure that if there are an infinite number of
stages at which 0 fixes an initial segment of A then 7% is infinite iff W, specifies
a convergent approximation.

The enumeration of S;. In order to enumerate S; we can proceed basically as
decribed in 2.1 except that we now allow elements of S; which are modifiers to
prevent the enumeration of numbers into A, as described in 2.3. Modifications
which we are about to introduce mean that we have to be a little more careful in
arguing that, if 0 fixes only a finite number of initial segments of A, then there
exist only a finite number of n such that there exists (3, 0) which is responsible for
the failure to enumerate n. These considerations are dealt with in the verification
of [AL].

The enumeration of Ss. Let 3 = (¢, n) be a node which is declared for 0. When
this node is declared and at every subsequent stage s at which ¢ ¢ A, @79 s this
node will be ‘initialized’; for all j,1 such that e*(j) > 0 and either (j,1) > s or
p*(7)(0) = 0 we declare that the pair (j,1) lacks freedom at (5,0) (the second



318 A .E.M. Lewis

argument here taking the value h = (e, z, k)) and for all other j,! we declare that
the pair (j,1) does not lack freedom at (3,0). Now suppose that at some stage
s, ¢ C As @ 19,5, We are trying to preserve (@Z;(ﬁ, 0))* as an initial segment of A
for the sake of (0,¢) or (0,¢') (as defined previously in 2.3), (¢)(8,0))*(n’) |= 0,
n’ has been enumerated into S; such that j > 0 and that Ag(n’) = 7 for some
7 € 2<% Ounly if the pair (j,7) lacks freedom at (/3,0) shall we enumerate
strings into Ay (n/). If the enumeration of n’ into A subsequently causes (8, 0)
to become undefined then we shall declare that the pair (j, 7) lacks freedom at
(8,0). Clearly such modifications are unproblematic where the satisfaction of
(f) is concerned — providing only finite injury. In enumerating Ss, then, we can
proceed as follows. Suppose that we wish to enumerate some new n’ into S and
define Ag(n') to be the initial segment of 71 5 of length . Before doing so we
shall wait for a stage at which it is the case, for all nodes § that we have declared
for 0, 1[)(@0) | or (2,1) does not lack freedom at (3,0). If it really is the case
that there are an infinite number of stages at which 0 fixes an initial segment of
A then there must exist such a stage s. In fact we must revise the form of the
function Ay. When we enumerate n’ into S at stage s we let o be the longest
string such that, for some node ( that we have declared for 0 and at which (2,1)
lacks freedom, ¥(8,0) = ¢ and we define Ag(n') = (7,0) where 7 C T1,s is of
length I. Then at the first stage s’ > s at which either 7 ¢ 71 ¢ or o ¢ A we
shall enumerate n’ into A* — and into A unless prevented from doing so by the
appropriate modifiers.

*
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Infinite Time Turing Machines (or Hamkins-Kidder machines) have been intro-
duced in [HaLe00] and their computability theory has been investigated in com-
parison to the usual computability theory in a sequence of papers by
Hamkins, Lewis, Welch and Seabold: [HaLe00], [We00Oal, [We00b], [HaSe01],
[HaLe02], [We04], [We05] (cf. also the survey papers [Ha02], [Ha04] and [Ha05]).
Infinite Time Turing Machines have the same hardware as ordinary Turing Ma-
chines, and almost the same software. However, an Infinite Time Turing Machine
can continue its computation if it still hasn’t reached the HALT state after in-
finitely many steps (for details, see §[II).

In [Sc03], Schindler started the investigation of the corresponding complexity
theory by defining natural time complexity classes for Infinite Time Turing Ma-
chines. Schindler, Welch, Hamkins and Deolalikar have proved with methods of
descrlptlve set theory that the big open questions of standard complexity theory

P = NP and P = NP N coNP have negative answers for Infinite Time Turing
Machines [Sc03l, [DeHaSc05, [HaWe03].

For an ordinary Turing machine that stops in a finite number ¢ of steps, it is
easy to define its space usage: during its computation, it has used at most ¢ cells
of the tape, possibly less. This finite number of used cells can serve as a measure
of space usage. A halting computation will have used a finite amount of time
and space; if, however, time or space usage are infinite, then this corresponds
to usage of order type w and automatically implies that the computation was
non-halting.

In this paper, we shall consider both Hamkins-Kidder machines and Koepke’s
Ordinal Machines as described in [Kog05a] and [Kog05b]. Koepke machines can
not only extend their computation into transfinite ordinal time, but they also
have ordinal-indexed cells on their tapes. Therefore, there is a natural notion
of space usage for computations on Koepke machines that corresponds to the
classical idea of space constraints on Turing Machines: just count the number
(order type) of cells being used.

* The author thanks Joel Hamkins (New York NY), Peter Koepke (Bonn), Philip
Welch (Bristol) and Joost Winter (Amsterdam) for discussions about infinitary com-
putation, and the anonymous referees for important comments.

A. Beckmann et al. (Eds.): CiE 2006, LNCS 3988, pp. 319-32Z9 2006.
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This is very different for Hamkins-Kidder machines whose space is constrained
to a tape of order type w whereas time can have arbitrary ordinals as order type.
This asymmetry makes is hard to give a definition of space usage that can be
compared to time usage.

In this paper, we discuss the basics of possible definitions for space constraints
for the mentioned two types of infinitary Turing machine computations. In §[Il we
give all definitions needed in the paper and then briefly discuss space constraints
for Koepke’s machines in §[2land space constraints for Hamkins-Kidder machines
in §Bl Finally, in §M] we discuss nondeterministic computation.

This paper raises very general questions about infinitary algorithms. We list
them here and will explain the questions in more detail in the respective sections:

1. Are there any algorithms for Koepke’s ordinal machines that use the ad-
ditional transfinite space in order to compute more than Hamkins-Kidder
machines within time restrictions? (§2} Theorem [3 gives an example of a use
of the additional space, but it is not time efficient.)

2. Are there any algorithms for Hamkins-Kidder machines that compute com-
plicated sets with unlimited time but very simple snapshots on the scratch
tape? (§[ Question [I0 provides a very basic test question.)

3. Are there any nondeterministic algorithms that are space efficient? (§[L
Proposition [Tl gives a general description of nondeterministic algorithms
that mimic guess nondeterminism, but they are not space efficient.)

1 Definitions

In the following, we shall give a description of both Hamkins-Kidder machines
and Koepke’s ordinal machines.

Like ordinary Turing machines, both types of infinitary Turing machines con-
sist of an input tape, a scratch tape and an output tape, a reading/writing
head, a finite set of states and a program ¢ that assigns to a state s and the
content of a bit on the scratch tape and the input tape an action. The action
consists of moving the head right, moving the head left, writing on the output
tape, writing on the scratch tape, erasing on the scratch tape, or a combina-
tion of these actions. Note that we may not erase on the output tape; this is
to make sure that the program doesn’t abuse the output tape as a scratch tape
(in our definition of the space complexity, we shall only count the complexity of
snapshots on the scratch tape)

In the case of the Hamkins-Kidder machines, all of the three tapes have order
type w (as for ordinary Turing machines), in the case of the Koepke machines,
the tapes are class-sized with a cell for every ordinal. If we have a class-sized
tape, then we have to say what the machine will do if it in a cell indexed with
a limit ordinal and receives the comment “move left”. In that case, we’ll move
the reading/writing head to the Oth cell.

! Since we’re only discussing decision problems here, i.e., the output is either 0 or 1,
this is equivalent to saying that the output tape has only one bit.
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If we fix a machine T, an input = and an appropriate time «, then we write
sT(x) for the state that the machine is in and hl(x) for the position of the
head at time « with initial input . If 8 is an index for a cell on the scratch
tape, then we write ¢ (z, 3) for its content at time a. We also use cZ () for the
function 8 — cL(z,3) which we call the snapshot at time «. Note that this
is a function with domain w for Hamkins-Kidder machines, and a class function
with domain Ord for Koepke machines.

For finitary computation, the times a mentioned in the last definitions are
always finite. Infinitary Turing machines differ from a normal Turing machines
in that they are allowed to continue their computation beyond w many stages
of computation. At a limit step of the computation, all the cells on the tape
are adjusted according to the limit behaviour of the entries along the infinite
computation: If 0 occurred cofinally often, the cell will get value 0 in the limit
step, if on the other hand, from a point on, 1 was written in the cell, the cell
will get value 1 (this corresponds to taking the liminf of the cell values). The
state of the machine at a limit stage A will also be the liminf of the states below
A. Note that while this is the definition from [Kog05a] for Koepke machines, it
is not the standard definition for Hamkins-Kidder machines: in [Hale00], these
have a designated LIMIT state that is assumed in all limit stages. In terms of
computational power, the two definitions for Hamkins-Kidder machines don’t
make a difference (as long as we have more than one tape).

The position of the reading/writing head at a limit stage A is where our two
infinitary models differ: For the Hamkins-Kidder machines, the head will always
be moved to cell 0 at a limit stage: consequently, the head will never move to a
cell indexed with an infinite ordinal. For the Koepke machines, the head will be
moved to

Ri(z):= liminf hl(x).

sT(x)=sT(z)

Let us summarize the behaviour of the three types of machines in the following
table:
time tape(s) cells at limit head at limit

Turing machines w w N.A. N.A.
Hamkins-Kidder machines Ord w lim inf first cell
Koepke machines Ord Ord lim inf lim inf

We say a machine accepts an input z if it reaches the HALT state and has 1
on the output tape at that time. If it yields 0, we say that it rejects the input
x. A set A is (Turing, Hamkins-Kidder, Koepke) decidable if there is a
(Turing, Hamkins-Kidder, Koepke) machine that accepts exactly the elements
of A and rejects exactly the reals not in A. Let us denote the set of Turing
(Hamkins-Kidder, Koepke) decidable sets by Dec’ (Dec™ Deck).

For all of the three types of machines, there is an obvious definition of time
usage for a halting computation: if 7" is a machine of the appropriate type that
reaches the HALT state at input x, then we write time(x, T') for the first a such
that sL(z) = HALT. If f : R — Ord is a function assigning ordinals to inputs,
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we say that T is an time f machine (or more simply, an f-machine) if for all
z, we have time(x,T) < f(z).

Following Schindler [Sc03|, we write P for the class of all sets of reals that
are decidable by f-machines. If f is the constant function f(x) = £, we also call
f-machines &-machines. We write P¢ for the class of all sets decidable by an
n-machine for some n < £. In order to distinguish the time classes for our types
of machines, we write PI]?K and P?K for the time classes for Hamkins-Kidder
machines and Pﬁf and P? for the time classes for Koepke machines.

Note that for Turing machines and Hamkins-Kidder machines, there is only a
set of snapshots, whereas for Koepke machines, there is a proper class of snap-
shots. This simple observation has a portentous consequence for Hamkins-Kidder
machines: they have far more time at their disposal than there are possible com-
putation situations. If there are two limit ordinals A < A* such that the compu-
tation at A and A\* has the same state and snapshot and none of the cells with
the value 1 at A changes its value between A and \*, we call this a looping
situation.

Observation 1 (Hamkins-Lewis). A Hamkins-Kidder machine does not halt
if and only if its computation has a looping situation.

Proof. [HaLe00, Corollary 1.2]E q.ed.

The analogue of Observation [l is not true for Turing and Koepke machines, as
they have exactly as much time as there are snapshots. In both cases consider
the empty input and the machine that writes 1 and moves right if it hits a 0.
This machine will never halt nor loop.

Another observation that will be important is that infinitary computations
can be done in initial segments of the constructible hierarchy. For a Hamkins-
Kidder machine 7' and any time o and input =, let ¢Z(x) be the 